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PRINCIPIA 

CALCULI DIEFERENTIALIS 

DE rUNCTIQHlEUS", DEQUE E ARUM .CQXTIRUIT ATE. 


1. . Z5i- variabiles x ,y-, z , t* , .-. . . sunt 'inter se 
per certas relationes ita connexae , nt datis quibus- 
dam inter illas v. gr. z , f , ... , inde .possint cae- 
terarum .r , y , . • • valorcs determinari, variabiles 
x , y , ... appellantur functiones variabilium z , y , ... ; 
ipsae vero z , v , ... dicuntur independentes. Coor- 
di natae v. gr. x , y lineae rectae , quae considera- 
tur in plano , eam inter se habent relationem quae 
( 1 72. l.°. ex parte 2.“) per aequationem y'x=ax-^-b 
exprimitur t et quoniam datis valoribus x , proveniunt 
valorcs y determinati , et viceversa ; iccirco duarum 
x ,y altera poterit assumi ut alterius independentis 
functio. Si rectam lineam contemplamur in spatio , 
poterunt (182 ex p. 2.«) relationes inter cnordinatas 
x , y , z exhiberi per aequationes y = az •+- b , 
v x-^=a'z-\-b' ; et quia data z prodeunt valorcs deter- 
minari x , y, ideo poterunt x,j spectari ut functiones 
independentis z. Item coordinalae x , y , z superficiei 
planae sic inter se connectuntur , ut ( 180. l.° ex p. 
2 . n ) valeat aequatio z^=ax-+-a'y-i-b ; et quoniam da- 
tis binis , tertia prodit deleruiiuata , iccirco ex tribus 
x , y , z una quaevis erit caeterarutn functio. Idi- 
pstim apparet in coordinatis linearum , et superficie- 
ruru curvarum. 

Genera tim si m repraesentat numerum variabi- 
lium x , y , z v , ♦ . . , et n numerum relationum , 
facile inlelligitur fore m — n numerum variabilium in- 
dependentium , et n numerum functionum. 
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2. Si relationes inter variabiles exprimantur aequa- 
tionibus minime resolutis quoad functiones pro inco- 
gnitis habitas , hae vocantur implicitae . Quod si fun- 
ctionum valores dentur expressi immediate per varia- 
biles independentes , vel tales obtineantur per aequa- 
tionum resolutionem , functiones dicuntur cxpliciue.. 
In aequatione v. gr. y' — 2x/-t-m’~0 est y functio 
implicita quantitatis variabilis x ; at facta resolutione 
evadet y functio explicita ipsius x , duplicemque ha- 
bebit valorem , videlicet y = x Efc [/\r* — m’. Item 
(205 : 208 : 240. 6.” ex p. 1.*-) in aequatione L(y)=x 
est y functio implicita quantitatis x ; verum si fiat 
L(^)=xL(e)=L(e x ) , eruetur functio explicita y=e*. 
Functiones explicitae unius vel plurium variabilium, 
designari solent in hunc modum 

F(x) , f{x) , tf[x) , '/J x) , et cact. . . . , 

» jy > »•*.•)>/(•*•> y > z > • • • ) > 

(p^X y yf y Z y • • • ) y Ct CUC t. ... 

5. Functiones explicitae vocantur algebraicae ( 172» 
11° ex p. 2.“ ) si variabiles independentes subjiciun- 
tur dumtaxat primis Algebrae operationibus , videli- 
cet additioni , subtractioni , multiplicationi , divisioni 
et evectioni ad potentias fixas sive integras , sive fra- 
ctas. Hinc functiones a\fx-*r-bx- f- cx' , a- h|/V , 

_ xl/~ a-\-cx* 

V a + wr-t-tu’ , sunt omnes algebraicae : 

«-Kr 

pviina et secunda , iu qiiibus variabilis x irrationalitate 
involvitur, dicuntur irrationales : tertia vero et quar- 
ta ex opposito rationales. ; eadem insuper tertia dici- 
tur ( 156. ex p. 1.« ) integra , quia in ejus denomi- 
natorc non ceperit ur variabilis x , quarta cx opposi- 
to fracta. 

i .,4. Functiones , quae non sunt algebraicae , vocant 
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tnr transcendentes : tales sunt quae continent varia- 
biles vel signo logarithmico allectas , vel ut exponen- 
tes , vel ut lineas trigonometricas , aut respondentes 
arcus , quaeque peculiaribus etiam nominibus appel- 
lantur vel logarithmicae * vel exponentialcs , vel tri- 
gonometricae. 

5. Sit nunc functio 

j—K*)' • 

Aucta , vel imminuta x , variabitur^ ; denotent A y , . 
Ax earum ■ incrementa (vocantur differentiae , altera 
functionis y , altera quantitatis x ) : erit 

y-}-A r =f(x-^ Ax) , 

ufcide 

kjr=f(x-+-Axy—f(x) , 

in qua Ax assumi potest ve! finita , vel infinitesima 
(250 ex p. 1.«). Ponatur Ax' inlinitesima , et valor f(x) 
permanere finitus ab x=x n ad x=x m : functio y dici- 
tur continua inter limites x n , x m quotiescumque sin- 
gulis valoribus x inter limites illos interceptis respon- 
det ejusmodi differentia 

/(x-+-Ax) — f(x) , 

quae ( 131. 1.° ex p. 1.« ) inter ipsos x,. . x m exsistat 
miimtesima. 

Intelligatur describi curva aequatiouis 
r— /lx). 

Si fix ) est continua inter certos limites , talis 
quoque erit curva , et vicissim : aucta vel imminuta 
abscissa x quantitate infinitesima Ax , variabitur inter 
eosdem limites ordinata y quantitate pariter infinite- 
siraa Ay ita . ut binis abscissis x , x ~t- Ax respon- 
deant inter illos limites bina curvae puncta quorum di- 
stantia |/~ Ax -f- Ay* erit et ipsa infinitesima , vergens 
nimirum indefinite una eum Ax , Ar ad limitem =0. 

\ , 

\ 

\ 
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Ad haec : quando f(. x) dicetur esse continua in, 
viciniis cujusdam peculiaris valoris qui tribuitur va- 
riabili x , id ita intelligeudum erit ut ipsa f(x) 
maneat continua inter binos limites peculiarem illum 
valorem comprehendentes , utcumque parum de cae-. 
tero isti limites ab se invicem distent. 


DE DIFFERE5Tt.AX.IBUS FUSC.T105UM QUAE AB U5ICA 
PEHDENT VARIABILI. 


6. Exhibita per j3 arbitraria quantitatum infinite- 
simarum basi ( 250. ex p. 1.°) , sumptaque Ax infini- 
tesima , pone 


Ax = i;3 , unde 



i : 


l 


r 


fac insuper ut functio 



exsistat continua (5) intra quaedam confinia variabi- 
li x assignata ; etsi Ay intra confinia illa vergit ad 
= 0 , attamen ratio 

4r 

P 

poterit (192. 2.* ex p. 2* a ) ad alium limitem ver- 
gere sive > , sive <0 : limites rationum 

Ax A Y 

T ’ T 

appellamus, dijierentialia , alterum variabilis indepen- 
dentis x , alterum functionis y , designamusque per 
dx , dy , ut scribi possit 


Ax 

dx = lim. lim. i , 

, A/ f(x-\-ifi) — f(x) 

dy^=dim..-y— — lim. : 

P P 


Digitized by Google 



9 


I A Y 

lim .- — 

_ P _ Ar_ 

rfx /im.i ~ * ifi — " Ax ' 

In determinandis functionum diflerentialibus ver- 
satur Calculus differentiatis,. 

Proponantur invenienda differentiaiia functionum 

a=±=x , ax , — , x a , a x , L(jr.V , nVu: , cosx. 
x 


Ay (a=Xzx-dciff) — (aster) ifi 

T = T~ 


Ay 

dy — d(a=±=x) e= lim, -y- = =te lim. i = =te dx. 

P 


Ay a{x-+-ifi) — ax a i fi 

T = p = T =aii 

A Y 

dy = </ax r= /im. — — = /irn, ai = adx. 


Ay x-+-ifi x ai fi ai 

fi fi ' xfi(x-yifi) x.x~\~ifi' 

a Ay adx 

d — (jl —— lim ‘ ' - 

j _ , " , • 
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seu (244 cx p. f.«) 

^1=*— [an- i- ( .?<— *>'• ^ . 
,8 1 ^ * 1 2 ^ 

a(*—1 X«— 2)i */5 flfa— 1 )(o— 2'(a— 3 )»* /3’ 

i3..r “* 1*4? 


ideo (236 ex p. 1.« ) 


dy = fi.r° = /ito. ~ 


ax a ~'dx. 


\y a X ^~ l fi — a* a fi — 1 

fi fi = “ J 1 ’ 

se a (241 ex p. 1,<* ) 

fiy r i i \ a ■ 

— = a*[iL(a) -+- /5 ( — (- 

s i*fih a (a) i“fi'L k (a) 

" ix^*rr 

/ 

propterea (236 er p. 1.«) 

4y = — /i"»- = a r L(a) c/j-. . 

fi 

6.° ( 207 er p. 1.«) 

i/3 

Aj' L(x-(-i/3) — L'x) (1 H jT ' 

i 3 ^ fi ’ 

seu (242 er p. 1.«) * 


±. =,!_*(£ iV ! 

fi x 1 2x' 3x 3 4** • • * 
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proinde (236 ex p< t.«) 


It 


dv = dh{x) = lim. = — - . 

P x 

7. ® (127. 2.® ex p. 2.«) 

&r sin{x-+-i t S) — sinx 2cos( x-i-^i^-sin-i 

■ T r " jsf p '~ 7r 

seu (163 ex p. 2.«) 

fc.-t-HM ^ - 2-xb +■ • 

quocirca ( 236 ex p. 1.*) 

= dsinx = /im. — = cotx dx. 

P 

8. " (127. 1.® ex p. 2. a ) 

Ay cos(x-h-ifi) — cosx 2tm(x-+-±i{3)sin 


*eu (163 ex p. 2.“) 

4 r 


i'l s® 


y~ — — x<n(x-+-gi^'[i' — /3*(— — 4 

S V 3 ' ' 2*. 3 2 5 . 3.4.5 

ideo 

Av 

dj — d cos x = /w». — p- =■ — jin jr r/,r. 

A 

Ad haec : in 1.® casu ~ =±= 1 • j» 2.® — 

t/x </x 


„ „ dy a dy 

kn 3. -x—^n ; m 4.® 

dx x* dx 


ax a ~‘ ■ 




P 


• ‘)1 i 


yp 
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d J 


in 5°. —— = a x b(a) ; in 6.°-:— = — ; in<7.°— p— 
dx dx x , w 

. d y 

= cotx ; in 8. °. — - — = — sin. r. . 
dx 

Quisque videt — — seu lim. ■ fore generatim 

novam functionem variabilis x.: si ca denotatur per 
f(x), erit 


dy 




dx 


f{x), et dy=f{x)dx-.- 


functio f(x) appellari solet derivata ex primitiva f[x). . 

. A*r 

Cacterum quemadmodum p sic lim. idest diffe- 

rentiale variabilis independentis x haberi debet pro 
eonstanti et arbitraria quantitate. 

7. Detur functio functionis 


F[f(x)]=F(y) . , .. (h) 


Cum habeamus 


A z 

T 


A z 

4r 


A y 


erit (6) 

dr=lim. - — . lim. — ~ ¥'(y)dy = ¥ , {y)f(xdx. . 

Ay p 

Sic v. gr. data z— L(sinx) , erunt y = f(x) — sinx , 

F{y)r=L(y) proinde (6. 6.° 7.°) F\»= — , 

y sinx 

cosoc 

f{x) = cosx , ideoque dz=dL[sinx) = dx 

sinx 

coi x dx. 
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8. Pone 

.• ’ . fl x )=^ x h-/.( x h- - * • ; 

habebis 

unde v , . 

4 T __ f( x -+*Py-f( x ) f(x-Hi/3)-^(x) , 

i3 /3 “ ./8 ' 

X(x-M - P)— X(«) . 

? 

et facto ad limites gradu (6) , 

djr =» df(x) r=s <fy(x) H- d/j[x) 

~ = /'(*) «=‘ ?'(•*> H- x'(*} •+• • • • • 

Differentiale nimirum quantitatis coalescentis e 
summa plurium functionum obtinetur differentiando 
seorsim functiones ipsas , et differentialia inde orta 
colligendo in summam : idipsum valet de functioni- 
bus derivatis. Hinc v. gr. 

d{a -+- n'x -t-a"x* -i- a"'x 3 -f- . • •) = 

(«' -+- 2a"x -t- 3 a'"x’ -+-...) dx : 

terminus constans a non invenitur in differentiati , 
idemque provenit differentiale sive differentietur 
a -+- ax -+- a"x a sive ax a"x* -4- . . . 

9. Denotent s , t , u , . . . functiones quantitatis 
variabilis x , sitque 

z =a= stu .. . , -et consequenter z* s=j*f*u* , , , ; 
sire r, t, u , ... exsistant >0, sive <0, erit (207 exp*1» a ) 
L(z 1 )=L(j 3 )-+-L (t a )H-L(u * )-+- . • .{ 
ex cujus differentiatione (7 : 6« 6.*) 
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d(z *) d(s*) i _ d^u') 

■ • — p "*“•••> 


seu (6. 4.°) 

dz 

z 

Est autem 


igitur 


j* 

ds 

s 


t * 
t 




■H • 


z/z «/(rfu . . .) 

z Stli t « • 


h' (* 


, x ds di du 

d(stu ...) = stu...( 1 1 h . , 

S t H 

Hinc 

d(stj=tds-+-sdt , d(slu)=tuds-\-sudt~+-stdu , et caeU ... 
10. Sit nnnc 


J« V 

Z : 


^ ••• _ jV ... 

et consequenter z = — — : . 


uv... 

erit (207 ex p. 1.«) 

L(z ) — L(r’)~+- L(t 3 y+- ... — L(«’J — E(y *) — • 

ex cujus difFerentiatione (7 : 6. 6*. 4.*) 

ds ds dt du dv 

— I "4— .... — ■ ■ “**• ■ — *■* . . *■ 

z s t «e 

Propterea 

, ‘St • . »• st . . . ds dt du' ' dv 

( J ( ~ | "“f— ••• — “* — — — • • ) • 

uv . a . UV • . . s t u * 

Hinc 
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Al 

u ~ u 


di tdu uds — sda 


; C8Cli • 


Sic T * g*> (€• 7*. 8.° 6° : 7 ) 

d tan ejc =:di^f. _ c _°**dsinx — sinx dcosx 
cosx cos 3 x ' 


eos'x-i-jin*x 


dx \ 


d x , Cosx 

- — , dcotx =d- 


«fcr 


cw ’* w-a «>»,* 

dsecx^=d— »nxdx tangxdx 

cosx ’ dcOSeCX 

. 1 


sin 3 x’ 


cosx cos 3 x cosx 

cos xdx cotxdx 


sinx 


. sinx 


i* ~ 

/ sinx \ cosx 

\ cosx J sinx 


sinx 

dx 

cos 3 x 


dL(tangx) = 


dx 


cosx 

et caet. .... 

11. Habemus ( 6. 7.® 8° : 10 ) 
dsinx dsinx 


sinx 

cosx 


smxcosx 


dx = - 


cosx 


■ , dx = — 


dcosx 

sinx 


dcosx 


Kl" 


COS 3 X 


1 — sin 3 x 

i dx: — c os 3 x dtangx = l J fnn fi JC 


dtangx - - 
1~i-tang 3 x ' 


dcotx 


1 -+-cot 3 x 


— , dx = 


— sin'xdcotx = 
cosxdsecx 


se c x 

dcotx 


cosec 3 x 

dsecx 


tanex , r - 

„ secxy sec x * — 1 
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sinxdcotecx dcosecx 

oxs!- — . ■■■ = — . — . — v 

cotx coseex]/"xosec 1 x~- i 

Aequationes istae in hunc modum scribi possunt 

d arc(sin=zz)= — * * « d arc(cos=z)F=>— • — t 

d arc(tangr= z ) = d arc{cot=z )=> — > 

dz 

d arc{se*=z)= — , d arc(cosec — z) = 

1 


z^/V— t 

i2. Veniant 'quoque differentiandae functiones 

i 

*=r* > *==r" j . . . 


L(z’)=uL( - r*) , — =«— 4- , dz=s dv» : 

* .7 

■+* r L (^W«3* 


j. « Kry» 

--i— 


»_. r “ r L^y«] . 

* ..2 
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3 ." 


dz 


dy 


— = u» — 1 - + 

z y 

uL{u)dv\ r dz = dy* z=zju v u < '[— t- 

w 


V ^) da -4- U Y)Ujt)dvW 
u 


et caet. . . 


13. Quemadmodum ex y=f{x) habuimus ( 6 ) dj^-i 
f'(x)dx , ita ex hac obtinebimus ddjr=['"{x)dxdxz=z- 
f"(x)dx^ y ex qua cursus dddj == f'"[x)dx dx' 1 
f"(x)dx 3 , atque ita porro ; denotant f" , f" , . . . . 
novas functiones variabilis independcntis x , cujus 
differentia le est constatis et arbitraria quantitas. Itaque 
si compendii causa exhibentur ddy , dddj , . • . per 
dy , d 3 j , ... profluent 

dj-=l \x)dx , dy = f'\x)dx' , d 3 y=f"\x)dx 3 , .... 

%=n*u ^-=rw. 




n*> 





Differentialia dij' , , d 3 y , . . . 4 n V itemque 

functiones derivatae /"(a - ) , f\x) , f"{x) , • • • /^( ,r ) 
dicuntur primi , secundi , tertii , ... n J,mi ordinis re-, 
spectu functionis primitivae y = ^(x). Eaedem /'(a.),, 
j\x) solent etiam appellari cor [fidentes diffe- 
rentiales . 


Exempla » 

I.° r~a x , y==L(a)a x </.r , rf*ys=L*(a a x dx' s , 

ci n v=L ,l [a n x dx' 1 . Si daretur j'=e ;r , esset d n y=e x dx'\ 

Pabs III. 3. 
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II.® y = <5tx' 1 , dy 3 = nax’ 1 ~~ l dx , d'y = 
n{n—\)ax n ~*dx‘ , d 3 y=n(n — 1 )(n — 2)ax n ” 1 ^x 3 , .... 
d n y=fi{n — 1 )(n— -2)(n — 3) . . . 2.1 .adx n , d' l *'y = 0.. 


<fx l.z/x’ 

UI*° J" = L(x) , ^ = , d'y= , 

x x 

,, 1.2<ix 3 „ 1.2.3<*x* 

rf*r = -i— . — <*> = 


1. 2.3.4 . . . (n— t )dx l 

db - - • 

-v • 

valet signum superius si n est impar , inferius si par. 


IV.® ysxsinx , dy=cosxdx = *C-+t) dx, 
d*j-- sin x dx*=sin ( * *+• y') J x ’ ’ 
d*y= — cos x dx 3 =uin ^ x -+• ~^dx 3 , 
d u y=sin x dx*z=ztin(^ x -4- ~'^dx“ 
d ,l y=sin ^ x «+■ — ^/x". 

\>° y=cosx , dy = — sin x dx=cos^x •+■ -^rfx , 


d*yxsz — cos x dx a =xcqj^ x ~h ~^x* , 
d 3 ys=sin x<ix 3 s=coj^ x -f- , 
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d u y*=cos x dx u =cos ^ x -4- -—^dx u , .... 


d n y=cos ^ , 


nn 


2>"- 


14. Ex ( h '•; ! ) habemus quidem Xz = F' (y)dy 
similiter ac quoad y = *.) ; at cum ^dy{ utpote 

= —-f(x) dx.) nequeat assumi - ut quantitas constans , 
iccirco in eruendis -aliis differentialibus functionis z 
habenda quoque erit, ratio differ entialium « ipsius, dy. 
Exsurget itaque (9): 

d*z = F "(y)dy t -^F'.(y)dy , d 3 z .= F "'(y)dy 3 ~+- 

3F"(j- Xr -+-■?'( y )d 3 y > £ =--F ,T ('f Xr* -f. 

6F'"Cr ) d J ad y 4F"(y )dyd 3 y 3F"( -f. 

F^jXV , et caet... .... . 

Mine 


FV) = 1. 

dy 


dy 3 

F'"(7) = d ^ d ? d '- Z ~~ d zd 'y)—*d'y {dyd* z—dzd'y ) 

<ty* ' 

1 ,fdyd'z — dzd*y \ . „ 

,/,• )■ F "w= 

dy 3 d u z—6dy*d*yd 3 z—4dy : ‘d*zd 3 y 

-4-15 dyd'y "H. 2 z-4- 1 0dydzd*yd 3 y 
— 1 5 dzd*y 3 '±~dy % dzd*y 


£0 


df 

'dy{dyd 3 z — dzd 3 y ) — 3d*y(dyd' 


dy s • 


z — dzd^y)^ 


et caet.. . . . 
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15. Si variabilis y evaderet independens , foret 
d*y=Q , d 3 y =. 0 , d^y =: 0 , . . . ; unde 


dz 


d'*z 


F-( r) =_, F'V)=— , F,v (r)==xs 


dy 


dy 


dy 3 




formulae prorsus similes illis , quas invenimus (13) 
quoad variabilem independentem x. Hinc vero colli- 
gimus , si habeantur functiones derivatae F' , F" , 
F'", ... expressae per differentialia tum functionis pri- 
mitivae z=F (y), tum variabilis y , colligimus inquam 
fore F' eamdem sive y ponatur independens , sive 
non , caeteras autem esse alias in primo casu atque 
in secundo : poterit vero ab ipso primo casu ad se- 

.... dyd % z — dzd*y 

eundum transiri substituendo — — , 

dy 3 

dy(dyd 3 z — dzd 3 y) — id % y{dyd 3 z — dzd*y) 

. _ ■ j » - - i ^ ••• in locum 

dy s 

d*z d J z 

16. Data expressione imaginaria variabili p-^-q |/’-1 , 
si pro realibus quantitatibus pe l q substituuntur re- 
spectivi limites , novam expressionem imaginariam in- 
de resultantem voco (245 ex p. 1,«) limitem illius da- 
tae, Hinc aptantes expressioni imaginariae 


jam traditas (6) dc differentialibus , derivatisque fun- 
ctionibus notiones , habebimus 

ds=xlu-)-dv ^ m — 1 , d * s^=d 3 u -‘r-d ’ — 1 , et caet. ... 

d s dn dv , _ — d *s d*u d*v , r ■ 

dx dx dx dx A dx' dx' 

ft caet, . . , 
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Quibus positis , ferunt v* gr; (6. 7<° 8.° 6»® 5° ili t 7) 
d[cos(xL(a)) H- \f — 1 ji>»(xL(a))] — 
tcoj(xL(a))-+-|/*— 1 jm(<rL(o))3^ — lL(a)^x , 

1 -4 Jf 

t/[L(a’ -t- a.’)a H- ^ — 1 arc(tang — -— )] = 

x-h-al/^— T , x-f-al/' — 1 , 

— eia.' tssS *t — -ajr e= 

X (x-f-aj/ - — 1)(x — al/~ — 1^ 

dx _ ' dx 


x — a^ — 1 a-f-x^ — 1 

( e x -\-e~ x c~ x — e x r \ 

— - coja-f- — — — |/ — 1 sina J — 


C x -¥-c~ x . e x — e~ x - — V» — - . 

— - — sina-\ Y — 1 coSa jy — ‘1 dx . 


ex—e-x 

d I fina-H — — 

\ 2 2 


{e x -±-e. 
V 2 


'e x -+-e~ x e~ 

-cosa -\ — 


y" — 1 cosa ^ = 
yr — 1 sina ^ — 1 dx , 


fet cacu . . . ; ideoque (248 : g ,v ex pi et 162. 1*. 
5° : 168. 1 0 ex p. 2A) 

da X ^f 1 s=a a X ^ L (a)dx , 

dL{a-+-xy — 1 )=e d[a ^ X Y ^ , </coj(a-t-x|/" — 1)=> 
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— sin(a-hx\/ m — 1 )d(a-v-x)f — 1 ) , dsirt{a^x\f — 1 )= 

cos(a —H xj/^ — 1 )d(a~ 4- x , et caet. ...; 

prorsus ut-; quoad consimiles' expressiones reales. A‘d 
■ haec r habemus (162. 6.° ex p. 2. a ) 

_____ • dx 

<iL( — x) = c/[L/jr)=fc^2m-)-1 — 1 I>( x]= — ; 

sive igitur sit x > 0 , sive -<0 ejus logarithmus eo- 
dem donatur differeDtiali. 3 

; DE RE LATIOVE 'INTER FUNCTIONES UNIUS VARIABILIS 
* ET RESPECTI VAS DERIVATAS. 


17.- Si crescit vel decrescit x ita , ut evadat majoT 
vel minor quam peculiaris valor x n , quaeritur utrum 
in viciniis x A una cum a: crescat vel decrescat functio 
j=f[x) , quae ire- iisdem viciniis ponitur esse continua. 

Quoniam (6) 




liiuc 1.° si f{x tl ) >0 , eodem certe afficientur signo Ay 
et Ax quum x est quam proxime. x n , ibique. proinde 
aucta* vel imminuta x crescet simul vel decrescet jy : 
2.° si f(x n ) <0, diversis afficientur signis Ay et Ax 
dum* x est quam, proxime x n , ibique propterea aucta x 
decrescet y , imminuta x crescet^. 

18. Si binae functiones f(x) , f(x) , et quae ab 
ipsis deducuntur f(x);<p'(x) sunt continuae- inter 
limites x 0 , x n , ac praeterea o ( x ) vel constanter 
crescit vel constanter descrescit ab x 8 ad x n , erit 
semper aliquis numerus s--< 1 et > 0 satisfaciens ae- 
quationi 
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• (<?)• 


<J>'(X 0 -W.X„— X 0 )) 

Exhibeat M miximum , et m *iinirhum omnium va- 
lorum quos pCr totum intervallum x n ~x 0 recipit 
f[x) 

fractio'- — : quisque videt ( 83 ex p. 1. n ) diffe- 

?(x) 

rentias 

<p(xj <p(X) 

fore ambas positivas : ergo (17) 

m ) ’ ? K M “ ?w) ’ 

seu 

f(x) — mf' : x) , M<p'(x) — f\x) 


idem habebunt signum ab x 0 ad x„. Atqui hae quan- 
titates nihil suftt aliud nisi primi ordinis derivatae 
ex functionibus 


f{x) •— rh<p(x) , M<p(x) — f{x) : 

igitur hujusmodi primitivae functiones crescfcnt simul > 
aut decrescent ab x 0 ad x n ; ideoque 

f(x n ) — m?(x n ) — (/(x.) — - mo(x 0 ) ) , 

Mf>(x„) -^ f{x n )-^ (M<p(x 0 ) —-/(*,)) , 
seu 

f( x n)~^f( x 0 ) — ”*(p(x n ) — (p(x e ) ) , 

M(?(xJ — ?{x 0 ))— (/(x„) — f{x a ) ) 

erunt simul vel positivae , vel negativae. Hinc autetft 
facile intelligitur quod binae quantitates 

fjx n )-^f[Xo) , , m f(x n )—f(x e ) M 

9i x n )— ’ ?( x n)—?{ x ,) 
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debent contrariis affici signis : unde sequitur fra- 
ctionem 

/»»■>, 

fore inter M et m. Jam vero valores omnes , qtti cir^- 
cumscribuntur limitibus istis , repraescutantur per se- 
cundum membrum aequationis (q) , assumpto £ inter 
0 et 1 : erit igitur aliquis numerus i < 1 et > 0 , qu-i 
eidem (q) satisfaciet. 

•1 9. In aequatione (q) substitue x pro x 0 , et x-t-Ax 
pro x„j ea fiet 

f{x-¥-Ax)—fx) _ ^ f'(x>+-uAx; ^ ' r . 

p(x-t-Ax) — <p(x) <p\x -4-s.Ax) ' ’ 

quae formula valet quotiescumque et f[x .) , <p[x) , f\x), 
<j>'(x) sunt continuae inter x ac x -f- Ax , et ptx ) vel 
constanter crescit vel constanter decrescit ab x 0 ad x n . 

20. Functiones f {x) , ©(x) ponantur evanescere 
quando loco x substituitur quidain peculiaris valor x n ; 
erit (19) 

f(x„-H±x) __ f'(x n -+-e.Ax) 
f y x n -^Ax) o’{x n -+-i.lx) 9 

Jam si 

f{x) , f(x) , f(x) , ... / , («-0(x) , /»(x) 

o[x) , <p’(x) , f”(x) , . . . ^ m - 1 Xx ) , ?(" 0(x) 

permaneant continuae ab x = x„ ad x = x, t -+- Ax , 
exemptisque f(. m )[x ) , 9( w ‘)(x) evanescant caeterae quan- 
do fit x=x ;l , atque insuper 

?(x) , $/(x) , f(x) o( m-l )(x) 

aut constanter crescant , aut constanter decrescant in- 
ter praelatos limites x„ > x„-+-Ax , poterit manifeste 
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(O 


continuar! aequatio (q") in tunc modum 
faj- t-Ax) _ f\x n -h£-&x) _ 
p(x„-t-Ax) f' (x, Ax) 

f'(x n +i,. Ax)__ /W(.r,,-^_,A*) _ 

^"(x„-H£,.Aj:) *” yWlx^s^.Ax) ’ 

denotant e , 6, , s, , h , • • * £*►-. ejusmodi numeros , ut 
t > s, > S a > s, > * • • , a c singuli <1 et > 0. 
Retento itaque £ ad quemvis ex hisce numeris genera- 
tim exprimendum , et praetermissis in (<]'") fractioni- 
bus intermediis , erit 


(^ v ) 


(v y )- 


f(x n -+- Ax) __ _ 

y(x„-t-Aa?) <p(";(x /r t-s.Ax) ‘ 

21. Assumpta <p[x)={x — x,J" , erit 

? (m)(x) =» 1.2.3 . . , . m, f(x n -t- Ax) = Aj?" , 
? (m)( x „-f-cAx)= 1.2.3 ... * m; ideoque verte- 
tur (^ ,v ) in 

fx n -±-\x ) f(." l )(x n -+-z.hx) 

,\.r "‘ 1.2.3 . . m 

At si una cum , ip("0(x) etiam f[x) perm aneret 

aliqua quando fit i = x„ , prodiret 

f(r„+Ax)-f(r„) _ /(«)(x„-H£. A*) _ 

1 • 2 . 3 • • • w 

unde 

. /(*„■+■ Ax) — A^„) = 

A/wn 

— /Wfo. n- - Ax) . . . r<7 ri ). 

1 • 2i • 3 • • • ni 

22. In formula (o v ) facto x„=0 , substituto ins uper 
3 loco Ax , et adhibita littera' F pro/% exsurget 


Digitized by Google 



26 

F(J)= T^4rr^ FW < i3 > <»’“)> _ 

quae subsistet quotiescumque functiones 

F(9) , F'(5) , F"(J) . F(*)(3) 

erunt continuae , initium ducendo ab J=*=0 , et exempte 
> F(")(d) 'caeterae evanescent, ipsa 5 evanescente. 

23. Detur polynomium f[z -t- 5) — f{z) f{z)— 


o m_ 


:/*--)(*) 


..2 

spectandum uti functio quantitatis J : liquet ejus fun- 
ctiones derivatas ( ponimus esse continuas una cum 
ipso polynomio ) usque - ad ordinem m s,ntl<m fore 

rt« -+• rw — 


5 m_, 


-/(—*) (z), f '(*-+- 3) — 


1 . 2v3 . . . (m— 2^ 

rw-|rw— • - 

J • • • 3 J 

Ct CcICt* t i • • 

Jam si m s i mam excipias , facta o=0 caeterae omnes 
derivatae una cum functione primitiva evanescunt : 
igitur (22 : q vu ) 

o m ~‘ 


1.2.3... — 1) 
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1 . 2 . 3 . . . m 


e 3) • » • (fl vn .')« 


Mutata a in zero et 3 in - z , 

Exempla» 

I.° Ponatur /(z) = e*; erit ( f 3) f' (z) -st="e* , 
/"(*) = e* , . . . . ^0")(z)-:= e* : hine f(0p^=> 1 , 

f(0)=1 > /^(O) *= 1 > •• •• • = e £Z 4 ac' proinde 

' J» T* 

e*= 1 -f- — -H -4- . 

1 1.2 1.2.3 


1 » 2 • 3 i • • (w— 1 ) 1 •- 2 • i 4 •• fft 

II.® Sit ftzJ^LflM-^z) ; erit (13) f(z)s=— 1- , 

1-f-z 

tlv/ s 1.2.3 1.2.3...fm— M) 

/ lv (z>= .... /(*O z) = tfa • 

1 K (l-t-z)*’ ' W (1-4-z) m 

unde / f (0) = 0 ,/ (o)= 1 , f '( 0) = — 1 , f " (0)=1.2 , 
/•«v(O) = — 1.2.3 , .../C/«-*)(0) = =p 1. 2. 3 ... (m— 2) > 

o/ \t \ . 1.2. 3 •••• (w~“1) 

= =fc -* — ; y~ y, — — i ’«* consequenter 
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Z* X* z 4 

X^-*-T + T-T 

. Z m - 1 z m 

=±= 


m — 1 


ro( 1-+-ez) 


valebit signum superius ubi m est impar , inferius 
ubi par. 

III. 0 Sumatur /(z-t-3)=L(z-|-3) ; erit f(z)==L(z) , 

f(*>=T’ rw =- -V> rw = » /*(*> = 

z z z 

1.2.3 1. 2. 3 • • • • (m — 2) 

— „./W(j)s qp — 


z nl ~ 


- x. 1. 2. 3 . . . (m — 1) 

ideoque 


§ 3’ 


3 S 


L(z -+- 5) = L(z) H 77 H — ^7 — 




z 2x 3 

r 


=T= 


(TO 1 )z m ~ l TO(z4-e3) m 


.24. Denotante 3, peculiarem valorem quantitatis 3 , 
substitue 3 — 3, pro 3 et z-+-3, pro z in (q yl11 . 23) i 
habebis 


3-3. 


/■(z -+- 3) — /(z •+■ 3.) n - — -f'(z -f-3,) •+• 

1.2 1.2...(«— 1JT 


(3-3.)* 


■/0”)[z ■+• 3. •+- e(3 — 3,)]. 


(< 7 X ) 


) 


1.2 m 

Mutata s in zcro , 5 in z , et d| in z x , prodibit 
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fiz'F=f(z f(z.) -+- (z ■+• - 

(z — z,)0 — / ( ” i -» ) (z,) -f- ( ili^-/ p (»»)[z,+£(z-2 J )}. 

1,2...(m — i/ 1.2... m 

Exemplum, 

Sit f[z) = *« ; erit (13) f{z) = «z*-‘ , f\z) = 
a [a — 1)^ rt - a , ... /(">)(z)=a(a — 1)(a — 2)...(a-»i-*-1)z«- m : 
proinde 


z a = z," -f- 


=iiaz,-‘ ^. ( ±-f^a(a-1)z,«-- 

1 1.2 


(z— z.y» a(a _ 1} . . . . ( fl __ w 2)z^-™* 1 -+- 

1.2...I/» — 1) 

( S ~ Z, )!a(g — 1 ) ... (a — m -4- 1 Tz , -+- t{z — Z 
1.2... m v 

25* Pone 

j g 

f;z-+-d) — f{z -¥-$,) • — 

,)=r a .» 

et sume differentialia quoad d, : pervenies ad 

f'(dj =*= 

unde 


( 7 ,u ) 


1.2...(m — 1 / 


/ = - ( * 2 ’ 
exprimit $' numerum aliquem > 0 et < 1. 
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Sed (21 . 9 vi) 

f(3, -4- *)- /($,) = ^ . f (5f £ ' ?) . . 

igitur 

et consequenter 

Jamvero facta osJ a habemus ex ((}* il ) 

as)=>o , 

et facta o, = 0 , , 

f(0;=n. -*-«) -/(«)- i- f(z) ~f\ s ) — . ... 

1 * 

3™- 


ergo (23 . ^viu) 


~i ■■■(»— : 


o m 

f (0) = — fW{z,- 1 - £$) ~ 

1 aZ ••• W 7 

3*Yl — s'jm-1 

! ' s > ■ 


(?■■") 


1*2 ••• ijn - 

Mutata r in zero , et 8 in z, proveniet 

z m „ . z m (1—'’yn-i 

1,2 . . . rf {lZ) ~~ zr.\ . ^ 
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DE R ATIONE DETERMINANDI ▼ ALORE5 FUNCTIONUM UNIUS 
VARIABILIS SESB EXHIBENTIUM SUB QUIBUSDAM FORMIS 
INDETERMINATIS», 

26. V ergente Ax ad lim..= 0 , formul* (q nt : 20) 
dat in limite 

fan) _ fCfn) _ HfJ _ f(m X x n ) 

?(*„) f\*n) ?'X*n) *" = ^ 

cujus ope determinantur valores illarum, fractionum , 

quae formam recipiunt indeterminatam — ubi in 
ipsis loco x subrogetur peculiaris valor x n . 

Exempla . 

I. ° Sint f(x) = L(1-+-x) t , <p(x)=x , quae , facto 

x = x n £= 1 , praebent 

fM _ L(1)_ _0 
<K*J 0 0 

Habemus f'{x) = - — , p'(;e)=1 , unde f'(x n )r= f , 

I T «X* 

9 '(x n ) = 1 i et consequenter 

fxj _ L(1) Q _ | 

«p(x n ) 0 0 

II. ° Sume f(x) = x4-(aj-a- 1 ) x"-- 1 3 
?(x') = (x I) 3 , quae, facto x=x„=1 , suppeditant 

fi x n) __ 0_ _ 

?(*,») o 

item cum exsistant /'(.«>= 1 -+_{«-♦_ i Vaor — « — 1 >jc« 
fl^ +I > <p'(x)=2(x — 1), erit adhuc 
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f'(*n) __ 0. . 

9'i x 'n) 0 

at quoniam f"(x) =a{a -+- 1) (ox — a — 1 )x°~* -+- 
2a(a-+-i)x n , f' '\x)=2 , ideo 

f(*n) _ f'l*n) _ 0_ = f(*n) _ «fr"- 1 ) . 

?;-*«) 9 i. x n) 0 9' ^ n) 2 

27. Si /tx„) = 00 , p(x„) = 00 , ut fractio sese 

00 

exhibeat sub forma indeterminata — , cum habeamus 

oo 

1 

_ o 

1 0 ’ 

9(*n) 

cumque 

rf-L 

/•(*) __ f(.r) 9 {x) 

dx f(x) ’ dx ?’{x) ’ 

iccirco (26) 

1 f\*n) 

J1<L— f'**' , unde Cfsl-Gfs! . 

1 9' (•*•.») ?'(*») 

P^n) ?’(*») 

Si praeter /\jp„) , ?(x„) etiam f'(x„) , f'(*n) prodeunt 
= oo , simili modo ostendetur (26) fore 

f'M _ n*n) . 

?"(*«) 

atque ita porro. Formula nimirum {g : 26) suppeditat 
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quoque valores fractionum sese exhibentium sub forraa 


indeterminata — . 

oo . 

Ad haec : 


f(x) . f'x) 


_ ,/W 

1 

?(*) 


<p(x) 


per eamdem videlicet <g) obtinebitur valor facit 
t x fi) • ?(■*•'„) ') quotiescumque binarum f(x n ) , (j>(x n ) 
altera existente = 0 , altera = oo , ipsum f(x n ).f(x n ) i 
sese exhibet sub forma indeterminata 0 . oo-. . 


Exempla. 


I." Sint f[x) — L^~—^ , (j>(x) = cotx; erant 

f : ( x ) — ~ > f'(x) — — ~t \ '■ proinde (129. . 

x sm’x 

2.° ex p. 2 a .) quoad x=0 



II 0 .. Pone. f(x)=x c , f(x ^=^‘ x , et m immediate • 
>c; habebis ( 1 3 ; f (m )[x)=c{c — 1 ) . . . (c— m-+- 1 )*?-*• , , 
f( m )(x) — e x : propterea quoad x = oo 


x c 
e x 


c(c — 1 ) ... (c — m -4- 1 ) 


xm—C(>i 


0 . . 


Hinc 


facto r=-r 

/5 


» 


erit quoad /3e=0 
1 , 


>• 

Pias III. . 



S 
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> ■ . " 
de eae tero accipiatur nunu 


- . M \ , ' 

Utcumque magnus de- eae tero accipiatur Humerus imitus 
atl^ue positivus c : habita nimirum fi pro basi , erit 

x— JL consideranda (250 er p. 1.°) vel uti quantitas 
e & 

infinitesima ordinis » . 

* IH. # Sume f(x) == L(jc) , <p(x) — x« , unde 
1 . 1 


1 o(x) 

fw = t » -b- 


L(x) «. u c = — oo ., 0 = 


X-C + 1 

1 

X 


; erit quoad x = 0 


x c 

c 


XC*‘ 


prorsus ut in p. 1." n.° 241. 3.* 

28. Est (208 ex p. 1.°) 

' L[ ^ (X)1 : 

hinc si peculiari valori x n respondet f[x n ) — .0 et 
f(x n ) = 0 , vel f(x„) = co et ?{x n ) — 0 , vel etiam 
fx H )= 1 et p<x„) = as> , ad inveniendum valorem 
functionis sese exhibentis sub prima , secunda , vel 
tertia e formis indeterminatis 

0 °, cp°, 1 *„ 

satis erit definire (26 : 27) valorem rationis. 

U/Vjl ' 

W*n)T' 

Exempla 


dh(x) 1. 

1 # , Sit f{x)= ?(.*,= f : quoniam -j - — = ~et 


1 
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dx-' * 1 . , 

— - — , ideo (27) quoad x =-x„ = 0 erit 

dx x ‘ 

— — s=» — x = 0 , ac proinde 

X 

• . * » • - 

x* = 0° = e° =: 1. , 

l 

II.*. Positio f(x\ = x , <p{x) = - , cum ha- 

1 — x 


beamus 


<iL(x) 1 


= - ■ J (s=£) 

L(x'i 1 

pterea (26) quoad x = x„ = 1 erit — s= — 

(ii)" 


= — 1 ; et consequenter 


1 — x 

x . 1 


1 00 = e~* = ■ 


29- Notetur illud: si f{fi) est quantitas infinitesi- - 
ma , cujus basis =jS ordo ~c , ac 1.° ponatur c nu- 
merus integer, simulque (250 ex p. 1».) 


— 0 > • 


primus terminorum qui in progressione, geometrica 

ffi m m 

PP> ■’ /3 ’ /S* ’’ /3« * 

non evanescunt .una cum ( S : quod si 2.°,haud prodeat 
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utcumque *e habeat c , expresso per m numero inte- 
gro vel = c , vel immediate > c , erit 

m 

p* 


primus terminorum qui in progressione ilia non eva- 
oescunt una cum fi. Jamvero ii termini aequivalent 
(22-: ^ vn ) respective terminis seriei 


/t/3). np . 


rw rw 

2 ’ 2.3 


Ergo /(^0(j3) in 1°. casu, et f^ m \fi) in 2*. erit pri»- 
ma , quae ex functionibus 

m>m>- A3). /'"(/*)>•• • 

desinit evanescere una cum fi. 

Hinc quia in ordine v. gr. ad 


1 



est (27. II 0 ») c = o» , nullus ex terminis 


1 1 i 

1 de fi d'e fi d l e fi 

e fi ’ dfi ’ dfi 1 ' dfi * 

desinet evanescere una cum fi. 


\ 

DE MAXIMIS , MINI MISQUE VALOHIBUS F U?l CTIOJI IS. 
COaTINUAJE /(x).. 

30. Cioncipiatur x augeri parum admodum ultra pe- 
culiarem vaiorem x n , vei imminui infra eumdem x n : 
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si respondens functio f(x) in utroque casu continue 
decrescat , erit valor f{x n ) maximus inter eos , quos 
recipit functio f(x) ; at si f{x) continue crescat tam 
in primo quam in secundo casu , erit f{x n ) minimus 
(131» 3°. ex p. 1«.) inter valeres , quos obtinet f{x\ 
Hinc ,17) statim atque x ex < inceperit esse >x ra , 
vel ex > inceperit esse < x n , derivata f\x) fiet ne< 
gativa , quae prius erat positiva , et contra fiet positiva, 
quae prius erat negativa , si quidem f(x n ) esse debeat 
maximus , vel minimus inter vicinos valores f(x). Qua- 
re (131. 1°. ex p. 1«.) facta x = x n , evanescet f x) 
si et ipsa est continua similiter ac f{x) ; sin miuus , 
evadet infinita. Jam non pluribus opus est Ut jntelli- 
gamus valores x n , quibus respondet maxima vel mi- 
aima /(x„), quaerendos esse inter radices aequationum 

/«,)=«, ^=0. 

fllud quoque facile intelligitur (1?) : -functio f{x„) 
fcst maxima quotiescumque 

f\x) <0 quoad x>x„ , et f\x ) >0 quoad x<x„ * 
est autem minima quotiescumque 

f'(x)>0 tjuoad x>x„, et f\x ) <0 quoad x < x„„ 

Quod si f'(x) maneat aut constanter positiva, aut con- 
stanter' negativa dum x versatur in viciniis x„, certe 
./txj neque maxima erit., neque minima. 

. _ . I 

Exempla 

T«* Sit f{x) = x' — 5x ft -4- 5x 3 -4- 1 , ideoque 
/ \x, = Sx" — 20x’ -t- I5x’ ; aequatio f\x) — 0 
praebet x„ — O , x n =t , x n =3 : denotante <7 quan- 
titatem infinitesimam sive positivam sive negativam , 
substituatur x /t -f-u loco x in/(x ) ; sumpto x„=0 erit 
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3» . . , , 

f (*) — 5(7* — 20a s 15a’ , 

quae cum quamproxime x n perseveret (251 : 252' ex 
p. 1. a ) constanter positiva , primus valor x„=:0 neque 
maximam dabit f v r) , neque minimam ; -sumpto x n — 1 » 

erit . - „ , 

• ; : ;rfU) = (1 H-ff/ (5ff’ — lOcr) , 

qna^fe cum qrtam proxime x n evadat negativa 'si o fuerit 
positiva idest si x _>x n , evadat autem positiva si c fue- 
rit negativa idest si x<J n , suppeditabit proinde -se- 
cundus valor x, , 2=1 functionem f(x ) maximam; sum- 
pto denique x„— 3 ■, erit 

f(x)=»(3-4-<7)* (5(7*-+- 10(7), . , 


quae cum in viciniis x n sit positiva si ffX) nimirum 
si x >x n , sit vero negativa si <7<0 videlicet si X<x M , 
dabit iccirco tertius valor x,==3 -functionem f(x) mi- 
nimain. 


T t, K V J 

11°. Proponatur consideranda functio f(xy=- 


1 — L(x) 


: ex eruimus! x n 


1 — L(e-f-o) . . . " 

est autem negativa si (7 > 0 , positiva st 

(*■+*)• 18 - ’ r 
cr<0 ; nimirum /’ , (a - )<0 quoad x > x n , ^'(x) > 0 
quoad x<a-^r- valor igitur x n =e praebet functionem 
f(x) maximam. 

31. Formula (q yl V21) aliam nobis regulam suppe- 
ditat , qua possimus dignoscere utrum datae radici x n 
aequationis f'(x)= 0 respondeat maxima , vel minima 
functio f x n ). Secundum namque membrum illius for- 
mulae in viciniis- x /( aut manet constanter -<0, aut 
constanter >0 , sive Ax accipiatur positiva sive nega- 
tiva , aut m6do fit >0 , modo <0, prout mutatur si- 
gnum ipsius Ax : in primo casu erit f(x n )y-f{x n i±sAx,, 
- ideoque , maxima ; in secundo f{x n ) < f(x n r±zAx) , et 
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3? 
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consequenter minima; in tertio /(•*■„) 'neque consta ri-/* 
ter major , neque constanter minor qusrm /frft ^r-tr A x ) / 
ac proinde neque maxima y iieqwe mijiima. Pj^mane- 
bit autem illud secundum membrum aut' constanter 
< 0 , aut constanter > 0 tube solum , qtftim expo- 
nens m quantitatis Ax est par; siquidem f(! n )(x r ft£Ax) 
in viciniis x„ eodem allicitur signo ac Ergo 

si ex derivatis 


/"(*») > /'"(*«) » /'Vj > • • * 

quae non evanescit prima., est ordinis imparis , certe 
f(x„-) neque maxima erit , neque minima ; quod si 
fuerit ordiriis paris, derivatae ^( ra )(x„)< 0 respondebit 
maxima f(x n ) , derivatae / r (" 1 )(x ra )>0 respondebit mi- 
nima /(xj. 

Sic in 1 exemplo (30) habemus 
f "(xy=20x* — 60x’-4-30x , /"'(x)=t60x’— 120x-+-30, 


Ct C36t« • • • 


Jamvero f"{x n )= 0 et f"(x n )= 30 quoad x n =0 * 
— — 10 < 0 quoad x n ~ 1 , f"(x n ) == 90 >0 
quoad x n ^=3 : hinc rursus e valoribus x„ primus ne- 
que maximam neque minimam dabit functionem , se- 
cundus dabit maximam , tertius minimam. 

Sic etiam in 2.° exemplo (30) assequimur 

,,, v 2L(x>— 3 

f ( x ) = r , et caet. . . . ; 

x 1 

* 2l,(e) — 3 1 , 

unde f (x n ) = = — — < 0 : Valor tu- 

e* 

mirum x n — e praebet functionem maximam. 


i 
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DB FOHUVtf LIS TATJ.ORI ET -MAC— ltAVlttlH* 


32. P ossuftt binae functiones , f[z ) ita con- 

siderari , ut altera coalescat \23j e serie 

m , • -T^ru - ^jTw .««»«•••• i*) 


et residuo 


altera e serie 


r 


1.2 ... m 


■/T"0(z--Md, . . . (A') , 


Aoi , T m , -^n°) . /""(o) . * i caet * - &') 

et residuo 

"" fl»){tz) . . . \V% 


! g m 


1.2... m' 


Jam si , crescente m indefinite , vergant residua 
7/), (6"') ad /im. = 0 , certe serierum (b), ( b ") alte- 
ra verget ad linu = f{z -+- d) , altera ad lim.~f\z)z 
in ea igitur qua sumus hypothesi valebunt (233 er 
p. . 1.°) binae 

f( Z ^'F=f(*y^rf'(z}+- ^-f'(zy+- ’ 

1 (£»▼) 
/t*)=A0H-f/"(0)-h -^•r(0H-^/'"(0)^..; 

quarum prima est formula Taylori , secunda Mac— 
Laurini. 

33. Constat ex dictis in p. 1°. n.* 236 , si m cre- 
scit indefinite , fractiones 


a™ 

1.2 . . . m 


1 * 2 ... m 
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ad linu := 0 indefinite accessuras , 'Vicumque de cfte- 
tero sumantur valores finiti 3 , z. Quaniobrem resi- 
dua (b 1 )., (b'") vergent ad /tVn.=»0 quotiescumque fun- 
ctiones f(. m )(z -+- sdj , /C ' n ){zz) sunt ejusmodi , ut non 
crescant indefinite una cum m z licet autem functio- 
nes istae , aucto m in infinitum , quemcumque datum 
limitem praetergrediantur , fieri tamen potest (27. II.*) 
ut residua illa maneant adhuc infinitesima. 

34. In primo exemplo (23) fO")(Sz) = e 1 ; perma- 
net videlicet fl m )‘zz) , utcumque crescat tn : iccirco 
iim. ( b '") = 0 ; et 


e* = 1 z 



z 


* 


2.3 2.3.4 


\ 


quoad omnes valores finitos z. 
In secundo exemplo (23) 


i 


f(' n ){ Sz) = z 


1-2.3 . . . (m — 1) 

' (1 -+- iz m 


et quia , aucto m indefinite , crescit iu infinitum (236 
ex p. 1. n ) valor quantitatis 


1.2.3 


(m—1) 


At" 


l f -+-6Z/ 


;b'"j= =*= 


idipsum ergo dicendum de ^("OfEz) : at cum habeamus 

(25 : <7 mv ) 

-»* (1 ^ i ^ 2 _c’ z > 

(1-w'zf ; 

profecto ab z> — 1 ad z=1 exsistet lim. (b"')= 0; 
et consequenter intra limites illos erit 

z’ z* z* 

L(l-t-z) = z - 1 - — — (-.... 

Recole p. 1“ m : 241 : 242. 


Digitized by GoogI 


42 

35. Ponatur 1.® 

/[r-4-3) = a (( -4~a,3-4-a*3*-4-fl,3 s -+- <1*3* ; 

sumptis derivatis quoad 3 , erunt 

F{.* -4- 3) t= a , -4- 2a,5 -4- 3«,3* -+- 4a*3* -4- . . ., 

/ t.r *+■ 3) — 2a 3 —4— 2.3fljO 3.4« *3' + • • • , 

F'\z 4- 3) “ 2.3«, +»2.3.4a^3 -4- * j 

et caet . . . ; 

et facto 3=0 , 

«. ==fo) , «, = f \*) > a % = ±f\z) , « 3 = - > 

« /t.) 

et caet. . . . 

Ponatur 2". 

/t^) - — “(■ ^ j z *4“ b % z* -4- 3 , i * —4* b ^z * 4- ■ . • { 

exsurgent i 

F(z) = b x —f— 2b t z -4— 3 bjZ* -4- 44*z* -4— . • . , ' 

f'(z) = 26,-4- 2.36,z -4- 3.4 b h z' -4- . . . , 

f‘\z)= 2.34, -+- 2.3.46*z -i 

et caet. . . . ; 
et facto z — Qy 

K=f(0), b, =ro) > 4 J =iro],j j; =-y», 

et caet. . . . 

Hinc ubi /'z 4-3'; fuerit summa cujuspiam seriei 
convergentis ordinatae per ascendentes potentias 
quantitatis 3 , et ( x z) summa cujuspiam seriei conver- 
gentis ordinatae per potentias ascendentes quantitatis 
z , certe istiusinodi seri erum altera recidet in (b) > al- 
tera in {b")* 
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'H 

36. Permanente functione e * , evanescunt (29) 
omnes respondentes termini seriei (b"). Hipc si poni- 
tur v. gr. 

1 3 t> • . 

f(t) = e* -+- e * , 

respondens series (A") erit quidem convergens ( 236 
ex p. 1. a ), sed ejus summa consistet in primo dum- 
taxat termino e», non in toto binomio e z -+~e 1 : 
fieri videlicet potest ut formula Mac— Laurini suppe- 
ditet evolutionem functionis in seriem convergentem 
quin tamen ejusmodi seriei summa recidat iu flu- 
ctionem ipsam. 

- . \ • 

»« DIf FEREHTIATIOSE FUXCTIOirUM PLUBES 
COMPLECTES T l U M VARIA BILES. 

37. Sit p=f(x , jr . z , • . .) functio plurium va- 
riabilium indepeildentium x , r , z , . . . Porro vel 
istarum una . vel duae , aut plures , aut omnes sua 
recipient incrementa Ax , Ar , As , ... In hoc ultimo 
casu 

Ap=zf!x-+-Ax , j -+-Ay , z-t-Az , ... ) — 

' fx , y ,■ z , \ 

dicitur totalis differentia functionis 'ut z irt aliis casi- 
bus differentiae vocantur partiales. Si v. gr. crescat 
vel sola .r , vel stila y , erunt 

fipt *+- Ax ■, y . z , ... ) — f[x . y i t 

fi x » y n- 4r - z > • • • ) — A* » r > ■?»•••) . 

differentiae partiales functionis p. , altera quoad x y 
altera quoad y ; quae diffcreutiae designantur etiam 
per A r p , Ayii , . . . 
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38. Si functio fi est continua (5) quoad singulas 
■x , y , s , . . . erit quoque continua quoad omnes. 
Assumptis enim Ax , A y , Az , ... infinitesimrs , 
quantitates 

/Ix-t-Ax , y , z — /*x , y , z , . . . ) , 

/(x-t-Ax , j-bAjr , z , . . .) — /(x 

Ar , ^ /fa-t-Ax , •+■ 

Ay , z-+~Az , ...) — f{x-\~Ax , y-+-Ay , z ,.«.)$ et caeK ... 

ex hjpothesi vergent singulae ad limitem =0 , prima 
simul cum Ax , secunda cum Ay , tertia cum Az , ; 

ad eumdem ergo iim .— 0 verget ipsarum summa 


A f[x-\-Ax , jy-l-A) , z-t-Az , ... ) — f[x . j, z ,.,) , 

seu Afl simul cura omnibus Ax, Ay, Az,,...; ac 
proinde et caet. . . . 

39. Pone ^6) Ax=u/S , Aj~i‘ (3 , Az=*''jS , ... , unde 


Ax 

P 


lim,—=lirn i' 

/3 


, lim.~- == hm. i ", . 

/S 


/ac insuper ut functio ul exsistat continua (38) intra 
quaedam confinia variabilibus x , y , Z , . . . assigna- 
ta ; etsi Afl intra confinia illa vergit ad /i>n.=0 , at- 
Au. 

tamen ratio poterit ad alium limitem vergere si- 
ve > , sive <0 : limites rationum 


Ax A? Az 

~ir > -r* ’ ~7T 

P P i j 

appellamus differentialia variabilium inde pendentium, 
x , y , c , . . . ; limitem vero rationis 

Ati 

~T 
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totale primi ordinis difierentiale functionis uc ;• desi- 
gnamusque per dx , dy , dz , ... .dfx , ut scril>i pos*i l 

ilr • ♦ Ar . 

«x = /i«w — = /(/».(' , dy = lin t. =lim.i , 


dz ss /;m. — =s /in» i'*’ , > . . . </jx =3 /int. 

40. Si quaevis una e quantitatibus x,.y , z, . . . 
«pectetur uti variabilis et habeantur eaeterae pro con- 
stantibus , poterunt differentialia functionis /x eodem 
manifeste modo determinari ac differentialia functio- 
num quae ab unica pendent variabili. Ejusmodi dif- 
ferentialia dicuntur partialia , ipsaque sic exhibebi- 
mus ut 



dz[~ , d % xU . , . « . dyii , d' , . . . 

denotent differentialia functionis fx , primi , secun- 
di , ... ordinis quoad x , quoad y , . . . 

41. Ad partiales functiones derivatas quod perti- 
net , eae poterunt sic exprimi ut per 

d x (l d' x [x dyx d' r x 

dx ' ' dj ’ ~d^ ’ ‘ * * 

vel per 

t x '. x } y 1 *»•*•)>/ x \ x > y i * » •••)»..* 

f y ^ 1 y * z > ' • *) 1 f y > y * 2 , •••)>••* 

designentur functiones primi , secundi , . . . ordinis , 
derivatae ex /*=/’ [x ,y , z , ...) quoad jn , quoad ... 
Plerumque tamen in his derivatis functionibus expri- 
mendis detrahemus , compendii causa , litterae d si- 
gna * , j , t , . . . , et pro 

d x u d % x jx dyx d' r x 

lU ’ Uli ~dy ' ~dp’ ’ * • * 


V 
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adhibebimus 

djx d*lL dfX d'fj. * 

~dT ’ ~ 7 u r ’ ’ * * Ity ’ ~dy ' 

Hinc vero 


djc'l 


dfl 


dxll. = — - dx e= fxix , y , x ...) dx = — — rfx , 

ax ajr 

d*x'X d z ix 

d\[x = -~-dx'—[" x [x , y ,z, .„)4x'= <*x’ , 


e( caet. . . . 


</ y ;x = » -e , •••) dy = ^ </y , 




<f\u 


^V,' A = ~J^dy^=f"y\x , y , z , ...) = -J^dy’ > 


ci caeU • • • • 

i 

42. Potest etiam functio [X differentiari successive 
quoad binas , ternas , . . . variabiles v. gr. quoad x , 
y , quoad x,jp , z ; et caet. . . Id genus partialia se- 
cundi , tertii y «m ordinis differentia i ia designamus per 

dy ix[X , dxdy lx\X , • • • 


43. Sive functio [X prius differentietur v. gr. quoad 
x deinde quoad y , sive prius quoad y deinde quoad 
x , idem in utroque casu obtinebitur ditfereniiale. 
Nam functionis fx differentias (37) capienti , primo 
quoad x , y , postea quoad y , X , protinus appare- 
bit fore 
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unde , facto ad limites gradu , 

dy i x u. = d z dyU 

Simili jjnodo 

dyd-i[ JL ~ d%dy'k , d fd^ii. — did x^L , . . « 

Hinc manifeste profluunt 

d x dydx • • • |X — dxd t dy > « • • jEt — ; d%dxdy ■ * . /x — 
d.dy i x ... |X * •• • j d'xdyd% « • f |1 - dxdy ^xd% . . • p. ■ — - 

d yd"* xdx • • • < — • i t ■ j d*xd y tz • • • • pt 

dyd*xd y lz • • • • |UL - dydxd ydxdx • i • • == 

d^yd^xdz • • « ix ■ - « • « ^ et caet. • • . 

Er quibus pronum est universim concludere istiusmo- 
di differentialia proventura semper eadem , quocum- 
que demum ordine perficiantur successivae differen- 
tiationes respectu variabilium x t jr y z , . . . 

44. Quoniam differentialia omnia <£r , r// , </z , . . . 
variabilium independentimn x , y , z , ... sunt (6 : 39) 
constantes et arbitrariae quantitates , sequitur (13 : 40) 

d* xdyd~p t j d* xd*y’A 9 d^yd 3 ^jut j • • • 

nihil fore aliud nisi novas ipsarum x , y , z , . . . fun- 
ctiones respective multiplicatas per 

dx^dydz , dx 3 dy* , dy u dz 3 , . . . 

ut generatim habeamus 

d m x d"yd , ‘x ...fl~cp(x,y,z,.. .)d.T m dy n dz h ... ; 
nnde partialis derivata functio ordinis .. . 


?(* > * 


d. Tn xd. n y V‘x ...tl 
dx m dy n dz h 


et dectractis hic quoque (41) litterae d , compendii 
gratia , signis x , y , z , ... 


S 
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4 » ■ 


» »» p' 

dl'“dy n dzt' . . . ' 


45. Totale functionis /x differentiale z/jx eruitur ex 
partialibus zi? x ’jt , ** , <f*|X , • . Designent enin 

> -• < «s > • • valores numericos >• 0 et ■< 1 : erunt 
(21 . <7 vl r 41.) 

-h Ax , y , Z.y • . . ) — f{x yjr , Z , ...)=» 


Aar/ '*(x-m,Ax , r »*>«••) « 

/(u -t- Ax , y-\-Ay , z , . . . ) — f(x-{-Ax , y > * , 


tyf'y{x -+-Ax, y-+- s, Ajr , z , . . .) , 
fyx-i-Ax , y-\-Ay , z-k-Az , . . . ) — 


/'•r-t-Ax , j = 

Ax/”z oC -f- Ax , j' -f- A/ , x -H 3 3 As , . . . ) , 


et caet. . . . , quarum summa praebet 
AfJz=Axf' x (x-i-6,Ax,y, x, »«• 

x ... -4— A z/” V x-f-Ax , j^-f-A^ , s4-SjAz y •••) ••• (M.. 

Hiuc (39) 

Ajx f f 

--g- = t/ -+- £ ,i ( 3 , ^ , x ,....) ■+- i'f’yx -h ij 3 , 

y-i-c,i'fi, z, t (x-t-ifl , y-t-ffi, z-t-s 9 i"f 3,-..)— ♦-... ; 

et facto ad limites gradu , 

d/ji=:df ( JC ,y , z , . . .)-=:f‘x (x , y , z , . . dx ~ f- 

fyx,y, z , . ..)dy ■+■ f s {x , jr , z dz ; 

quod poterii etiam exprimi per bunc triplicem buk 
dum v 44/ 
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dfA'£zz dx/X ■ '+* dy'X. — f- dt ft ■+* • • ♦ 
, dxtx. dyiX dtfj. , 


’} (h% ■ 


d t L=p -Jz dx: -T7 d y 


dz-+- • • • 


du. 

dx dy ' dz * 

Totale nimirum differentiale', functionis /x coalescen- 
tis» ex pluribus rariabilibus x ,y. , z , ....independen- 
tibus obtinebitur colligendo in sum m a m differentia] ia 
partialia dx\X-,d y \L,, d z [L , . ^ 

Exempla. 

x 3 — xL( r) 

I.* Sit [X = : prodibunt 


■ . ~i- 


sinz 


, 3.r* — My) , j ' ' x j 

d, ft= — -7— — dx , «r,^ = -r zrm~: d -y » * 


d t yx= 


sin z 

x 3 — xL(^) 


^ «»'2 


sin z 
3x’— L(^) 


coszdz unde 


t. 


■dx 


•dy — 


sm z 


sin z 


x * — xL(^ 


'i 


■coszdz. , 


sin z 


■ ■ X ' ; : .. •*-- i- V 

, . i \S 

* r , v ■ 

II.° Detur ul == (z — |/y>* ;• erunt 

Jxfi— [z-^Y^Mz-y y)dx , fiTjr xsto ‘ii/j "” djr ’■ 

d t u.= x(z—r\/~y) x ~ l dz ; ac. proinde 

= L i — |/V) (2 — \f} *dx — v ' 

) fy Y~ x dy H- X(r — j fo ) x ~' d ^ . 

Pab* III. . 4 * 
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46. Totalia secundi , tertii , . . ordinis differentia- 
lia ddp. , dddp. , . . . seu d*ix , d*[x , . . . facile de-^ 
terminantur. Sic v. gr. (45 . h') 

d*fi = ddtx — d(d X (l -+• dyx ■+■ d,[X = 

drdx'X-i~dy'x~\-dtp.-^-t,>y+-dy{dxp~t~dyX-f-d s p r -+- .>•) * 4 — 

dt[dx[X -+- dyx —f— dgix -+- . • . ) -4~ 

unde (43) 


... -^2dxd y X-^2dxd t tx-+-,. K 

—f— 2 dyigjx + . . .. j 


seu (41 : 4.4) 
d' 


d'[X 


__ <* M- 
dx* 


dx* 




d J 


d’ jUr 

’ dz A 


dz * 


2 ^-dxdj -h 2^-tdxdz 
dxdjr dxdz 

n d*ix , , 

2 ~ ^ r( f z ,i J rdf H“ • s. < 


Rursus 


4'P- = dd a fX r= d{d*x[X H- d*y[X ■+■ d’~[X -4- . . .. 

2d z dytx - 4 — 2d x d z a - 4 - ... -+- 2dyd%ix —H ...,.) • 
ideoque (45 ; 43) 

d 3 ft == d 3 x p . .*+- d 3 yp. -+- d 3 ftXr+-, . . •+* 

3 d x d j ix — f- 3d x d* z p. 4- ... *4— 3d yd* z p. —4— 

3 d yd z‘X — f— .... 4r- 3d%d 1 j f x -4- 3dgd*yp -4— .. . i — 4— ' 
Gdxdydz p. -4- . . . , seu (41 : 44) 
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d % a. 

3 ■ ‘ dxdy * -+- 3 - — ^—dxdz 1 4 - . . . 4 -. 
dxdy dxdz 

3 'i-r~r~ dydx * 4-- 3 -■ y - • dydz' 4- . • • -t- 
dydx' 1 dydz' 


d 3 u. , 

3 _ — — dzdx' 
dzdx' 


d 3 a 


6 


</ 3 ,u. 

dxdyd 


z 


dxdy di *■ f' • • • • . 


Simili modo eruuntur «f 4 pt , d‘ [X , . . . . 

47. Constitutas differentiandi regulas attendenti pa - 
tebit eosdem proventuros valores dfi , d*[X , d 3 p. ,. . . 
sive differeutietur fuuctio {J. , habitis x , y,, z . . . 
pro independentibus , sive diflerentietur 

f(x-+-9dx , y 4- Bdy ,, z 4- Gds 


ita , ut ex quantitatibus 

x 4- Bdx , y 4- Bdy , z 4- Bdz , . . . 

unaquaeque pro unico habeatur termino ; tum occur- * 
reatibus 


d x 4 - Bdx) , d[y 4 - Bdy) , d(z 4 - Bdz) , . . . . 

et peragantur istae differentiationes respectu solius 0 , . 
et dividantur per dB differentialia inde orta ; hisque • 
peractis fiat demum ubique 6 <= 0. Atqui peculiaris 
ejusmodi operandi modus in id recidit , ut habita so- 
la 0 pro variabili , facta insuper 

f[x 4 - Bdx , y 4 - Bdy , z 4 - Bdz ,...) = f{B) ... (h!!) * 
determinatisque functionibus derivatis 

? \B) , ? "(B) , f "\9) , . . . 

fiat dein ubique 5=0 : posita igitur aequatione (/*".) , 

- et consequenter 
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U = f(s , jr , * , ••• ) = 9(0) \ 

erant quoque > (A‘"). 

d[t = f'(0), d*[i = p"(0) , d t [L = qt"(0) , 

48. Veniat nunc consideranda functio 
U = F(U, V>S, . . • ) 

coalescens ex functionibus u , v , s , . . . variabilium 
independentium x , y , x , . v Quo pacto aequationem 
( h : 45 ) obtinuimus , eodem assequemur 

F(«-f-Au , , .r-(- Ar , . . .) -r- F(u , y , r , . . .) = 

AU = AuF'Ju -h s,A u , v , j At>FV(u -+- An , 

v-+-€,Ay, j, ...)-+-ArF' t (n-+-A«, tM-Av, r-f-jjAs , ; 

tum adbibita divisione per /3 et facto ad limites gra- 
du , proveniet (39) totale functionis U differentiate 

d\3 = F' u (« , v , s , . . ,)du F y (u , v , s , . • .) dv H- 

F'r(« > v , s , . . . ) ds -4- . . . , 


' quod per hunc triplicem modum poterit quoque ex- 
primi (41) 

dU = t/ w U "4“ dp\J — (fyU • * « j 

d v U , d t U 

d\J , d\J 

Differentialia du , dv , ds , ... determinantur per (A :45) 


J U 

dU=-^-du- 

du 

d\3 

d\J=—du 

du 


-ds — H - «i 
■ ds ... 


(* ,v ) 
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Exempla. 




L* Sit U = u erit 

* d u U = du , dy U = dv , d , U = ds , .. 
ideoque 

dU =s du -+- dv -4- ds -4- . . • 

II.® U = uvs . •'< ; </ u U == m . du , 

dy\ J e= tu . r/t/ , t= 

Quare 

d U — vsv. . du -+- us .» . dv -+- uv . . . ds -4- - . . \ 


u du udv 

III.* U= —;d u U=—, dyU = — - 

V V V* 


du udv vdu — udv 

v v* v' 


IV.® Ut=u 1 '; d u U = vu v ~'du , dy\j — L(u)u v dv 

dU = vu v ~ l du - 4 - L {u)u v dv. 

Itaque regulae jam traditae (8:9...) pro differen- 
tiatione funetidnum , quae ab unica pendent variabi- 
li , valent etiafai pro functionibus pliires independen- 
tes variabiles- complectentibus. 

49. Qii6d ad diiferentialia pertinet, ahiorum ordi- 
num , d i \j . functionis U , habemus y. gr. 

/vfU rfU d\j \ 

d*\}r=txdd\}-=tl( ——du -4- -r-dv — ds -4— . . 

\du dv ds ' 

rfU 

Jam si differcntietur — - — du successive quoad u , V •, 
du 

s , , . . eademque instauretur operatio in baeteris t*r~ 
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. . d\] rfU 

n,,J1,s cum prodeahi 

//rfU.A ^u, , 

d ’\s du )^H^ du ^Tu d ‘ i ' 

, /dU N , /rfU N 

• • • *.(*■•*')=■ 

</’i ,y</u a*u , rfu 

7^ udv ' d \T v dv ri^ dv ^^^-' 


erit 


rf’U , </*n, «/'U. 

d U=-— -diT-\ — — — rf/» -4- « . . ■• 
"** 'S** 3 ds 


du* 
J*U 


dv % 

d' u 


-dudv - 4 - 2 — — —duds 
dudv duds 


, .7 7 

2— j — —avds -4- . • . 
dvds 

d\J 

— </*r -+-.• • • 
ds 


d U JU , 

-7-^ a-4— — rfV-4- 

a« «t» 


Simili modo pervenietur ad d 3 U , rf*U , » * . 

DE AgQUATIOSIBUS DIFI EREKTI AX.IBI7S. 


50. F unctio U = F(u, v ,• s • » . ) ponatur vel 
constantem obtinere valorem C , vel fieri = 0 , ut 
sit vel U=C , vel U=0 ; in utroque casu valebunt 
aequationes diilierentiales 

</U=0 , d'U= 0 , </ 3 U=0 , . „ . 

In ea vero qua sumus b^po thesi ex quantitatibus u , 
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V , 't , .*» ana quaevis v. gr. u habenda ferit pro fuu* 
ctione caeterarum t >, s , ; iccirco 

du , d*u , • •• • fient (48. h ,J : 49* h y ) 

du du d*u d*u 

-y-dv -f* —T-ds , '± ctv 4" -j — ds -4* b % • 

d v ds dv* ds * 

* d* u . ■» du j. du 

■2 t — -dvds ■» • » — ■■■ ' r “d — — d s -+-•* • •* . y 

dvds dv ds 

et caet. 

Si variabiles v , s , . . evadunt indfependentes , eva^- 

nescent ii termini , in quos ingrediuntur faetores d\ , 
d v y • • d s j d 3 s y * • v 

51. Data v. gr. [i==f(x , y , z , v . . ) ==: 0 , un^ 
de d[L*=*Q , seu (45. h’) 


it dx ^± iy ^ iz . 

ux dy dz 


0 . • -» (t) , 


si spectatur z uti functio implicita caeterarum x , 
y , . . . independentiuin , cum in casu habeamus 

_ dz dz 

■tlz = — — dx -z-dy -4- . . , 

dx dy 

adhibita substitutione in (<) , ea fiet 

SSr t) . . . ( 2 ) C 

item ( 46 ) 


d*z 


d*z 


‘d * z 

d‘ z-=z. '2^dx’-+2~2dy* 2- — —dxdy -4- •. . . 

dx * dy* ^ dxdy 

Quocirca aequatio difterentialis d*jx = 0 seU (46 : 49) 
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2 — — ^—d xdy-+- 2 



dxdz 


dxdz ■ 


dyd 
vertetur in 


iydz -+-... -f- ^d'i 


dz 



G 


> _4_ d >r dz \\, 2 d > ; ff 
'/x- 5 dz*\dxj dxdz * dx 

rfu. ' /rf.z rfar 

dz dx* ) Uo: dy dz * 

d'p < d*[j. -t dz d'p dz 

“ ‘ «... . — | M - l_ . . _____ 

dxdy dxdz dy dydz dx 

it . 'ppd*dj+ :/*£+ 

dz dxdyj J \dy‘ 

d j±r dx S -u 2 d > dz 

dz\df J dydz dy 
da d^z'* 

d7 * dp ) dj ' 4 

et eaet. . 





52. Quoniam un (i' , t" et *aet..>. . 51 ) habentur 
x ,y , . . . et “consequenter dx , dy*, ... pro quan- 
titatibus invicem non dependentibus erunt 

dp. d[i dz 

dx dz dx ^ ’ 

da • da dz 

* dj-^dl ’ 57 = 0 ’ 

et caet. , 
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d’fi • d'p./dz 




dx * dz 


dz dz d*jx d*fi 


d'p. ' dz 
dxdz 


' -T- •TT*+ 


dx 
d*z 
dx * 
d*p. dz 


dp. 

dz 


dx dy dz * ' dxdjr dxdz dy 
d*p. dz dp. d*z 


dydz dx 


dxdy 

t2 **> t 

dy* dz * vfy / dydz dy 

■ <fyt 

<£z ’ 

et caet. . . . 



si quidem iisdem ( i* , i" , . . . ) locus imiversim esse 
debeat. Difterentiales aequationes , . . .) et quae 

e* earum combinatione utcumque promanant ,• vocan- 
tur partiales. 

53. Istiusmodi arquationes adhiberi possunt ad eli- 
minandas quantitates constantes quae in datam ae- 
quationem ingrediuntur, uti videre est in subjecto 
exemplo 
Detur aequatio 

z* -+- ay * -f- b{x *4 -yY -+- c = 0 ; 
inde facile derivantur 


. dz dz 

b{x-+y}+-z — = 0 , <y -f- b(x~hy) ~h- z— i= 0 , 

• : * !iv< 

ei quibas «t ex data eruetur 

■ / dz dz x 

obi constantes a , b minime apparent. 
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Illud re.ro facile Anteii igitiir : si proponatur aequa- 
tio ternas complectens variabiles x ,jr,z, cum e* 
suppeditet ■ binas aequationes (i,) primi ordinis , tres 
( i % ) secandi , quatuOr tertii , .«• n + I n* *’"• , ac 
proinde diderentialium ejusmodi aequationum totalem 
numerum ( 202 ex p. 1.» ) 


2 -4- 3 -4- 4 -4— 5 -+- ••• -4- (n-4-1) 


(w-4-1)(n-t-2) ^ 


iccirco poterit inde et ex data elici aequatio ordinis 
• i • (n-4-1) (n-4-2) 

numi f CU1 desint — — - 1 quantitates con- 


stantes. 

Item (223 : 224 ex p. •f.' 1 ) data aequatione inter 
quaternas variabiles , ea praebebit dilierentiales aequa- 
tiones tres (i,) primi ordinis , sex (i,) secundi , decem 

.. . . . t,n-4-1y(n-4-1) . . 

terta , quindecim quarti , . • . ; n'*"" , et 

consequenter id genus aequationum totalem numerum 


(n-4-1 )(n-4-2)(n-4-3) 
* 1 . 2 . 3 


Quocirca poterit indo et ex data obtineri partiali*-, 
ordinis n slm ‘ , differentinlis aequatio sine 

(n-4-1) (n-4-2) (n-4-3) 

— — * 1 constantibus. 

1.2.3 

Universim data aequatione inter m variabiles , licebit 
ex ea et ex derivatis partialibus consimilem., ordinis 
j/simi ? aequationem eruere absque 

(n-4-1) (n-4-2) (n-4-3) . . . fn-4-m — 1) 

1 . 2. 3..:* (m-+- 1 ) 

constantibus in ipsam datam ingrcdicntibu*. 
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54. Iisdem differentialibus aequationibus conceditur 
eliminare indeterminatas functiones , si quas ample- 
ctitur proposita aequatio. 

Exempla . 


I.* Sit 

p = x y j, je ]= 0 : 

designat p datam variabilium independentium jt , y 
functionem, et f functionem’ omnino arbitrariam : fa- 
cta p(v) = r , cum habeamus 


dr = 

erit 

( d\x 
d? ' 

( d ? 
Vrfr * 

uudc 


dr dz dz 


dr 

dx 

dr 

dj 


da 

dx 

dp. 


dp dz\ 
Tz * dx) 1 
dp dz 




= o 


dp 

dr 

+. ±- 

- 4 — 

dp 

dz 

dr 

dx 

dx 


dz 

dx 

dp 

dr 

da 

i 

i 

dfi 

dz 

dr 

m 11 ■" 

dy 

dy 

■+“ 

dz 

djr r 

Est autem 






dr 


dv 

dr 


dv 

dx 

= ™ ~x ’ 

dy 




hiuc 
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<»x 

dv dfi. dtl 

— - « . l . ' 

dz 

dr 

Jx 

* 5^ 

<¥_ 

. it. 

dz 

dr 

dy dz 

dy 


* ~JZ 


- — . — - e= 0 . 


Jam ex hisce binis aequationibus et ex primitiva 

u = 0 eliminando o(v) ac perveniemus ad 

dr 

partialem., primi ordinis , aequationem differentiakm 
arbitrariis privatant functionibus. 

; II. ° z = ip (v) ; exprimunt 9,1 p binas 

functiones indeterminatas , v functionem datam varia- 
bilium independentium x , y . 

Partialia aequationis propositae diiferentialia ca* 
pientes inveniemus 

dz . * ..dv dv 

t («0 




dz dv 

— - = xy(v)—- H- f (•*) 


*/x 


"' TV/ 4r 

Istarum secunda multiplicata per 

. dv 

prima ducta in ; prodibit 

d J 


dv 

dy 

dv 


dx 


subtrahatur «t 


dz 

dx 


dv 

dy 


dz 

d r 


dv 


dx 


dv 

?{y> • —r~ • ' • ( m )* 
d y 


Rursus partialia aequationis (m) diiTcrrntialia sumen* 
tes assequemnr 

d' z dv d'v dz • il' z dv 
dy dxdy dx dxdy dx 
dz d‘v dv dv 

sy = -zr • Tj ’ 


</x’ 

d*v 
dx * 
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d m \> dz d'z dv d'v dz 

dy * dx dxd"f dy dxdjr dy 



exinde vero eliminata pV) , exsurget aequatio solam 
continens indeterminatam tp'y). Tutu ab aequatione 
hoc pacto definita et ab (m) poterit expelli p ( v ) y 
sicque ad partialem secundi ordinis aequationem dii- 
ferentialem perveniri arbitrariis functionibus liberatam. 

55. Quoniam reiteratis differeutiationibus novae in 
aequationes introducuntur arbitrariae functiones f' , 
p" , . . <p'., <p" , . . . quisque videt , ad eliminandas 

functiones indeterminatas , plures requiri aequationes 
quam in . eliminatione constantium quantitatum. Ge- 
neratim si primitiva inter m variabiles x , y , z , . . . 
aequatio complectitur p functiones arbitrarias expel- 
lendas p , p , y , . . . , partiales primi ordinis aequa- 
tiones praeter p , p , y , . . . continebunt etiam p' , ip' , 

y , • • • ; partiales secundi ordinis aequationes com- 
prehendent amplius p" , <p" , , ... atque ita por- 
ro , ut •, 

p(n.-y-i) 

exprimat numerum indeterminatarum functionum quae 
in primitivam aequationem simul et in derivatas par- 
tiales , ad ordinem usque n*" ntm perductas , ingre- 
diuntur. Omnium autem ejusmodi aequationum nu- 
merus est (53) . 

» * » 

(ft — t— 1 ) (n -t— 2) (u — t— 3) . . . (n -4— tn — 1) 

1.2. 3... (»« — 1) 

poterit igitur ex iis aequationibus elici partialis , 
ordinis differentiatis aequatio functionibus ar- 

bitrariis exspoliata , quotiescumque fuerit 

\ 
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A\« -4- 1) <.- 


-4- 1Y n -4- 2Y n -4- 3' ... 'n -f- m — i) 
1.2.3... (m — 1 ) 


seu 


P < 


(n4-2) 'n + 3)... (n -4- m — 1) 
1 . 2 . 3 . . . (m — 1 ) 


Ponantur v. gr. ternae dumtaxat variabiles x T 
y f 2 , ideoque m= 3 ; prodibit 

n - 4 — 2 

p ^ — , et consequenter n > 2p — 2. 


Erunt nimirum protrahendae differentiationes in or- 
dinem 2 <p — 1 ut arbitrariae functiones prorsua eli- 
minentur. 

Facto insuper p = 2., tertius sese exhibet ordo. 
Equidem in aequatione (54 II. S ) 

z — xif ^) ■+- t|/ (s>) ‘ 

habemus p=2 , cum tamen satis fuerit differentiatio- 
nes ad ordinem dumtaxat secundum perducere : id' 
vero peudet a peculiari terminorum aequationis di- 
spositione , ex qua fit in exemplo illo et in aliis si- 
milibus ut, certis adhibitis operationibus , plures si- 
mul dispareant arbitrariae functiones. 


DE MAXIMIS MINIMISQUE VALORIBUS FUNCTIONUM QUAI. 
EX PLURIBUS COALESCUNT VARIABILIBUS. . 


56. Circa functionem 9(5) jam consideratam (47)- 
liquat profecto illud : peculiari valori 5=0 in cujua 
viciniis ipsam 9 (5) ponimus esse continuam J nequit 
respondere maxima vel minima 9(0) , nisi vigeat ae- 
quatio (30) 

/ p'(0}=0. 
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Ut autem p ((J) sit revera maxima vel minima , ne- 
cesse insuper est maneat constanter in iisdem viciniis 

vel <p($ ) — $j(0) < 0 , vel‘p(0)— tp{0) > 0 : 

in primo casu certe f(0) prodibit maxima , in se- 
cundo minima. 

Quibus positis , confestim intelligitur ( 47. h'" ) 
functionem p, — / ( x ,jc , z variabilium inde- 

pendentium x , jr , z , . « . haud evasuram maximam 
minimamve nisi ob ejusmodi peculiares valores x , 
z m » • * • > quibus adbibitis loco x , j , z , . , 

satisfiat aequationi 

<f/x = 0 ; 

et quoniam huic satisfaciendum , utcumque caetero- 
quin se habent dx , djr , dz , . . . quantitates invi- 
cem non dependentes, idcirco ex </u = 0 profluent 
( 45. h'^ aequationes 

da da da 

~dx~~°' ^ ~ ° ’ "57 = 0 ’ et caet * • • * ( 6 ) 

praebiturae valores , z w , . . . qui functionem 

< u maximam minimamve poterunt constituere. 

Lt vero t u prodeat reipsa maxima vel minima , 
oportet insuper in viciniis 6 = 0 sit constanter vel 

( (•*’« *+■ W* » y m -+- Wj- , z OT „ * .) — 

f ^ m * ,7m > z ;n ) • • • ) 0 i 

vel 

/ (*•«, *+* W* > Ym •+■ tey » . ., .) — 

f ( X M i fm i z m i • • • i 7> 0 , 
quaecumque demum existant dx , rf »- , dz , . . . ; m 

pruno casu hj^d dubie pi erit maxima , in secundo 
minima. 
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Exemplum *. ■ - 

Si detur functio p= xy ( Za~rX-~-y) , erunt 

i= >r (3a ^-2x- r ) =-0, 
ax 

■dt- =s x(3 a — 2y , — x)= 0 , 
dy- 

unde • " 

■*»=«> Jm~ a ’ 

Differentia vero * 

(x m -*~ &dx) {y m -4- Bdy) (3 a — x m — 9dx — - 

y m — Qdy) X m Jm — x m ~ f m, > 

«eu 

— aO' [ \dx -4- dy)' — dxdy ] — 9 s dxdy (dxT- 4- dyy . 

permanet ( utcumque se habent dx , dy ) negativa in 
viciniis 5=0 si a > 0 , positiva si a < 0 t valores 
itaque x m — a y m = ^ praebent u. maximam in pri- 
mo casu , minimam in secundo. 

5?. Si inter variabiles x , y , z , . . , ( quarum nu- 
merum ponimus = k) vigeant l relationes- expressae 
per 

v 0 , u = 0 , s = 0 , • • • , 

supererunt ( 1 )■ k — / variabiles independentes , toti— 
demque proinde differeutialia similiter independentia. 
quibus applicanda tradita methodus. . 

Exemplum. . 

Proponatur functio 

jx = x* -4-j‘* -4--s‘ *+■•••> 

^tque inter variabiles x , y , A , •- • • vigeat relatio. 
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Erit 


dp. = 2xdx -4- 2x^,-+- 2zrfz -4- . .. , 

itemque 

adx -f- - 4 - cdz - 4 -j, . , .=.0 , , 

adx -4- bdy -4- . . . 


dz : 


c , 


Quocirca i 

dp=2(x --—^^-4-2^ — ~)dy -4- . 


et consequenter 


d[X / az\ 


= 0 ' 


unde 


az 

bz 




I — 0,... 


7 > 

c 


Non pluribus opus est ut intelligamus fore 
c h ah 


a J — +~6 3 —4 — c 3 — 4— .. 


n a — 4-i’-4— c a -4- •*»- 


bh 


Jm' 


a a -4-6‘-4-<;’-4- ••• 
Jdm vero differentia 

( x m "+■ Qdx)* -4- (y m -4— Qdj-y 
(z m -4- Gdz) -f- . . . — x* m — y' J 

p*r S rn. . 
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2h9 ( i 

-+■ ur • • • 

-c(^ J + *? ■*- • • •) ) -t- OV*» -t- [ = 

s- > o. 

Valores igitur x m , , . . . praebent minimam 

, - A’ 

l*=* m m?-y *■+■« «!+" - = A , . • 


58. Io. definiendis maximis minimisve valoribus 
funetionum plures complectentium variabiles possunt 
etiam adhiberi variorum ordinum differentialia. 

Resumpta ( 56 ) functione <p(5) , respondebit va- 
lori 5 = 0 maxima vel minima f(0) , quotiescumque 
et ij/(0) = 0 , et ex caeteris derivatis (31) 

?"(0) , ?>"'(0), f"(0), . . . 

quae non evanescit prima , est ordinis paris. Expri- 
mat a (*") (0) derivatam illam ; prodibit f (0) maxima 
si p<- a ")(0) ■< 0 , minima si <p( an ) 0) > 0. 

Hisce annotatis , quisque videt ( 47. h "' ) , fun- 
ctionem f (x , y , z , • « • T ) variabilium indepen- 
dentium x,y,z,....T haud evasuram maxi- 
mam minimamve nisi ob ejusmodi valores x m , jr m , 
z m , . . . T m , ut et satisfiat aequationi dtx=0 id est 
aequationibus ( g. 56 ) , et ex differentialibus 

d 'p. , d} p. , d u [X , . * . 

quod non evanescit primum , sit ordinis paris utcum- 
que alioquin se habent dx , dj , dz , ... dr. Exhibea- 
tur differentiale illud per d 3,, [J. ; functio /x prodibit. 
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maxima si fuerit ' constanter d an p. <0 T 
minima si ...... . . d* n p. >0 

H&bemus autem (46) 



d' n a d* n u. ■; d* n ix , 


2 n d "‘ ixiy' 
dxdy* n — x 


Designatis praeterea- per p , q , r , . . .. rationibus , 
dx : dx , djr : dx t dz ; dx , . . . 


et» adhibita divisione per dx* n , secundum membrum « 
istius aequationis fiet 


d* n u. d an a 

‘-a 1,1 

Ux u “ dy an 



./t " 1 





Itaque cum poly nomium ( K ) eodem gaudeat signo > 
atque d >n \x , in id recident. conditiones (§"'), ut per- 
maneat (K) vel < 0 , vel >■ 0 , quaecumque sint p , . 

q y r , ... 

Cacterum constat ( 141 ex p. 1". ) siguutn poly- 
nomii (K) haud mutatum iri , quotiescumque aequa- 
tio (K) =- 0 resoluta v. gr. quoad p praebebit vel 
omnes radices imaginarias, vel , si quae- sunt reales , 
eas et aequales, et numero pari, utcumque ali oquin 
se- habent q , r , . ... 

Hoc- autem posito, signum polynomii ( K ) erit 
( 13t'. 2 0 . ex p. 1«. ) constanter idem ac signum coef- 
d an u. 

fmehtis — 

dx' n 
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59. Sit v. gr. 

f* =/(* > j)- 

DifFerentiale secundi ordinis (46) 

d*ti d-u. 

' r 7 dx*-4 — 7-r d J H- 


r~ 


dx' dj 

eodem gaudebit signo ac trinomium 
d* a d*u. d*u. 

dx *'■ dxdy F dy 3 

insuper si binae radices aequationis 


d'ix 

2 —ELdxdr 

dxdj ^ 


(K)* 


d 3 {l 
dx 3 


2 £h. n 

dxdy 


d r fx. ^ 
dj' 


erunt vel imaginariae , ver reales simul et aequales 
profecto variata p non idcirco mutabitur (141 ex p. 1 , a ) 
signum trinomii (K.) , ac proinde neque signum diffe- 
rentialis d 3 jx. Cum igitur illae binae radices prodeant 
imaginariae ubi (135 ex p. 1.°) 

dx 3 * dy 3 \dxdy/ ’ 

prodeant vero reales simul et aequales ubi 

_ ( cl 'v- V = 0 

dx * * dy \dxdjrJ' 

sequitur sub altera ex hisce duabus conditionibus fo- 

d? 

re constanter d 3 u. < 0 si < 0 , fore autem con- 

dx 3 

. . d 3 a .. 

stanter d 3 u > 0 si — p— > 0 , utcumque alioquin se 
dx 3 

habent dx , dy. 

60. Proponatur quoque functio, 
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P- =s f(x , y , a). 

Diflerentiale secundi ordinis (4$) 

d 3 ix d*ix d'\x , 

2- — ~—dxdy-+-2 -■ ' -dxdz~h2 —r—r-dydz 
dxdy dxdz dydz 

eodem afficietur signo atque polynomium 


l 








d^ix 

dxdz ^ 


d*i 1 
dz' 


■1 d 'l l 

'T^dz'"' 


i 

’q . . • (K). 


fi ( i 


Facto (K)=tO , et resoluta aequatione quoad p , pro- 
dibunt binae radices imagiuariae si 

d *P _ £> _ V (rd^x S _ 

■ilx' dz 2 \dxdzJ \\dxdj) 
d*;x '/y.\ / ■ d*\x tfifx d'yx \ 

dx' 1 dy 9 ) dxdz dx* dydz* 

prodibunt reales simul et aequales si haec ipsa quan- 
titas = 0. Quibus conditionibus »cuni satisfieri debeat 
utcumque se .habet q , propterea quoad primam erunt 
(134 * 2° : 135 : 1 11 ex p. R) 



/ d*;x N * d' IX d*<x 

\dxdjr) 'Tx^ 77^ < 0 ’ 

vW)'/ rfa;* dxdz ) 


d 7 [X d‘[x 
dx‘‘ dz 


9-G 


d 9 [x d 7 [x d‘)x 
xdy dxdz dx 7 dydz 


) 


> 0 ; 
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quoad secundam vero 

s d^p \* d , [X d'p. 'd*p d*[X 

\dxdy s dx' dy 5 ’ dxdy dxdz 


d*[i d*[J. •• d *{X d*[X </ 

dx' vdydz ^ ’ dx' dz* \dxdzJ 


Adimpletis ve\ duabus illis , vel hisce tribus condi- 
tionibus , signum polynomii ( K ) permanebit idem , 
tametsi variantur p , a ; idepque perstabit etiam idem 
signuin differentiali. a '[X , quaecumque sint dx , dy , 

, • ,, d'ix 

dz i eritque constanter aut' « |l < 0 si 


dx * 


< 0 


d‘ix 

aut d'[ X > 0 si > 0. 

- dx 1 

t I 

61. Ubi- aliquae ex variabilibus x , y , . z , . . . / de- 
sinant esse independentes hic quoque servanda qua« 
diximus (57) ; caeleris videlicet applicanda^ methodus. 


Exemplum. 

Sit functio 

; [x= ax -h hy-+- cz , 
vigeatque inter variabiles x , y , z relatio 
x a -f -y' z' — 1. 

DifTcrentialia; capientes habebimus 

du. = adx -+- bdy -f- cdz , xdx -h-ydy -f- zdz~Q - ct 
j _ • xdx -\*-ydy 

, ‘ (irZt SS — — - • 

Hinc 
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da =s (a — — )dx 4- (i — — Hr i 
• z z 

±- =sa _fl == 0 , 4 !i = 4 “ — = °> 

Wx z djr z 


as 

x — , jr 

c 


bz 

c 


ideoque 


Z r-H 

■/« 


a a H— 6 a -+- c a 


. 5 x m 


J/ - a a 4-4 , 4-c’ 


y m 


t==fc J ' 


Est autem «?*/x = cd*z = — c 
(.rt/x 


J/" a 2 -4— 4- c 1 

dx" 1 4- dy* 


unde 

d* a / 

i 3 

1 JC’> 

, d'(L / 

— c ^ 


1 ’ d? v 


d*[l 

xy 


dxdy 

: “ C — ’ 

seu , adhibitis 

x m ) Jm > 

*« P r0 * » y » 


=p (1 4- +4’+c J 

rfx* c* ' r 

4 ’ 


= =^(1 4- 4- 4* 4- c* , 

«r c 

-^a s 4-4’ 4- c’ ; 

dxdy c 
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et consequenter (59) 

(1'<X d'ix 

\m 0 ~ d ±- • 4 ? — c — 7 — :) <0; 

acceptis insuper signis superioribus in x m ,j m , z m , 

d*ii ci*, x 

est ‘ -<0 ; acceptis vero inferioribus , est-~- > 0 : 
«a* r - dx % 

ergo (58) ex valoribus x m , y m , z m positivis eruitur 

maxima = A* ex negativis minima 

P- — — J/«* -f- 6 ' -f- c*. Gaeterum poterat vid )psum 
immediate deduci ex vafore (o) ditferentialis d*fi ; is 
enim , adhibitis x m ,;y m , ;z m cum duplici signo =fc , 
vertitur in 

d n (X= -c x )i[dx’-*-dy' -K a ' U T h . d ? ) 


FOi-.MULAE TAYLORI ET M AC*E AURI H I EXT EN DUSTUR A-D 
FUNCTIONES -TlUMl/M V A HI A BILI UM : THEOREMA 
FUNCTIONUM BO.MOOENE ABU.W DEMONSTRATUR. 


62. Q 


uoniam (23. y iX ) 

e* 


?(5)=?(o)+ f ?'(0) -f. ~f(p) H- ^(o). 


fyn-i 


1 . 2 . . . 1 ■ i ) 

ideo (47. /i" . A'") 


,y(m-«)(o) . 


1.2 . . . /n 




f x-i-fjdx , y-+- r jdy , z-+- r ;dz ,...) = fJt H — c//JL • 

$* 5 * >i-i 

—d'^ — ... -+- — — -+- 

'«-tj 1*2 [rn — 1 ) 


F.m 


i «2 * • • w 


)(«5) ... (o) ; 
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( et consequenter si •, aucto m indefinite , vergit 

cj" 

1.2 .. . m * v ' 

ad //m. = 0 , scribi poterit aequatio 

f(x-+-9dx , j-JfOdj , . z-+-0dz — u -4- — z//X -+- 

1 


63. In (o') substitue valores dp. , d a p.,..„ (45:46); 
positis 


= 3, , $ a , 5cb == J, , ... 


habebis 




f x-+-<i t , J-+-3, , z-+-o j , • • .) = u> -4- §,-p 

dx 

> *!*.> ll t x 

o a ~ — h- O 3 - — 


a J 


dz 



S\d±J 

. 2 

• * * 

2 4r’ l 


~2 dl ^- ^ 0 * 5 s 177Z-- + - 0 


d*[J. 


(o*) 


dxdy 




*+" O a 0’3 — — — * ■ . , > , 

djdz 2.3 z/x- 3 


* ■ ~ r. . . . * a , 


aequatio (o") nihil est aliud nisi . formula Taylori ad 
luuetibnes plurium variabilium extensa. 

Mutatis prius ju , j , 2 , ... m ZP ro , ac dein 
** *. > • • • tn x , jr , z , . . . , proveniet for- 

mula Mac-Laurini ad easdem extensa functiones. 

64. b unctio f.[x , y , z , . . . ) dicitur homogenea 
quotiescumque , variatis x , z , . . . in eadem ra- 
tione , ut evadant 
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' vx , vy t vx r.., 


exsistet 

f(vx , vy , vz ,...) = v k f(x , ^ (°"0'- 

exponens & denotat gradum functionis homogeneae. 

Jam circa ejusmodi functiones facile demonstra- 
tur illud ; homogeneitas functionis f(x , y , z ) 

importat formulam (41) 

•*/"* (x , JT , -z , . . . ) -+- yf'y{x ,jr,z,...)- 4-) 

> (o lv ) 

y, z . = kf{x ,y , z ).) 

Differentiata enim (o"') quoad solam v , emerget (48) 

fv.x {vx , vjr , vz , . « ,)xdv-\-fvy {vx j vy ,vz ,.. .]ydi>-+- 

f vt {vx , yy , vz , ...)zdv~+~ ... =kv^~'f{x , y , z , ...)dv ; 

quae recidet in (o ,v ) , ubi deleatur/ prius communis fa- 
ctor dv , ac dein sumatur v=1. 

Exsistente k = 0 , habebimus 


*/'*(* >.r > * * • • •) -+- jrfV.x ij > 2 * • - «H-, ) ^ __ 


uti videre est in- functione 




Digitized by Google 



:75 

* DI FUNCTIONUM RESIDV»: UBI ET DE' FRACTIONUM 

rationalium decompositione in alias 

SIMPLICIORES, ET DE SERIE LAGRANGIANA. 



enotent x, , x 


3 


, x t , . • ; radices aequationis 


1 



•(g 


\ . 
y » 


ac t*. ponantur inaequales. Etsi 

f{ Xl ) = ce , f (x ,) = co , /(x 3 )= 0G-, et caet. . 

poterunt tamen (27) 

(x,— x^Xj) , (x a —x,)j\x,), (x,— x 3 )ftx s ) , et caeu. 

determinatum obtinere valorem. Fiant in hac hypo- 
thesi 


(x — x,)f(x)—£(x) y (x — x a )f(x):=fi(x) , et caet... , ^ 
unde 

. f(x) f,(x) 

f( x ) •> f( x ) ^ et caet. . . 


x — x. 


X X, 


(g') 


et designante 0. infmitesimam quantitatem , substitue 
x ( 4-0 loco x in prima , x a 4-0 in secunda , et caet.... i 
habebis (23. q yut ) 


{(x ~\ J 1 

f(x, 4- 0 ) = =~£(x t ) 4- f(x, 4- £ 0 ) 

/(x. 4-0)= f -i^-^=x~f I (x,)4-f J (x a 4- £ 0 ) , ) 
et caet. . . . 


(g") 


2®. aequationi ( g ) sint aut duae , aut' tres / aut; plu- 
mes , ac generatim n radioes=x,, m radices~=x a , 
et caet. . . . ; positis 


\ 
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7*6 

(x — X t )Uf(x) — f(x) , (X — X a />‘f{x) — jf,(x), ] 

etcaeu . . unde 

\ f r x } 

^>= ( T=j 7 ’ «*> = ’ “ c “ u 

et adhibitis rcspective x x -4- 0 , X* -4- 0 > » • • P r0 •** > 
prodibit (23. q yiil ) 


^ ffx.-t-fl) 1.,,- x , 1 nx,) , ) 

/(x,-h0)=— ^r-=-^rf(x.) *+- ^n — "*“[ 

1 ■ 1 fl"->(x,) | fO(x,-M0) l 

6 ,,—a u2 5 1.2... v n-1 j 1*2 ... n ' 


(£* ¥ ) 


et caet. ..... 
Cocfficientes 


f v X,) , f(X 3 )i, * * * 


quantitatis ■— in primo casu , coefficitntes vero 
f(«-*)(x,) ffrn-»y.r „) 


'1.2 . . < (n — 1) 1.2 ... (w 


j * • • 


ipsius ~ in secundo vocantur a D. Cauchy residua 

functionis f(x) quoad x = x t , x=x a , . . . 

66. Determinantes istiusmodi cocfficientes dicimur 
extrahere residua e functione f(x) seu, quod eodem 
redit , ex 

(x—x.)fx) (x—x ,)f(x) 

— , > • • » » 

■X—~ 'X, , x—^x, ( 

residuorum insuper extractio indicatur littera £, * la > 
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ut expressiones 

(x—x,)f(x) (x—x a ) f'x) 
h ^x-x,)) ’ O ( (ar _ Xa) ) ’ • • • 

significent partialia, functionis f(x) residua quoad 
x = x t , epioad x = x 3 , . . . . ; summa demum 
omnium residuorum quoad *s=.r> , x~x 3 , x=x 3 , 
et caet. . . . designatur per 

a» 

Quare ubi (g) careat aequalibus radicibus , erunt 

b ((*-*.)) 1 ([x-x a )) "*» 

£((f(*))) = %.) ■+- f.(x,) •+■ f.(x 3 ) 

et positis n radicibus = x, , 


fe v ) 


> (x X,)f(x) 


(x—x, n f(x) ^ fOl- Ofx,) \ 

k'(([> — xj‘)) =e ).2...{n — 1) ’ 


(* VI ) 


££{f( x ))) — u2...'n~V) ■+*••• j 

67. Haec notentur : 1.° ex (g') liabemus 

f(x t ) = lim.S[fyX ) ■«— fi(.ri-f-s5)] = lirn-Qf(x ,-+-£/) , 
seu 

S ” tim W x - ^ 

2° hinc ubi peculiaris valor x 0 non det f(x)ss <x> , 

erit 

(x — x.'ffx) 

£ *) = D ; 
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residuum videlicet functionis f(x) quoad !x=x. pro- - 
veniet == 0 ; 

W y ) 

3.° si ponitur f(x) = ~— , , ac*- praeterea x M , 
una e radicibus aequationis f{x) = 0 } erit» (I**) 

proinde (23. q yiu ) 

f(r a _ X(*.) 

' * ?<*.) •+■ .*+-■ lfj ) ?X*l) 

seu 

(x— xj/jx) __ xC-g.) 

^ ((X— xj) 

4*. quoniam. (65.g ,v ) 

flx ir 4-5)=5'f(^. -+-«),■ 

ideo 

fC«-*)(x,) 


1 ' ^"- , [&“/’(x,-4-6)] 

1.2 . . . (« — 1) 1.2...(n — 1} dfj' l ~ l 

modo , absolutis diflerentiatiouibus , fiat 5=0. 

5° prima (g y ) et prima (g v ‘ ) recidunt (65.g'.g" r ) 
in 

^(x-x,)) ' 6 ((Lx-x,]'*)) 1.2...1H-1) ’ 

quae , adhibitis z et «-+- 1 pro x et n , vertentur in. 

o ~ c r) r • f{Z) — fX ' 1)i>,) 

°^Z—X t )) ' x,r‘)) 1.2...«* 

6.* quoniam (10) 
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z—x ^ £{z) 

<fz,. ' Z X (z — x)* ’ 

ir #*) ] 

L (^— X) n __ x'(z) ny^jz) 

dz (z — #)“ (z — x)' l ~ l ’ 

ideo (f>.°) residua functionum 

e/ [ 

z — x (z — x) 

dz * dz 

quoad zr=uc erunt 

/>)-xW=o, = 0. 

7.® quia igitur (9) 


Z JL' 

z X 


dz 

dz 

/ [Z) 

r /<*> 

-(z— a.)" 

d CV 

\ 

— /Y*Y 

dz. 

dz 

I K z ) 


w-V-= -? 

iccirco residua functionum 


{z—x)'\ 


i yf-z)i . 7 (z) 

d 1 di-*-- -L-J 

)-T7T- » fi*; — 71 


quoad z=x erunt (6.®) 


I 


Digitized by Google 



- seu {5,<) - f,( * wx) • 

_<• i_£2wja>2; 

^(([z— x]'*)) 1.2...(«— 1) dx"-' 

Si° posita fyzy=o{z) 4- X ( 2 ) -+“ »*• 5 erit* (65 : 66) 

£, {(/(->}) = Z> ((f 12 ))).'*' &.(%(*))) 4- * • • 

68. In (g ty ) substitue x — x, loco S; habebif 

f(-*.). , 


/(•*) 


{'(x,) 


(x— x.f 

i - n*.i 


i 

1 ’ (x — X ,)»- 1 + 1.2 ' (x — X- 

1 f(«-i)( Xi ) 

^~t.2*.3. (n — 1 ) x — x, , 
1 


1.2.3. ..n 


. fC' 0 [x, -+- b{x — x J ]. . 


Est autem (67. 5.° 8.°) 

f(x.), 1 f>,) .. 

( x — x,)" 1* (x X,)'*- 1 

1 f"(x.) • 1 fX"-*)^,) 

- I I «I- 11« >1» ' ' * 1 

1+2 (x— * x l )"~ 1 1.2.3...(n — 1} x x. 


i «• — k 

{x — x.f-^ ( (z— X.) ) 

1 C* ^ | 

(X X,)"- 1 k ( ( [a— X,] 1 ) ) 

1 . f» 

x— X, ^(([z—x ,]'*)) 
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— x.) (z — xj‘"’ -+- (x — X,)’(i — X,/* - * H- 


(x x ,/^ 1 ] 


~ £f) (x— x,)" — (z X,)” 

k(x-x,/*( ( [z— x,]'*))* 


X — z 


~ K*) \ (z-r,)'‘f(z) 

6 (x-z)(([z-x,] n )) (x-x.)" O (x-z) C ([z-X,f)) 


uhi 


(z— X,)“fCz) 


(z— x.)fti) 


0 x— z)(([z — x.f})’ 5eu & (x — z) ■( (z—x.) )' 

■ < > ' ' * J 

exhibet residuum functionis 

flz) 


X — z 


relate ad : z = x, , quod residuum (67. 2.*) = 0 : igitur 


*(■*.) f '(•»-,) 


(x— x,f 1. (x— X,)»*-' 

1 r( J .) , 1 f"T'(x,) 


1.2 (x- — x,)‘ 


,n— » 


1.2*3 .*• (n*™ - 1) 

r* £f) 

^(x-t) (([z-xj')j *• 


Fiat 


fHfx, -+-£(X— X*,) )• 

— 11 ■ * 

Pars III, 


<K*) ^ TU )i 

6 

r 


X* 
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proveniat, 


f(z) 


ideoque (65. g'") 

(z—x,)f(z) 






(X — zj ((z— X,)) 

69. Haec nunc facile stabiliuntur.. 1.° sumpta 
^=x, , erit (68, £ v,t ) 

„ ; *">(*.) 

<K*.)~ 7T7 — - - 

1*4j ««• n 


functio videlicet (p ( x, ) yalorem obtinet finitum i 
proinde ( 68. g rtu ) etsi /(x) evadit infinita, quando 
x = x, , tamen differentia inter f (x,) et residuum, 
functionis *■ 


£± 

X — z 

relate ad z==x v manet quantitas, finita sub, eadem, po- 
sitione assx,. 2.° denotante igitur 


summam, residuorum, functionis 

n*) 


X — z 


quoad z :s= x, z = x a , .z = x s , . . .. quantitas 
nunquam evadet infinita , quaecumque caeteroquin e 
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radicibus i, r x,.> .r s , .. . aequationis •fg-''- adhibeatur 
pro x* Quare si fiat 

«X. 1 z . 

i . ' < ‘ 

functio F(x) permanebit finita quoad. r=x, , i=j, , 
x = r j , et consequenter- (67. 2°. )- quoad 

omnes quantitatis variabilis x valores 1 finitos. .3.° si 
f{x) est fractio rationalis , erit F(x) ejusmodi fractio 
similiter rationali» in qua denominator nunquam fiet 
=s= (V; habebit videlicet functio F(x)- denorainatorem 
constantem , eritque proinde F(x) functio integra 
quantitatis variabilis, x* 4". quibus positio , assumatur 

'/(x) * 

ubi X.( x ) » ?‘ x ) designant functiones- integras varia- 
bilis x >, .ponaturque gradus dcnominatoris ip(x) ma- 
jor quam gradus numeratoris ^(x) : existet 

£(*) = -0-., si x = oo , 

totumque -( 67. 2.°. ) primum membrum aequationis 
(g' x ) evanescet , ideoque et secundum : quod cum 
sit functio integra quantitatis x , oportet in ea qua 
sumus hypothesi existat constanter F(x) ==*0 , et con-i 
sequenter 

... - 'j " 

5.° multiplicetur (g x ) per x., ut. prodeat 

, r(x)=£ «M2 ; 

i~ — 

X 

facta x = ee , exhibeatur valor x f{x) per 0; erit 
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© 3=5 £ ((/W)) 

et evanescente 0 , \ (g xt ) 

. £((/(*»)=■ »»J- 

quarum secunda exposcit ut in fractione rationali 

Xf*) 


f (■*) = 


?(*) 


non modo gradus denominatoris superet numeratoris 
gradum , sed etiam differentia inter utrumque gra- 
dum sit > 1. 

70. Data functione f( x , y) binarum varibilium 
independentium x et.y , ponatur aequatio 


f(* i y) 


resoluta quoad x suppeditare radices x, t x a , 
ac 1.® sit (65. g") 


e 


erit (63. o" : 66. g y ) 

(x—x,) f{x y y) __ 


1 

((x— a-,); 


unde 


j „ (*—■ *.)/(* 

d *Z ((—*,)) ■" 


J jt fi *. » r) 


item (65. g') 


dj 


dy 


dyf(x > y) 

<b 


d y {(x , y) 

dy 


X X, 
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et consequenter ( 67. 4.* ) 

■' d r 

^ ((O!-*,)) dy 

2 .* sit (65. £ ,v ) 


erit (63. o" : 66. g vl ) 

A*—*.)f(x , r ) . ]_ 


d^%x t , y) 


((x — *,)) 1.2.. » (w — 1) di," -1 

ac proinde 

, j. >S) 

V ((x— x,)) __ d n f(x, , y) 

dy dxi n — l dy 

item (65. g "') 

dy ffx , y\ 

r) ^ d y 

dy (x— x,P 

ideoque (67. 5.*) 


(x — x,} 


d r f[ x tj) 

dy 


rq? w) 

^ ((x — x,)) dx x n ~ l dy 

Non pluribus opus est ut intelligamus fore 


(x— x»)/(x , y) 


+V-n=± 


((x-^r,)) 

dy 


= £ 




d yf\ x , r) 
d J 
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simili modo 


\j r> <x—x,)f(x,-y) Jyfix+y) 

■O {{x—x,)) dj 


-flB- 


a r 

atque ita porro. Hinc 

__ c /fdyfjx ,jr 


((x—xj) 


dy 


dj 


7))— (*”*)• 


71. Ope formulae ( ® x )- resolvuntur fractiones ra- 
tionales in ‘^alias- simpliciores::, rem: bina: declarabunt 
exempla. 

i.° . Detur' fractio 

xM-x*-+-2 


x{x — 1)’(x-4-1 )* 


" 4"2 v\\ f 


erit 

x*~4-x*-4-2 0 f f Vf-f- 

*(x — 1 )?(x-t-1 / ^ V\.z(z — '1 )*(z-+-1 )*)) * X — z 

^ - z s +z**2 * - z*-*-z*-«-2 

t'\mz-iy(z+iy(x-z) ^ a(([z-1] 3 ))(t*1)’(x-z) ' ' 

. f»2 

' ^ *(*— 1)’ ( ({Z-t-1]*) } (x—z) * 

Jam vero relate ad z=xi = 0 est (66.£ v ) 

, ^-f-zM-2 . J_ _ 

^((x))( 2 -1^+1)’(r-z) W x ’ 

insuper quoad it=i, = 1 habemus(66. g rt : 67. 4.°) 
n • z*-4-z*-+- 2 r/ v : 2 

^ ((*).)"(*— 1)* (j+1)*(a-i) ^ f(X,)== T ; 
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insuper quoad j=sx, =s 1 habemus (66. g yi 1 6^» 4»*) 

C . — f'(g ) =~ 

6 «(([*— *) V *' 

S 

d[9' f(x,-t-«)] _ (1-+-0)(2-t-9) a (x— 1— $)_ 

d$ “ ** 1 ' ’ 


(x — 1 )* 4(x — 1) ' 

denique quoad zexjss—l > 

^ z 3 H-x a -4-2 

^ ^- 1 )*(([x+tr))(M ** 

(5— 1) 3 H~(5— 1) a -t-2 . 

d (6— i)(g— 2) a (x-f-1— 6) _ 1 5 

x/0 2(x*f-1)* 4 (xH-1) 

igitur 

x s -f-x*“+-2 2 1 3 

x(x~1)*(x*f-1) a x (x — 1)* 4(x-‘— 1) 

1 5 

2(x-M) 1 4(x*+-1 ) * 

II»* Detur fractio 

i 


1 t» r .r 

x 3 (x*H-1) ^ ((a 3 )^ (x* *+• 1)(x— .*) 
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{x — X x )<lf{x) — f(x) , (4? — -4;,/''/ (xj 5= f,(x)., } 
etcaet. . . . , unde 

' f(x) = ’ el c “ u " • 


(r) 


et adhibitis rcspective x x - 4 - 6 > - 4 - 9 r • * • pro 4" , 

prodibit (23. ^ Vl11 ^ 


/(*.- 




i rr*,) 


& 1 


» — «i f (^«) '* f * gn-i i 


1 fVar,^ t 1 fX"-»)(x,) fO(.r,-4-s5) 

” ~ 1 *" § 1.2... v n-1 j 1.2 ... /i ! '* l 


(£ IY ) 


6' 1 - 2 1.2 
et ca-et. .• .- • 
Cocfficientes 


> ^*( J ' a) u 


• •' » 


quantitatis — in primo casu , coefficifcntes vero 

* 9 ' 

f(»-Q(.r,) fC—Orx.) 

'1.2 ... (n — 1) 1.2 • • • (m 1 j 

ipsius — in secundo vocantur a D. Cauchy residua 

functionis f(x) quoad x = x, , x= x x , . • • 

66. Determinantes istiusmodi cocfficientes dicimur 
extrahere residua e functione f[x) seu , quod eodem 
redit , ex 


(.t — x,)f'x) (x—xj f[x) 


)•••*> 


■X — x, X—*X, ( 

residuorum insuper extractio indicatur littera £> da , 
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(g v ) 


ut expressiones 

(x—x t )f(x) (x—xj f'x) 

b ((*—*.)) ’ ^ ((*—*,)) ’ * * • 
signifieent partialia, functionis f{x) residua quoad 
x = x x r quoad x = r, , . . , . ; summa demum 
omnium residuorum quoad as=.r 1 , x=x, , x — x 3 , 
et caet. • . • designatur per 

££/W». 

Quare ubi (g) careat aequalibus radicibus , erunt 
e (jT— ^ s 

6 ((*-*,)) ^ ^ ’ 
£»((/"(*))) ~ ^l^i) ■+" ^j(^a) •*+“ ^(^3) -+-•••! 
et positis n radicibus = x, , 

0 M|*) _ ^ (X— X, "/•(*') f(n-*Xx t ) 

^ ((*— *.)) (([x— ’ 

£«A*») = -+-••• 

67. Haec notentur : 1»° ex (g ’’ ) habemus 

f(x,) = /i/n.5[^x,-t-5) = lint.9f{x ,■+■$) , 

seu 

_ (x — x,)f'x) 

£~( 7-kr = “ mif{ic '^ % 

2° hinc ubi peculiaris valor x 0 non det f(x)= 00 , 


(? v ‘) 


erit 


(x — x^ff x) 

5 ( 5=^7 


Digilized by Google 



76 : 

residuum videlicet functionis f(x) quoad ar=x 9 pio- - 
veniet =; 0 4 

y(jc) 

3.° si ponitur f(x)z= ~-—,, ac praeterea x t , 
uua e radicibus aequationis <p{x) = 0 erit 

?(*- t-s; 

proinde (23. q yixl ) 

„ x(*. -+- 9 ) __ x(*.) 

J fi x i) 6?i x i H~ e #) ?X x i) * ' 


seu 


o (x— -x-,)/(x) _ /(*,) 
^ ((x— rj) f'{x t ) 

4°. quoniam (65. g' v ) 

f(x, r+-9) —9“f(x\ 


ideo 


1_l ]_ ,-4-5)3 

dO n ~' 


1.2 .. . (« — 1) 1.2 .. . (n — 1). 

modo , absolutis differentiatiouibus , flat 5=0. 

5° prima (g v ) et prima (g" vl ) recidunt (65 -g-g'") 
in 

o JW_ = f v,, \ o ^ = . 

^(x— .f,)) ' ■' ’ 6 ((U— x,]")) 1.2...(n-1) ’ 

quae , adbibitis z et n-4-1 pro x et n , vertentur in 


fOOfx-J 

'vl *— *.)) ' *'•' ^((tz-a-.p- , )) = 1.2...» 

6.* quoniam (10) 
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z-X x'W 


*(*) 


dl 


dz 

X.(z) 


z — x (z — x) 


1 > 


] 


(z—X) _ x'(z) WX(2) 

dz.- {z — x) n ' [z — x)"- 1 ’ 

ideo (p.°) residua functionum 

Z X 1 ( z — x) 

dz ’ dz 

quoad z =3 x erunt 

/>)— /'(•*) =( >> T2~ £ 'l) ~~ T2 ~r ( ~ Tr = °* 

7a° quia igitur (9) 




«/z 


rfz 


wl-22j 


/W- 


£^Z 


U-xi" - Jj|A 

rfz ' t ; (z— x/‘ 


iccirco residua functionum 


<*C^3 ■ 

Lzf *- u ~ x) 


7*] 


r/z 


quoad z ~x erunt (6.®) 


Digitized by Google 



ffr 


ffz) 


U 




! M.r(([w/)r 

ir— x.) (z — x,/‘~* -4- (x — x,)*(z — x,/* - * 

(X— X,;"-- 1 ] = 

*U) (x— x,) n (z X,)” 


X — z 


&(x— X,/‘(([z— xj*))* 

~ fi» 1 (z-X,ff(z) 

6 (x-z)C(tz-x,r)) (x-x.)" ^ (x-zX([z-x,f)) » 


«hi 


(Z-X,)“ffz) 


5 e a 


(z--x,)f(S) 


° x— *)(([*— z.ri)’ 

exhibet residuum functioni* 

fi» 


A ~ I 

^(x — z) ( (w.j )' 


X - — z 


rei&te ad z =x, , quod residuum (67. 2.*) = 0 ? igitur 

*»,) J_ *V.) 

(x— x./‘ i . (x— x.y»-* 

JL 1 f'T'(x,) 


1.2 (X: X,}' 


, V.-* 


1*2.3 •«« 

p fi» 

^(x-z) (([z~x,r)j “ 


Fiat 


fC")(x, -+- £ (x— x-,) )• » , _.. x 

Pabs Ili. 6 


* 
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n 

proveniet, 


fo) 


ideoque (65. g"') 

(z—x,)f(z) 




,<Kx)c (£*«.), 


’(x— zj((z— X.)) 

69. Haec nunc facile stabiliuntur. 1." sumpta 
X=x, , erit (68. £ vu ) 

• *' 1.2,3... n ’ 


functio videlicet ^ ( x, ) valorem obtinet finitum r 
proinde ( 68. g Tm ) etsi /(x) evadit infinita, quando 
x => x, , tamen differentia inter f (x,) et residuum 
functionis 



relate ad *=x* manet quantitas, finita sub eadem, p6- 
sitione x=x,. 2.° denotante igitur 


£ 


an*))) 

X — z 


summam residuorum, functionis 

n»y 


X — z 


quoad z = x, z = x a , z = x, , . . .. quantitas 
nunquam evadet infinita , quaecumque caeteroquin e 
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radicibus x, ,. x s , x g , ► 
pro x. Quare si fiat 


> 


f\ x ) — 




aequationis / g \ adhibeatur 

• , * **.* # » 


functio F(x) permanebit finita quoad x=x, , i=j, , 
x = x 3 , et consequenter (67. 2°.)- quoad 

omnes quantitatis variabilis x valores' finitos. .3.° si 
f(x) est fractio rationalis , erit F(x) ejusmodi fractio 
similiter rationalis in qjia denominator nunquam fiet 
= 0-; habebit videlicet functio F(x)- denorainatorem 
constantem , eritcrue proinde F(x) functio integra 
quanti Utis variabilis; x* 4°t quibus positis , assumatur 



* 


ubi /.(x) ■> f' x ) designant, functiones- integras- varia- 
bilis x *, .ponaturque gradus denominatoris f(x) ma- 
jor quam gradus numeratoris %(x ) : existet 


f(x) = O h si x = co, 

totumque ( 67. 2.° ) primum membrum aequationis 
(g ' x ) evanescet , ideoque et secundum : quod cum 
sit functio integra quantitatis x , oportet in ea qua 
sumus hypothesi existaLeonstanter F(x)==*0, et con-: 
sequenler , 


f(*) = £ 


((A*)-)) 


(g x y 


a- • 

V' 


X 2 . 

5.° multiplicetur (^ x ) per x., ut. prodeat 

xf{x)== ^SMi} ... ' • 


i— 


X 


facta x = so , exhibeatur valor x f(x) per 0 ; erit 
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e» £((/(*)»,') 

et evanescente 9 , \ (g xi ) 

=■ ° *v . 

quarum secunda exposcit ut in fractione rationali 

?(*) 

non modo gradus denominatoris superet numeratoris 
gradum , sed etiam differentia inter utrumque gra- 
dum sit > 1. 

70. Data functione f ( x , jr) binarum varibilium 
independentium x et.^ , ponatur aequatio 


f(* > J) 

resoluta quoad x suppeditare radices x, r x % % *. . • i 
ac 1.* sit (65. g") 


A x i ® » jr -+- &) = 


f(x t -t- 0 , y -+- 0') 


erit (63. o" : 66. g' 1 ) 

£ ((x— x,)) ^ * 


J ^ (x— x,)/'(x 
^ £ ((x-xjT~ 


item ( 65. g' ) 


«fr . r) . 

d r 


dy((x , y) 

d rA x > jr) <(r 

=a ' x— x. t 


Digitized by Google 





et consequenter ( 67. 4.* ) 

{X ^ T) W X ’S> 

r 4r = <¥(* > j) 

^ ((x-x,)) djr 

2. 8 sit (65. g") 

«rit (63. o" : 66. £ v ‘) 

s>- (*-*«) ^(*'» r) __ 1 , .y) 

^ ((x — x,)) 1 . 2 .. . (n — 1)* dx^ 

ac proinde 

(•*-*-*. )/(* > jr) 




((X— X,)) __ J n f(x, , j) , 




item (65. 

/ 

rf r A* > r) 
d y 

i deoque (67. 5.*) 


dx x n ~ l djr 

dy ffx , jr\ 

d J 


(x— x,; 


(x — x,> 


d r ft*>y) 

d j dn K x i . .r) 


((* — x,)) dx 1 n ~ l djr 

Non pluribos opus est ut intelligamus fore 

1 r -Vf j »x) 

*■> 
dy 


= 1 


d l ... , 


((*— x,); 
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simili modo 




(*—&.,) f(x ,'y) 
,{(x— x,)) 


(*• — 


dyfjx+y) 


dy 


dy 


((x— x*)) 


atque ita porro. Hinc 


71. Ope formulae ,( ® x )- resolvuntur fractiones ra- 
tionales in*-alias- simpliciores rem bina declarabunt 
exempla. 

l.° • Detur fractio 


x*-4-x**4“2 
x(x — 1_)*(x-+~1)" 


erit 

x*-t-x*-t- 2 _ /y " z*-l-*M- 2 \\ 1 

x(x — 1 )*(x-+-1 / ' ^ V\z(z — '1 )*(z“t-1)*/y * x — z 

& ((z)Xz-1)’(zt-1) , (x-x) & Z({f>-1 ] a ))(fe- fc 1 )’(x-z) 1 

^ ‘z s -+-z*-+-2 

^ z(z— 1)* ( ( [z-M]*) ) (x—Z) ‘ 

Jam vero relate ad . z"= xi = 0 est ( 66. g y ) 


z*-4-zM-2 


\ — f;x,) — ; 


((*))(*—■ , A *-+- 1 )*(»—*) ' ” * 

insuper quoad, z = x, = 1 habemus(66. g ri : 67. 4.°) 
■ z**4-z*h-2 . ; 2 

^ ((*))(*— 1)’ (z-Hl)'(x-z) =f(Xj)= 7T ^ 


Digitized by Google 


insuper quoad i habemus (66. 1 67» 4.®) 

r . ^ {<( x \ 

° *CCC« — *)"(»-*) 

(i-f-e) i, -4-(i-4-g) , -f-2 

d[0' f (x,-+-5)] _ d ( Ih-0) (2+5); (X — 1— g) _ 

<*g “ “ 


(*— 1)* 4(x — 1) * 

denique quoad z e= x 3 rss — 1 > 
z*-f-z’+-2 

^ *(z— 1)"*( ([* -t- 1]®j )~(*— i) ~ 

(5— 1) 3 -M$— 1)M-2 . 

(5__ 1 )(0_2) a (x-+-1— £)_ 1 5 

de ~ 2(x+-1)* 4(xH-1) 

igitur 

x 3 -f-x**+-2 1 3 

x(x— 1)*(x-+-1) 4 x (x — I) 1 4(x- — 1) 

1 5__ 

2(x-M) a 4 (x-M) * 

II»® Detur fractio 

i 

x*(xN-1) 


1 „r- --.■.'I - 

x 3 (x*-M) ^ ((z 3 ),) ( z * H~ 1)(x— -z) 
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£ $ ((z^X^’H-1 )(■* — x ) ' 

l =— 1 3= +■ 

**((*— K— 1 )) i z -+- K— 1 X*— *) 

i 

z = =± 

*•(*— |A-1) 0)(«i) 

Habemus autem quoad z = jt, c=0 




’1 , (6*-+-1 )(*—$) 


((**)X‘ 8l ' +_1 X* — ■ *) 

1 1 


dO' 


3 '*> 

OT 


praeterea quoad zc= x, rsa Lr-^-l , 


£ — — * 

z*( (z— \T— 1) ) (z+yzi T) (#— z) > ;■ 

1 1 


fl/— 1(X— l/'— 1) 2(X— !/■— 1) 

tandem quoad z=- x t = — — 1 , 

1 


z*(z— J/ - — 1) ((z-f-|/" — 1)) (x— z) 

1 1 


— { — [f — I) 1 . — 1) ■2{x-+-l/'— 1) 
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*» 

1 11 1 
ergo • ■ ■ — = —* ; "+* ; *t" 

■» ** « 2(x_l^) 

1 

72. Denotante z, unam e radicibus aequationis 

z — * — ktp {z) — 0 . . . (£ XUI ) > 

proponitur evolvenda f (z t ) in seriem ordinatam per 
potentias ascendentes quantitatis /u 
Habemus ( 67. 3.° ) 


(z—zjfjz) __ /(*») 

£ ( (*—«,) ) (z— x— A?(z) ) i—k<p\z t ) 

ct consequenter 

* v ■ 

1 \ 2 . *= 6 (_( Z _ Z ,))(z— x— %z)) ’ 


Est autem ( 23. III.® ) * 
L(z— x— *f(z)>=L(*— x)— 


Z Z X 


«• 


n a — x n-t-1 * — a? — ; kf(z) 


,n*-l 


ac proinde (6. 6° : 7 : 8) , facto compendii causa 


<p{z) 


1." 


k n * 1 ^ 
n-t— 1 z — x — sktp(z) 

1 — kf’{z) 


f"' = F, 


z — x — kf‘z) z- 


— k 


3 X 

dz 



Digitized by Google 


dz » 3 T~ 

_l_.PH.iW .). ( i£<£L r . 

Z X Z X Z X 

_ / *#*) y.j _ k ?'w ^ W 

v z -~x ' z— x z — x 


fco(z) % '1 

•+- (— .[- 

' z X z*~x 




¥W, 


i-^gWy 


]-fFV; 


2 »* = 

Z X 

VW (z— x — Aq?(z) ) FVi 

3 .a F' — * n ~ x 1 . 

* (z — x/ 1 * 1 [z — x — A<p(z) ] 


1— k<p'(z) ,f(z) k z- 

4 ‘ U . V /(z) = r/T«) j 

z — x— kcp(z) z — x 1 J 


dr- 22 - 1 * 

»’*./*-* *“» , 
— Z 


*■ .*2S; r 


, Digitized by Google 



A*> 


k n + l [ <p(z)T fy(z)—(z — x)f'(z) ] 


r $1 


A*) 


(z — x^* 1 [z — x — kf[z)] 

; residuis ex 4.° qu 
to compendii causa 

k n * l l<p(z)T [f(z)-{z~-x)f'(z)-[ 


Extractis itaque residuis ex 4.« quoad ■ solas z = z t , 
z = x, et posito compendii causa 


4.». (g- I,T ), 


(z — ■r) n * , [z — x — kf(z)] 
proveniet (67. 5V7®. 8°.) 

k ** d[f(x)(<f{x)Y\ \ 


- 2 H 'X ■■ -h 

1 1.2...U . dx n ~ l ’ ^ (([z-o.-][z-z,])) 

Si , aucto n indefinite , ponitur 

Um.-*-!.—**— 1 ‘JL^O, 

° l([x— *][*—*,})) 

valebit aequatio 

1.2.3 rfx* * 

huc spectat series Lagrangiana. 


6 * 7 ) 


fe"» 
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CALCULI DIFFERENTlALlS 
AD GEOMETRIAM APPLICATIO. 


LIVIA! IV SUFIRFICII FLAVA COSSTITOTAS. 

De tangentibus , subtangentibus , normalibus , 

subnormalibus , et asymptotin • ‘ ' 

73. Sil curva (5) 

jr t= f[x ) ... (o) 

ad coordinatas orthogonales relata , et per (x , y) ex-* 
kibeatur quodvis curvae punctum coordinatis x , y 
determinatum; sit (174 ex p. 2. a ) T tangens, p sub- 
tangens , u normalis , q subnormalis , c chorda respon- 
dens infinitesimo arcus s incremento As computato a 
contactus puncto (x , y ) : designatis angulis ut in p* 
2.« n. 171 , erit (125 ex p. 2. a ) 

A y 

tang. (cx) = • 

Sed vergente As ad lim. = 0 , vergit angulus (cxj ad 
angulum (rx) ; igitur (6) 

A y dy 

dx 


tang. (rx) = lim. 

Exinde (125 : 45. 1* : 40. 1. # ex p. 2.«) 

F tang(Tx) dy’ ^ J ^ JV dy' ’• 

_ dy' r* ydr 

¥=ztang(rx)z=y\f [1 -+- jp] t q=-—^=-^~ 


(•') 
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Ad haec : denotantibus v et u coordinata» taugentis 
vel normalis , erit (172. I.° ex p. 2.°; 


dy 

— <yz=z-j-{v — x) aequatio ad tangentem , ^ 


et 


clx 6 • ' * 

u — y=s — — (s > — ' x ) ae< l uat i° a< i normalem . 


(o") 


Exempla . 

I.* Aequatio ad cycloidem jam inventa in p. 2.« 
u. 172. 1«. # suppeditat (11; 


y 2 ax — x 1 


4r = 


^1- 


2 ax — r’ 


2 ax — x’ 


a > 


2 a—x 


d ]/ r 2 


ax — x * 


a — x 
ideoque (6. 4* : 7) 

dy c=zdx\T L •]• * . (o"') j 

' x 

coordinatae computantur a supremo axeos puncto seu 
a cycloidis vertice : quod si computandae sint a ba- 
•eos initio ita ut aiscissae sumantur in ipsa basi , sa- 
lis erit in (o"') substituere (171 ex p. 2.«) 2a — ^lo- 
co x et a7T — x loco j ; quae substitutiones praebent 


dy T=tdx)f ] . . . (o ,r ). 
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Inhaerentes aequationi (o ,v ) assequemur 

tangi rx) = V [^=21] , ^[—21 — 5., 

J 2 a—y 

2 # 

TB=^[^-4-], V 5=y P 2qx, «7 = /20^— x’. 

Facile intelligitur illudr normalis • in cycloide nihil 
est aliud (52. 3.° ex p. 2. a ) nisi chorda subtendens 
arcum circuli genitoris interceptum eycloidis basi et 
ipsius eycloidis puncto (x , r) ; hinc sequitur (52., 1.° 
ex p. 2.“) supplementum illius arcus computatum a 
puncto (x y) extra cycloidem subtendi, chorda , quae 
in puncto (x , y) cycloidem tangit. . 

II. 0 Invenire subtangentem in Logarithmica (173. 
IV.° ex p. 2.“ v w 

JC .' 

Erit (6. 5.°)dy = — — ba dx , ideoque 
quaesita 

ydx c 

^ dy L(a) 

ubique nimirum eadem. 

Notetur illud : duae curvae (o) et yt=f(x) ibi di- 
cuntur se mutuo tangere ubi communem habent tan- 
gentem i hinc quoad ejusmodi contactus, punctum ob 
primam (o f ) exsistent simul 

f[x) =S fix) , f'(x) = f(x). 

74. Si in prima (o") ponitur x indefinite, cresce- . 
re , facto ad limites gradu poterit sciri utrum curva 
(o) gaudeat asymptotis. 
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Exempla .. 

!*.* Quoad logarithmicam 

y — e x t . . 

tabemus u — e* == e*(w> — x) ; et facta jr = — 
emerget (241. 1.® ex p. 1.°) 

u ~ 0 -- 


asymptotus nempe recidit in abscissarum axem. 
II. 0 Quoad parabolam 


~P X 

assequimur **=F= ]/"px = =±= \ (u — x)l/~^~ , u 

r x 

^ 2 (J/" P x ' "4- 4 et facta xs= oo, 

X 


U = 00 ? 


parabola- videlicet caret asymptotis. 
III.* Quoad hyperbolam 


x‘ 

"a* 


jr 

~b r ~ i 


habemus 


L, X * bx(p—x) 

a '<rr 


x* 4 

«f— - ir=fc&= 


seu «( — 


a* 


quae multiplicata per — - vertitur in 
x 

«(1 ~r =•=* — — =*= — v: 

* x a 
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et facta jt e= sfc od , prodibit aequatio 

b 

»C:± V 

a . 

ad hyperbolae asymptotos. Recole p. 2 n,, < n. 173. IV.®: 

201 . 1 .° . • 

75. Si tang(rx ) , p , r , v , q debeant exprimi per 
eoordinatas polares z et w (174 ex p. 2.°), praeter va- 
lorem y praesto quoque erunt valores 

dx * — coscodz — zsineoda , dy =s sineadz -+- zcosadm 

substituendi in (o) : recta z dicitur radius vector ; 
punctum vero , circa quod revolvitur z , polus . 

s * • 

Exemplum . 


Proponatur aequatio 


z 



( 0 T ), 


in qua z crescit vel decrescit in eadem ratione ac ar- 
cus eo ; fiet z — 0 si eo = 0 , et exinde ambo pote- 
runt simul in infinitum augeri : curva itaque (o v ) in- 
cipiendo a polo , atque inde magis semper recedendo 
sese revolvet sine fine circa ipsum polum. Jam si quae- 
ratur subtangeus p , erit 


P 


ydx 

dy 


z sinco 


coseodz — zsincodco 
sineodz ~+~ zcoseodco 


pone m = — , ut a praefato puncto computetur sub- 
2 

tangens in recta ad perpendiculum insistente radio ve- 

z*dco 

ctori z ; habebis p = - — , seu ob (o*) 

az 
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2 ;t 

Pacto u scs 2/t7r (denotat n numerum revolutionum re- 
ctae Z ) , proveniet subtangens p -= — m2nrt ; aequalis 
nimirum periplieriae circuli habentis radium =n. 1 
ductae -in revolutionum numerum. Curva (o T ) * quam 
Conos, Syraeusa nus excogitavit*, est una ex illis quae 
dicuntur spirales : ejus praecipuas proprietates inve- 
stigavit Archimedes. 

De different i alihus arcus et areae cur vitineae. 


76. Infinitesiino arcus incremento As vergente ad 
Um. = 0 , ratio inter As et respondentem chordam c 
vergit ad lirn. = 1. Per punctum namqup (.t , j) iri-» 
telligatur duci tangens , cui occurret ordinata y -+- A r 
producta si opus est: designante A" eam tangentis por- 
tionem quae intercipitur puncto contactus et ordinata* 
y --4- Ay . . • , h eam ordinatae y -+- Ay • . . . portio- 
nem quae intercipitur, tangente et extremitate arcus 
s -+- Ar , erit (73) 


Ay -t- h = Ax . tang(jx) — Ax . 


<h 

tlxv 


si curva obvertit cavitatem axi abscissarum , et- 

-a,. 


Ay — h — Ax . tangirx) s= Ax 


dx 


st convexitatem ; ideoque- 


dy 


k = V(4j-=fc *)■-+- Ac* = Acl/"[1 H- ^.] ; 


ilem 

Par* III. 


7 
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hinc 


c — ^Ax*-*- Ap*=sArL/"[< -f- -~~«.] : 

Ax* 

A-f-A 




et, consequenter 


h-4-* c 

/im. = — 




i.. 


Atqui, 


Aj- c , . , Ar h-yk 

> — = 1 , simulque < — 

c c c c 


ergo 


A s 

lim. — 1. 

e 


77., Cura igitur sit 


lim * — * = lun* 
c 


As 




1 , 


cumque 


f A s ^ ds A y* dy ■ 

A.r dx ’ Ax’ Jx’ * 


exsistet igitur 
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ds' 




d *VV-^£rl _ 

ac~< proinde -differentiale arcus j sic exprimetur 

d r * _ 

ds = dx]f [1 H — — -]-=|/ r dx* H— dy 3 . 

Substitutis valoribuSr dx , dy ex (75), prodibit 


ds = ]/ ' dz 1 -+-• z* da 3 . 

78. Inquiramus nunc in dffferentiale areae a in- 
terceptae -arcu s et rectis lineis y a , y , x — x 0 . 

Denotantibus, t , t' trapezia , alterum ..interceptum . 
lateribus (76) 

* , y , y -+ -Ay =±= A , Ax , , 
alterum lateribus 

c > J > J“+-Ar » > - 

erunt (44. 5.° ex p. 2.«) 

Ax Ax dy . 

1 - —{J-+-J -*-Ar h) = -y-(2 y =t: Ax~.) , . 


2 ' 

t' = “~(y -+-jK A^) = ~{2j -I- V) ; 

unde 


lim .~- — = y , lim .~ — =s= y. 
Ax ■ J Ax J 


Sed ratio 


Ax 


At Ai'" 


mteriacef.raUones , : igitur 

Ax ' Ax Ax 8 


. . Ax dx 


•■y , dxrw=. ydx. 
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79. Determinandam quoque sit differentiale secto- 
ris a' intercepti arcu s et radiis vectoribus ab origi- 
ne coordinatarum ductis ad puncta (x. , y ') , (x , y'« 
Quoniam (44. 4. 8 ex p. 2.°) 


a‘ = a-y- 


x 0 y„ 

2 


xy 

T 


y 


-.da . — , seu (78) 


ideo da' 


2 


De punctis inflexionis. 


80. Sic appellantur puncta illa in quibus desinit 
curva obvertere cavitatem suam in partes v. gr. ab- 
scissarum ut ultra progrediens in easdem obvertat con- 
vexitatem. Antequam determinemus ejusmodi puncta , 
praemittimus illud ; quaeritur utrum apud punctum 
(x , y) curva (o) obvertat cavitatem vel convexitatem 
axi abscissarum. 

In casu cavitatis obversae (76) 


dy 

Ay-f-ft = Ax— - ; ideoque 
dx 



>Ay, 


dx Ax 


in casu convexitatis obversae 


dy . dy 

A y — h. = Ax-f~ ; ac proinde Ax-y-<Ay ; 
ax dx 


dy ^ 
dx Ax * 


Sed in utroque casu 

dx Ax dx dx 

ergo, accedente puncto (x-f-Aar , j-f-Ay) ad punctum 
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^ m 
Ax 

ideoque (17) In puncto (x , j) 


(x , r) , crescet In 1. # castt , decrescet in 2. a i 
' Ax 


4 

dx 


< 0 in I. 6 casn , > 0 In 2." 


» . A Y . A y 

Atqui in puncto (x , r) vertitur - — in lim. -f — =* 

, I.VT. 

y— - ; igitur curva apud punctum (x , obvertet ca* 
vitarem , vel convexitatem abscissarum axi , prout 
d*y 

< , vel > 0. 
d i 


81. Quibus positis, cum, praetergressis inflexionis 
punctis , debeat f"(x) fieri >• vel •< 0 , quae , pri- 
usquam ad ipsa perveniretur , erat ■< vel >• 0 , pro- 
pterea in illis punctis derivata f"(x) vel evanescet , 
vel evadet infinita (131. 1.° ex p. 1«°) ; ideoque ab- 
scissae x„ , quibus respondere potest inflexio, erunt 
quaerendae inter radices aequationum 

rw=0 ’7R = 0 - 

Ut autem abscissis boc pacto definitis revera inflexid 
respondeat, debet insuper signum derivatae /"(x) mu* 
tari si, loco x„ subrogato x H -4- ff , infinitesima c ex 
> vel < 0 sumatur < vel >0. 


Exemplum, 


Sit curva 


a -+■ 


x(a 9 — x^l/V— x J 
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erunt 




Aequatio f\x) = 0. praebet 


1 2x 3 — 9a’.r 
a* ^o’— x~ 


— 0 x — a V 3 x __ 


spectato primo, valore x n y habemus 


.2 


12o ,, —~ 9a*a 




et spectatis -duobus aliis , 

1 2ff s =±= 1 Baff*!/* 3 -f- 1 8a*u 

a Y [a a — 

quoniam igitur primus valor f'\x n -\-a) ex < fit >0 
(251 ex p. 1.°), et alii duo ex > fiunt < 0 quan- 
do a ex > accipitur < 0, iccirco ternis abscissis x n 
totidem respondebunt inflexionis puncta. Quia vero 
quoad primum punctum est f\x n ) = 1 , et quoad alia 
duo ^'(x n ) = — 1 , ideo (73) tangens ducta per haec 
tria puncta occurret abscissarum axi sub angulo semi- 
recto , etsi non ad eamdem partem semper obverso. 

82. Quoad inflexionem respondentem radici x n ae- 

3 uationis f "(x) = 0 haec notentur .1.° facile admo- 
um stabilitur (21) formula 

f>n- W) —TT—-f r \ X ’n W) i 


f' ( x n+ : ) = 


rx* n +*) 


et quia ^( m )(x n -t-E7) in viciniis x n eodem afficitur si— 
guo ac , proplerea , mutato signo infinitesi- 
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'tnae <7 , haud immutabitur signum derivatae f"(x n -Hj) 
nisi m fuerit impar: radici (81) nimirum x n respon* 
debit inflexio quotiescumque ex derivatis 

fW> . f'0*n) , 

quae non evanescit prima , ‘erit ordinis imparis. 2.* 
Exinde infertur (30 : 31) f\x) ‘seu (73) tang{xx) fo- 
re iftaximam minimftinve apud inflexionis punctum 

> Jn)* ' 


De circulo osculatore , deque evolutis ; ubi et aliquid 
generatim annotatur circa curvas osculatricts. 


83. Haec praemittimus': 1.° circuli peripheria eo 
magis vel minus apud contactus punctum accedit ad 
tangentem, quo major vel 'minor (52. 13.® ex p. 2.°) 
fit ejus radius ; hinc circulorum curvaturae censentur 
esse reciproce ut respondentes radii. 2.® duobiis pun- 
ctis (x , y) , (x -e- A x , y -4- A)) intelligatur intercipi 
circul&iris arcus A/, cujus radius = p , tangens geo- 
metrica = & in puncto (x , y) , =6" in puncto 
(x-t-Ax , y-+-Ay) : angulus quem faciunt 0' et 0" ae- 
quatur (49 : 3.5. 7° : 7 fex p. 2.<*) angulo , quem conti- 
nent bini radii pertingfcntes ad puncta illa , et con- 
sequenter (61 : 124 ex p. 2.«) 


AX = p{W), 



Est autem (35. 8.° ex p. 2. a ) (0'$") = (0'x) — (5"x) == 
A(5''x) ;• igitur 

J A(5"x) 

p ~ AX * 

84. Quibus positis , fac ut puncta (x , y) , (x-+-Ax , 
y-i-Ay) praetfer circularem arcum AX intercipiant quo- 
que arcum As curiae (o) : accedente (x-f-Ax , j-fe-Aj ) 


X 
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ad x , y ) , vergunt (76l AK , Ar ad communem chor- 
dam {/"Ax 1 H- A^*.; ac proinde ad mutuam aequali- 
tatem , ut sk 



ds 


1 ‘ 


inferimus radium f ita immutaris» ut curvatura cir- 
culi vergat ad curvaturam lineae (o) apud punctum 
(x , j) : vergit insuper (73) angulus (V'x) ad angu- 
lum (tx) ; exprimetur igitur curvatura lineae (o) apud 
punctum (x , yj per 


1 Af5 x) d( tx) 

hm , — > = lun. — — = — : — . 

p A/ ds 


1 


et -lacto lirn , — = — 
? ‘ r 


ds 

d{Tx) 


( 0 v). 


Circulus radio r descriptus dicitur osculatar ; habet 
in puncto (x , y) tangentem communem cum (o) , cen- 
trum vero situm alicubi in respondente normali : ipse 
praeterea revocatur radius osculi, vel etiam curva- 
turae seu curvedinis. 

85. Sumpta x pro variabili independente , erunt 
(73 : 11 : 77) 

v . f"(x)dx 

a(zx) — d arc K tang — f\x ) ) = - — — , 

1 - 4 -/ 


i 


ds = dx^ 1 -t- f" a {x). 

Ad haec : singulis punctis curvae (o) unicus est ra- 
dius osculi parti cavae seuiper obsersus; et quia ipsa 
cavitas curvae vel obverti potest abscissarum axi , vel 
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oppositam respicere plagam, hinc si ad habendam ra- 
tionem istiusmodi positionum radius ille in primo ca- 
su censetur positivus , censendus erit negativus in se- 
cundo. Non pluribus opus est ut intelligamus formu- 
lam (o v ) verti (80) in 

5 v s 

— t \-*-f ■ Wj ^ seu (73 . V) r = — ^— ... (ors* 


f'X*) 


A*) 


£xempia. 


I.* Aequatio (o‘ v . 7^. I.°) praebet 

.. 2 a 

/'•<*)=* 1 , 

J 

ex qua differentiata emergit 

f{x)f"{x)dx = — — , , 

y 


/wrw- 

ideoque (73. 1.°) 

f"(x) = - 


dy a 

0 1 — . " 




a 


<£c 


/'(*)•; 


2ay 


v* 


J 3 2^ 2 r ’ 

et consequenter in cycloide (o 1T ) 

r = 2 v. 

II. 0 Aequatio (196. < a7 ex p. 2.“) 

A'x* -4- By a -+- 2D'a > = K' 

ad lineas secundi ordinis suppeditat 

h! x B'jf (x) ■+- -D’ = 0 , 
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unde 

B V/"*(*) = A'*x’ -+- 2A’D'x 4- t> ,a -tat 
A'(A'x* -+- 2D'x)h- D'* = A'(K' — B>*) *+- D* * 
ideoque 

A'K'-h-D" A' 

'V B' * 


n*)- 


Haec differentiata praebebit 

A'K' 4- D' 1 


f{x)f'\x)dx-. 


f" (*)'— — 


B r * y 

A'K'-+-D'* 1 


B'* r 3 
est autem (196 : 205. 4.° : 206. 4.° ex p. 2.“) 
A'K' -+- D'° 


B’ 


■—P* » 


aequalis nimirum quadrato semiparametri ; igitur 

D* V* 

f"{x) — — , et consequenter r = . 

r p a 

86. Determinandae nunc sint coordinatae w , u il- 
lius puncti , in quo situm est centrum circuli oscu- 
latoris. Per coordinatas v , u explebuntur simul binae 
aequationes (73. o* : 84 : item 1 72. II. 0 ex p. 2. n ) 


u—y- 


’n*) 


■(c — x) , (n— — x)*=2=r 1 .«.(o VI1 ) : : 


propterea 

(n- 7 )* = 




[m-/'*(x)V . 
/"•(*; ’ 
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et quoniam u < vel > y prout curva ( o ) cavitatem 
vel convexiutem obvertit abscissarum axi , ideo (80) 

_ _i +n*) , 

y f'\x) ' 

ac proinde ob primam (o TU ) 


(o v "') 


7 >) n ) 


87. -Eliminatis x, y ex (o) et (o’ 111 ) , prodibit ae- 
quatio 

u = <p(v) ..-.(o 1 *) 

ad lineam, ubi reperiuntur centra- circulorum omnium 
qui curvam (e) osculantur. 

Exempla. 

I.° Quoad cycloidem (o ,v . 73. 1.°) habemus (85.I. 0 ) 

u — y = — 2y , unde u = — y : 

signum negativum respicit ad positionem ordinatae u ; 
quare consideratis dumtaxat valoribus absolutis , 


u —y , du = dy : 


rursus (85. I.°) 

2 a a 

v — x=2y( 1) , unde 

et consequenter (73. I.° o ,T ) 


c-y2y[- 


2 a 


i 

-0% 


' . 2 a 2 2a 2 

Jy = cfx 2( 1 ) dy-+-2yd( 1 ) 


S - o 4 

.7 


' ' ’ ■ ' ( *- 0 * 
J 
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\1 J J 


<J - * 


seu 

, 2 a a , „ . - 2a — u 

dv~ ( 1 ) = du\f [ ]. 

u u 

Inferimus (73. 1»° o"') centra circulorum , qui osculan- 
tur cycloidcm , fore omnia in altera cycloide genita 
eodem circulo ac illa altera. 

II. S ln lineis secundi ordinis (85. II. 0 ) 


praeterea f\x) = — in parabola . 
J 


i 2 px , 


/'(x) — — -T~ ellipsi 
a y 


x 

a* 


21=4 

b* * 


b*jc , 

/'(x) — ■■■ — in hyperbola 
a*jr 


zl 

6 * 


1. 


Igitur 1.° quoad parabolam assequimur 

r*-f-py y-*-p m 

u — y = — < — - ■ , v — x = — t 

P P 
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ex istarum prima 


, U _ J u , __ _ 8a- 

P J ' “ ~ p" ~ p 


e secunda 


v = 3 x p , x ■ 


v — p 


quare 


= 25'—''»* 


2.* quoad ellipsim 

b* y 3 y 3 r* a * 

“ ? - ~ ~ y = *r <* - T ) ~ y • 


j 3 , a * 


r* , <*’ v b'x 


■ (a ) — x : 


hinc , factis compendii causa 


6 r- = n , a — — * =±= * , 

o a 


prodeunt 


* « zl , y 

h b* ’ k 


X 9 


«eu 


2 

U 3 


* 

v 3 


( A ; b' ’ ( 4 } a' ' 
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ideoque 


\i 5 u 3 

<T> ^ ( T> =’- 

3.° simili modo quoad hyperbolam. 


u 5 (i 5 

<T> = 


b' a a 

A — a ■+■ — , h ss b *4~ • 

a b 

88. Radii cuculorum curvam (o) osculantium sunt 
totidem tangentes respondentis curvae (o‘\ 87). 
Differentiatis enim,- ( d* 111 . 86), provenient 

du— , 


et eliminato d 


1 -+/•{*) 


, Jv du dy . 

du = — — seu . *— — ■+- 1 — 0. 

f(x) dv dx 

Jam non pluribus opus. est (73 : 84 : item 172..I. 0 4.® 
e* p. 2 . a ) ut pateat veritas assertionis. 

89. Binarum (o V11 . 86) prima vertitur (88) in 

du 

u — r = ~T~(y Jr ) » 
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secunda praebet 

(* — ~y){du — dy) (y — x ){dv — dx) = rdr ; 

icitur (88) 


Iit 


rdrdv 


rdrdv 

dv*-+-du' 

rdrdu ■ 


V, vC = — .n 

dv m -+-du % — dvdx. — dudy 
rdrHu 

u ■— y 5= — ■ ■ .i . - . 

dv % -ydu * — dvdx— dudy dv*-+-du m * 

adhibitis substitutionibus in secunda (o ,u . 86) , 

dv'+.du* ~ 1 » dr ~V^'-y-du\ 

Differentiate nimirum radii osculi ad curvam (e) spe- 
ctantis aequat (77) differentiale respondentis arcus in 
curva (o‘\ 87) ; ideoque (8) ipse radius aut aequalis 
est arcui respondenti in eadem (o IX ) , aut differt per 
quantitatem constantem. 

90. Pronum est inde colligere illud : si curvae (o ,x ) 
advolvatur filum , tum evolvatur ita ut ejus pars li- 
bera et maneat: distenta , et curvam (o ,x ) perpetuo tan- 
gat (88) , extremum fili caput, quod in evolutionis 
initio ponimus in (o) , manebit semper in eadem (o) , 
ipsamque describet^ Duarum (o 1 *) , (o) prior dicitur 
evoluta, posterior genita evolutione illius. 

91. Aliquid subjungimus de radio osculi in curvis , 
quae ad coordinatas polares (75) z , <u referuntur. 

In prima (o VI . 85) desinat x. esse variaSilis in- 
dependens , ut pro tali habeatur arcus a : mutanda 

• • dxd\ — dyd'x 

‘ ,5 > -£ “ — 


dv*' i 

"P ■*-=?) 


(dx*-+-dy* 


dxd % y—dy d*x du d*y — dyd*x 
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Jam vero (75) 

dx 2 -+- dy* =* dz * *+- z 2 da 2 , 
dxd 2 y — dyd 2 x = 2 dz 2 da — zd'jid*z - 4 - z 2 dd>* ; 
igitur 

. S 

(tfz* -H z 2 da % * 

2dz*du> — zd'xid 2 z -+- z 2 du 3 


Simili modo ( 1 5 : 86. o vm ) 

(<£r*-f-^r a )dx (dz*-*-z i dcj r YcoM)dz-z.fincjdc4 

U-yzzz — i 

dxdy-dyd* x 2dz* d'A-td'Ad x z+z* dt* 1 

(dx 2 ~\-dy 2 )dy (dz 2 -+z 2 d'j) 2 )(sin<j)d'z-*-zcos'j)dz>} 

p—x~ , 

dxd a y-dyd 2 x 2 dz' dcii-zdad 2 z+z 2 du 3 


Pone <j= — ; quod eo redit ut x computetur a polo 


in recta ad perpendiculum insistente radio vectori , 
ideoque^ in ipso radio vectore : habebis j-=0 , y=z , 
sinu= 1 , co. f&) = 0 , ac proinde 


z(dz 2 z 2 d'x )*) 

2 dz 2 — zd 2 z -t- z 2 dto 2 

(dz 2 H- z 2 d'jf)dz 


2dz 2 do — zdnd 2 z • 


2 dv 3 


Sit curva 


Exemplum . . 



quam dicunt spiralem logarithmieam : patet ejusmo- 
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ii' curvam infinitis spiris circa polum ita converti , ut 
radius vector cum tangente contineat angulum (*') 
semper eumdem ; siquidem (121 : 123. i' ex p. 2.*») 

tang(zr) = tangl90° — (tx)1 = 


dx cosvdz — zsinadoa 
cot{ tx) sinoidz-^zcosuda . 


zda 

dz 


ad haec: ex da 


adz . azd' 1 z — adz* 

— -assequimur 0= - 


d*z~ , unde 

z 


r — — (1 *+- a’)^ , u = 0’ , v = . 

a a 

Jam istarnm aequationum prima ostendit radium osculi 
esse radio vectori proportionalem ; caeterae demon- 
strant et centrum circuli osculatoris reperiri constan- 
ter in linea recta transeunte per polum, radioque ve- 
ctori z ad perpendiculum insistente , et distantiam * 

* z 

ejusdem eentri ab ipso polo fore v = . Hinc • 

radius vector v curvae evolutae cum radio osculi r • 
idest (88) cum recta tangente continebit angulum , cu- 
jus tangens trigouometrica (125 ex p. 2.") 


tangi yr ) = 



— ai 


Inferimus curvam evolutam nibil esse aliud nisi spi- 
ralem logarithmicam aequalem genitae. 

92.' Quod tandem spectat ad curvas osculatrices , 
haec notamus. 1.° binae curvae (o) et j = f(x) ibi 
dicuntur sese osculari ubi et tangentem , et circulum- 
osculatorem habent communem, obvertuntque cavita- 
tem ad eamdem partem : igitur quoad osculationi* pun- 
Paas III. 8 
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«tum valebunt simul (73 : 80 : 85) 

f(x) = f(x) , f{x) = f \x ) , f"{x) *=■ f"(x).. 

2.° sit X nova quantitas variabilis , cujus relatio 
ad x et jr exhibeatur per 

\ = <p(x,y): 


diflerentialia semel iterumque capientes in hypothesi 
X independeixtis assequemur (45 : 46; 


<*r 


dp dx dp dy 

dx dX dy dX 

dp d*x d'p dx * 

dx dX' dx* dX * 

d*y d'p dy ' 

dX * dy ' dX ' 


d'p dx dy 
dxdy dX dX 


( 0 *) 


designatis insuper tam f\x ) , f"{x) quam f*(a ?) , f"(x) 
per y' , y" , erunt (14:15) 

dy dx d'y dy d'x 

, di „ dx * 7F' — lx * dis 

J = -7— > y = 


dx 

dX 


dx 3 

Hs 


Ex (o x ) et (o XI ) profluunt 

dx dy d'x d'y 

d>. ’ dX ’ dX' ’ dX • ( } 


expressae per 

t tl dp dp d*p d*p d*p 
d 1 d ■> t dy ’ dx' ’ dy' ’ dxdy 

$ed bae quantitates quoad osculationis punctum reti- 
nent (1.°) eumdem vailorem quum ab una curva tran- 
situi’ ad alteram ; idipsum ergo dicendum de quanti- 
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tatibus (o*!*J . 3. ft . nuitur, curvarum (o) et y=f(x) ap- 
propinquatio in viciniis puncti (r , y) desumi poterit 
ex vaJore -infinitesimae-quantitatis 

f(x. /5) — f(x -4- fi) .. * . (o*"«) : • 

certe si ordinem ■ infinitesimae (o* MI ) exprimit nume- 
rus c , curvarum (o) et altera ad alteram in 

viciniis puncti (x., j). accedet- maxime (25.1 ex-p. 1. n ) 
aliarum, omnium , quibus respondet ordo ipsius (b* 111 ) 
expressus per numerum* < c. 4.?. derivatas, ex,- (o xni ) 
quoad fi capientes habemus 

f["(x-+-fi)—{"‘(x-i-fr 

Sed, evanescente^, prima, quae- inter- ejusmodi de- 
rivatas non- evanescit, est ordinis (23)-. vel = c, vel i 
immediate > c : ergo -> 

f(x) = f(x) , f'(x) =-{'(x) t f"(x)~ {"(x) , 

/""(x),=-f"*(x)., 

usque ad ordinem vel- = c , . vel immediate •< c ; . 
eumdem scilicet in utraque cuxva . retinebunt, valorem , 
non solum tl. 0 ) ordinatae puncti (x . , y) et quae ab 
iis promauant derivatae primi ac secundi ordinis , at 
etiam caeterae usque ad, ordinem vel = c vel imme- 
diate < c. 5.° si e duabus curvis , quae sese debent 
osculari , altera non est omnino determinata , ut in 
ejus aequationem v. gr. jr =-f(x) ingrediantur con- 
stantes arbitrariae a , a’ , a" , ... , hae poterunt de- 
finiri per totidem aequationes (o x,v ). .6.°, quantitates 
infinitesimae 

f{x- f-/3)— -f(x-t-/S) , /(X— p) — f(x— • fl) 

aut iisdem gaudent signis , aut, contrariis : in primo 
casu manifeste se mutuo secabunt osculatrices curvae , 
haud se secabunt in secundo. 
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ne 


Ve tangentibus , de normalibus , de plano osculante h 
deque asjrmptotis * 

J 93. Imaginemur in spatio curvam ad axes ortho~ 
gonales AX , AY , AZ relatam ,* sintque 

x = f{z) , y = f(z) | . ( a ) 


ejus projectiones (182 ex p. 2, a ) in planis XAZ, YAZ : 

S orro sive curva sit plana sive duplici gaudeat curve- 
iqe , ipsius tangentem in puncto (x , y , z) deter-. 
minabunt eae projectionum tangentes , quae in duo- 
bus planis coordinatis v. gr. XAZ , YAZ ducuntur 
per puncta (x , z) , (y , z). Itaque designantibus v , 
u , t coordinatas rectae tangentis curvam (a) , erunt 
(73. o") 






Hinc 1.* si per (rx) , (t/), (rz) exhibentur anguli, quos, 
recta tangens in puncto (x , y , z) curvam (a) efficit 
cura axibus AX , AY , AZ , facto compendii causa 




erunt (1-83 : 184 ex p. 2.«) 

«„(T*)=i- ~ , M,( V )=i , »««]=] ...(a").. 


2,° si duae curvae (a) et 

| x = f(z) , y = </<z) J (4) 
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a e muttio ungunt 3) , erunt quoad contactus punctum 

f(z)=f(z) , f(z)==^(z) , /”(*)=?'(*) , f'( z ) = ^V)* 

94. Facile inteHigitur , etsi curva (<i) non est pla- 
na , adhuc tamen locum fore theoremati jam demon- 
strato (76). Hoc posito, contemplemur in (a) arcum ^ 
una cum incremento As : si c denotat chordam qtia 
subtenditur As, erit (176 ex p» 2.") 

„ As As 

c— [/^ Ax‘ > -+-Ay*-*-Az '‘ , 


unde 


Ax 1 A r* 


Ai 


.j. Ar ^ 1 -Jj 

c h dz ' 


et consequenter ds==hdz=y > dx*-t-dj*-+-dz 2 ... 

Patet nunc formulas (a") sic scribi posse 

e/x rfy dz 1 

cos(tx)=-j- , c<wCTjr) *= > 'cos(re) = — . » » 




(« ,T )i 


ex quibus emergit (186 ex p. 2. a ) aequatio 

(v — x)dx -+- (n- — y dy -f- (* — >z)dz r=s 0 . . . (a T ) 

inter coordinatas o , it , I plani transeuntis per pun- 
ctum (x,y, z) et ad perpendiculum insistentis re- 
ctae tangenti ibidem curvam (a) r in plano (n r ) ja- 
cent normales omnes ( sunt numero infinitae ) , quae 
per contactus punctum duci possunt ad ipsam (a) ut- 
cumque sitam in spatio. 

95. Denotet a infiuitesimam longitudinem computa- 
tam a contactu versus eamdem plagam et in curva (a) , 
et in tangente (a 1 ) z extrema puncta longitudinis a, 
alterttai in (a) , alterum in {a !) , jungat recta linea $ ; 
ipsisque respondeant coordinatae x, , jr, , z t in (<*) 
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et , u, , t, in ( a ') : habeatur insuper s pro -varia- 
bili independcnte ,< ut in hac hypothesi investigentur 
cosinus angulorum -(dx) , (q/) , ($z) , quos Tecta 5 ef- 
ficit cum axibus AX , AY , AZ. 

Coordinatae v, , u t , t, exhiberi possunt per hunc 
modum (94. <t ly ) 

v t b = x-*- ffcos(TJf) := x >+- a — - , 

- ds 

'«.=/ ~+-'<JCOS(Tjr) = y T7 , 


f , = Z ~>r-rSCOS\Xz) ■= Z * 4 - <7 


r/j 


Coordinatae x, i j-, , z, sic possunt exprimi (23.^™*) 

'a 

x. == x -+- 17- 


<Zx ff* . <i*x 




< 7 * ViV 


ds 

dz 


ff’ . #*z 




^ t* -fc . 

vergunt a' , a*' , a'" -una eum <7 ad lim. t=0. .Igitur 
(125 ex p. 2.«) 
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Ad d quod spectat» cum habeamus (176 ex p. 2.«) 
3 — [(ar.j — v,)* ■+• (y * — «,)" '*+■ (z, — 0’] 5 > 

erit 


d*x 


A'y 




96. Nunc facile invenitur cosinus anguli (3r) , quem 
recta 3 efficit cum tangente : nam (177 ex p. 2.“) 

cof(dr)=coj(Sa:)coj(TJc)-+coj(3>')eoj(T/)+eoj(32}coj(Tz) * 

et consequenter (95 : 94» a iy ) 

cos(3t) — 


dx d*x 


d i , d ’y 


dz . d*z 




ds v d, f 






Numerator istius fractionis reducitur ad 


a 


,dx ,.dy ,„dz 

— +«t + « V ; 


siquidem (94* 4t ,,, ) 

dxd^x ■+• dyd^y -f- dzd* z == dsd*s'z=s 0 i 

Inferimus , vergente G ad /jw». s= 0 , angulum (dr) 
accessurum (95) usque adeo ad 90° , donec, facta d=?() 
in contactus puncto , evadat (3f) = 90*. 

97. Itaque directio lineae rectae a vergit ad dire- 
ctionem cujusdam e normalibus numero (94) infinitis 
quae duci possunt per punCtum (x , y , z) curvae (a)» 
Peculiaris ista normalis (dicitur principalis) exhibea-» 
tur per v, ; erunt (95. a T b o vu ) 
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eo.> v.«r\ = . 

‘ / r/ 


d*x 


1 

2 > 


</’r . 

coj(v.v) = 4 , } ( a vrn) 

-+- r r /’-v.]a 

hinc- vero (186 ex p. 2« rt ) aequationes 


* 


^ — x u — y t - 


(a«) 


<£’.r d* z 

ad normalem v, ; necnon (ibid.) aequatio 


(o — x)d* x -+- (u — -y)d'y -+- ( t—~z)d'z *= 0 . . . (a*) 

ad planum , quod et transit per pimctnm Jx , y , z \ , 
«t perpendiculari ter insistit ipsi V,. 

98. Planum ductum per tangentem et normalem 
principalem 'dicitur osculans. . Finge tibi (73. -6.° ex 
jv., 2. a ) rectam A transeuntem per contactus punctum 
(.r , y , z) ac perpendiculariter insistentem plano oscu- 
lanti : quoniam (69 ex p. 2.*) 


<Ar) = 90° , (Av.) 90* , 


ideo (177 ex p. 2.«) 

cor (A~) = cos(kx)cos{zx) -bu:os(ky)cos(zy) 
cosfkz)cos[zz) — 0 , coj(Av,) = cof{kx)cos(v ,x) -+- 
coi(ky)cos(-j y) -+- cor(Az)coj(ir l z) =t 0 ; 
et consequenter (94. a ,T : 97. a v,u ) 

cos K kx )dx -4- cot{ky)dy «4- cos(kz)dz ="0 , J 
co.t(kx)d* x-1r<os(ky)d*y-ycos(kz)d* z= 0.( ^ 

I y 

Bmis (a* 1 ) substitui potest (127 ex p. I.®) formula 
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CQs'k.r) 


css(kz) 
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dyd* z—dzd*y dzd* x—dxd* z dxd^y-dyd* x ’ | 
cui conjungenda (177 ex p. 2.") 

cos*(kx) -+- cos*(ky) -f- cos*(kz) = 1 , ‘ 


(a*») 


ut inde eruantur cos(kx) , cos(ky) , cos(kz } , sicque de- 
terminetur plani osculantis positio. Ad istiusmodi pla- 
ni aequationem quod pertinet , «a erit (1‘86 ex p. 2.°) 


(r-x }cos(kxy+-(u-y)cos(ky'y+-(t-z)cos(kz) — 0 , 
aeu oh primam (a xu ) 

(v-x/dyd’ z—dzd^yy+Su-y^dzd* x-dxd* z) •+■ 
(t — z)yixd*y — dyd*x) = 0< 



Si curra (a) est plana , quisque ridet planum (a XUI ) 
nihil fore aliud nisi planum ipsius curvae. 

99. Curva in spatio constituta gaudeat asymptotis ; 
istarum projectiones in planis coordinatis erunt asym- 
ptoti projectionum illius curvae in iisdem planis. Ra- 
tio igitur investigandi asymptotos lineae curvae in spa- 
tio utcumque sitae traduci poterit ad methodum (74) 
determinandi asymptotos linearum curvarum, quae in 
supcrlicie plana sunt constitutae. 


De circulo osculatore ; ubi et aliquid generattm 
annotatur circa evolutas , et circa curvas 
osculatrices . 


100. Puncta [x , y , z ) , (x-t-Ax , y -*t-by , z-+-Az) 
praeter arcum As intercipiant etiam circularem areum 
AX , eujus radius e= o ; in punctis illis tangatur AX 
a rectis lineis 6' , 6" , et As a rectis lineis T , r' $ 
exprimat insuper k! rectam perpendiculariter insisten- 
tem plano osculanti (98) ducto per (x-t-Ax , y-¥~Ay , 
z+Az). Hic quoque (84) erit (76 : 94) 


\ 
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1 i 


ac proinde , accedente puncto (x-4-Ax , J“^r-Ay , ' .z-+-Ax) 
ad (x , y , z) , mutabitur p ita ut curvatura * circuli 
vergat ad curvaturam lineae (a) apud contactus pHn- 
ctum (x , y,z), Porro apud punctum (x , y. , z) du- 
plex speatari potest curvedo lineae (a) , altera in pla- 
no (a x,n ) , altera in plano (a x ) : in utroque casu ha- 
betur (83) 




JL = m 

p AK 
sed quoad primam • curvedinem 

( 0 ' 0 ") 


lim. 


quoad secundam (98) 


lim. 


(rrO 


(5'S") 


t. 


m 


i: 


facto igitur lim ,- — = — in 1 casa , et Um»~ = — 


in 2.° 


, provenient 
As 


As 




E duobus circulis , qui radiis r , R describi possunt , 
primus dumtaxat dicitur proprie osculator ; habet in 
puncto (x , y , y) tangentem communem cum (a) , 
centrum vero situm alicubi in respondente (97) v,. 

101. Patet illud : si cosinus angulorum , quos alte- 
ra e duabus T , t' efficit cum axibus AX , AY , A'L 
exprimuntur per 

coj(tx) , cos{tj) , cos(--z) , 
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cosinus angulorum , quos altera continet cum iisdem 
axibus , poterunt exprimi per 

cos(rx) H- A cos{tx) , cos{vy) H- Acor(ry) , 

cos(jz) *+--~Acoj(tz). 

Hinc £177 ex p. . 2 , a ) 

cos{ tt') = cos(tj:}[coj(tx) *4-' Acos(rx)] -+- 

eoj(Tj')[coj(T^)-HAcoj(ry)}-+-coj(rx)[coj(Tz)*+-Acoj(rjr5], 

1 = £co#(tjt) -t-Acor (tx)3 ? «+« [cos(ry) Aco.r(Tj)] a h- 

r £coj(tz) — h Acoj(t^)]* , 

1 s= coj’(tx) h- cor. a (Ty) •+- coj 3 (tx) ; 

ideoque (127. 3.® ex p. 2 . a ) 

2[1 — cos (rr')3 = [2 si>j^(tt')]* = 

[Aco*(-rx)] a -f- [Acos(r^)]* •+- [Acoj(te)}- 3 . 

Exinde transitui- ad 


Ar a 


'A s' 


¥ zr ') 


" r 2/ na 

£2rm^(TT l )J a (tt 5 ) 7 

1 

Acoj(tx) • Acoj(y) Acoj(tz) 

Aj J L At J L Ar J 

et facto prius ad limites gradu (1 29. 2.° ex p. 2.«) , 
tum extracta radice quadrata , emerget (100. a x,v : 
94. a iv ) 

; 1 

^ dco < rx ) y ^COs(Tjr)y ^ ^ dcosjxz )y £ 1=3 


ds 


ds 
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. dx. 

m 


<£>-<&* 


1 


d*x. 


Simili modo assequemur 
R= 


— • ••• («”}• 


e 


i 


" r dros kx j dcos(kj) dcos<kz) } ’ 

L( ds } ds d$ > J 

102. Determinandae sint coordinatae v , u , t illius 
puncti , in quo situm est centrum circuli osculatoris» 
Quoniam centrum istad invenitur alicubi (100) in 
v, , Meo (125 ex p. 2.°) 


v — x , . u—y 

= coj(v,x), — — I 

r r 


cos(v jr ) , 


/ — z 


— cos(v,z) 


(« H,, )l 


seu (97. a™ 1 : 101. a xy ) 


v—x d*x 

r ds * 

ac proinde 


u — y d*y t — z 

r r ds' 1 * r 




d'x d*r d'z 

103. Si desinit j repraesentare variabilem indepen- 
dentem ut pro tali habeatur v. gr. z , adbibendae 
erunt (15) 
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dsd*X — dxd* S dsdy — dyd*t dzd*s 

dp ’ dP ’ ds 3 ' 

pro 

d*x d?y d*z 

dF 7 dP ’ dF : ; 

sic ( a xr ) vertetur (94. a'") in 

3 


i a%txs 

-~l(rXz)£ " 

et (a** 111 ) ia | 

fXzMXzjfXzl—fXzFizJi+f^z) % 1 

MBa * V+f '(*>+■?'&)]' 7 

^ '' ' 
f'{z)f 'XzH-f:Xz){"(z) m 

* Z D-+/' VH-f' W 

104. Eliminati? x et y ex (a). et (a* T,u ) , prodibunt 
tres aequationes 

v — f,z) = f,(z) , u — f(.s) = f,( 2 ) , t — z — f,(z) ; 
e quibus eliminata z , emergent binae 


{•'«A»), «=*AW j> M *) 

spectantes ad lineam , ubi reperiuntur centra circulo- 
rum omnium qui curvam (a) osculantur. 

105. Formulae (a ,vu ) praebent (177 ex p. 2> a ) 

(v — x) % -t- (« — y) a -4- (t — z )* ese r* . . . (a x * n ) ; 

formulae (a* VIU ) multiplicatae , prima per ddx , se- 
cunda per d*y , tertia per d‘z > suppeditant (101* a xy ) 
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(v — x)d r x -f-(u — -y)d v y *+- (t—z]d r z =rds' , 
seu (94. a'") 


( v — x)d'x H— (u-~—r)d*Y -+- ( t—z)d*z — ) 

I (a xx,, M : 

dx a —dy* '■ — dz*. = 0 j 1 

quisque- videt- aequationes (a UB )', (a xxm )’ et (a v . 94) 
expleri simul, per. coord i natas v, u , t lineae- (a IXI ). 
Ob (a** 111 ) traducitur;' (n T ) differentiata ad 


dvdx -\—dudy dtdz = 0 . . . (a xxlT ) ; ; 

bine- si - denotetur per g arcus* lineae (a** 1 ) , et- per r, 
recta tangens in- puncto (v , u , t ) ipsam (a XM ) , erit 
(94. a ,r r item 177 ex p. 2.*) 


dv dx ' du.dy dt di 

• 37 71 • T, ' IIT *=■ 0 ■ 


ac proinde (tt,) s=-90°. Ob (a v ) traducitur. (a^ xy ) dif- 
ferentiata ad 




unde (102.;a xyn ': 94..a iy 
dr v-x dv u—jr dij 

dg r dg r> dg 


: item 1 7 7 er p. 2.“-) 
t—z dt 

.—= 00 ^ 9 , 7 ,).* 

r dg i 


(a XXy ) 


In hypothesi dumtaxat curvae (a) planae et recta v, 
incidet constanter (88) in rectam T, , et valores pro- 
inde differentialium dr , dg exsistent (89) constanter 
aequales. 

106. Curvae (a) advolvatur filum , tum evolvatur ita 
ut ejus pars libera et maneat distenta , et curvam (a) 
perpetuo tangat (93) ; extremum fili caput describet 
quamdam curvam 


\ V = F(0 , « = 3? [t) | (a XXVI ) : 

inhaerentes denominationibus jam adhibitis (90) cur- 


i 
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vam (a) dicimus evolutam, (a XXVI ) genitam» illius evo- 
lutione. Circa i st i u «nodi curvas haec notamus. 1.° de- 
signante X- distantiam inter duo puncta (x , y , z) , 
(o , t) sibi mutuo respondentia in (a) et (a XIV, j , 
erunt (94. o ,v ) 

v — x dx 

’ ; =3 C0S( AX' =: COj(TX). = — — , 

A as 

u — r . dy 

— = cos[ly) = cvs[iy) s=fc , 

«* . - ' \ ,i— s.j u-*»- -V; . 

t Z , ("/z 

— r — = coj /.z) = coj(tz) = ; 

^ A «i 

tmde 

. rfx , ,/r , 

y — x = A— — , a — r = A— — , t — z = X—— ...(a XXTI1 ): 

/r r • r/ f /7 # 


est insuper 

X -+- x =3 cortst.. ideoque r£X = — ds ... * (a***”*). 
Aequationes igitur («** V11 ) differentiatae dabunt 

d v= s , duz= — ld(ty ) , dt=^kd{~)..(a XXIX ). 

Praeterea (94. a'") 

d) ’ = = </ar* -+- dy* -f- dz* , et consequenter 

dx* dy % dz * 

( 5x J ■ +_ ( 5x ) — 1 ’ 


dx dx dy dy \ dz . ,dz . 

3 F 1 <-A- ^3^ < 0 ! 

aequationes itaque (a xx >*) multiplicatae , prima per 
</x , secunda per dy , tertia per dz , suppeditabunt 

dvdx -+- dudy -f- dtdz = 0 . . . (« lxx ). 
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Ex (a xxx ) inferimus {94. a ir : item 177 ex p. 2.“) re- 
ctas lineas , quarum altera tangit curvam (a) in pun- 
cto (x , y , z) , altera curvam (a WVI ) in puncto (u , 
u , t) , fore invicem perpendiculares. 2.° data curva- 
evoluta , cognosci poterunt aequationes (a**'' 1 ) ad cur- 
vam genitam illius evolutione r in hunc finem substi- 
tuentur prius in (a uvu ) valores x , jr , z , X expressi 
per s ; deiu eliminabitur s. 3.° vicissim data curva 
(a XXVI ) , sic poterunt determinari aequationes (a) ad 
respondentem evolutam : habemus (176 ex p. 2.*») 

(x — %>y -4- ( y - — u)* -4- (x— t)' = X* .. .{aj ; 

et quia (a xxvu ) et (a xxv,M ) praebent 

dx = — —■ — r/X , . dy =='^~ — d\ , dz = ■ ^ —d\.»{a t ) y 

ideo (o,) differentiata traducetur ad 
d\ 

y[(x— $/)* -+- (/—«)* -4- (Z— t)’] — 

(x — v)dv — ti /iu — {z — t)dt e= X*iX ; 

quae ob ipsam (a,) recidet in 

(x — v)dv -4- (jr — u)du -+- [z — t)dt = 0 . . . (a t ), 

DifTerentiantes ( a t ) simulque attendentes ad (a,) ob- 
tinebimus 

(x — v)d*v - 4 - (r — u)d*u -4- (z—t)d*t •+- 
d\ 

-^-[(x — v)d\j-*-(y — u)du+[z — t)dt\ — dv' — du' — dt*= 0; 

quae , denotante g arcum curvae (a XXTI ) , ob ipsam (a s ) 
et ob ( a 94) vertetur in 

(x — v)d\ H- (j — u)d*u. -+- (z — t)d*t = dg* . . . (a t ). 
DifTerentiantes («*) iu bypothesi variabilis j indepen- 


' i 
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dentis, iterumque attendentes ad (a,) asseqnemur 

d\ dl 

(jr — v){d l v-J, — — -</V)-f-(y — u){d s u-\ — —d a n)~ f- 
A , A 

d\ 

(z — ‘t)fd 3 M r— d*t) — dvd*v — dnd % u — dtd*t= 0 ; 

A 

et quoniam dvd'\>-> r -dud‘‘ u-* r -dtd t t=ti:d' 1 :—0 , iccirco- 
(ar — v-d^kd^v )-‘t-{y-r—u)dl'kd 9 w )-+- ( z — tAkd* t j~G..{a B ). 
Formulae (a 3 ) , ( a f ) dant 

y—n 


dUd(kd*t) — dtdQA'u) dldyxi'v ) — dvd(Ad’t) 


dvdkd^u) — ttudCkd*\') 
et consequenter , factis compendii causa ■ 
dud ' \d * t )—d 'td(kd 7 h )=Q' , dtd(\d*t')—dvd'ld*lF=zQ t , 
dvdO.d^u) — dud{Xd‘‘p) — Q 1 " , 
oh (a k \ exsistet 

a ' — v ) — a - z— t d;* 

~Q/ ~ Q . ~ 'd 2 u-+-il ’’d V L * 

F»t autem (_197 ex p. 1.°) 

(a- — v) 9 (}• — «)* (*—«)’ _ 

Q' 9 (J 79- ~ Q'" 9 “ 

— u 9 ,-k'z— /*) A* 


igitur 


Q a — t— (J>" 9 — i— Q'"* 


P-ars ni. 9 


fi /• 


Digitized by Google 



130 


Jam in (a,) substitue valores v , u , t expressos per 
5 ; proveniet differentiatis aequatio primi ordinis 


<rk 


^ > S > ^ — 0 • • • (a y ) 


inter variabilem q , incognitam X , et derivatam 


</X 


pone (« 7 ) expleri per 

X e= i j/'g , C)... (a g ) , 

ubi (53) designat C constantem atque arbitrariam quan- 
titatem ; si in (a,), (a*), (aj substituuntur prius va- 
lores v , k , t , X expressi per 5 , ac dein elimina- 
tur 5 , exsurgent aequationes (a) ad quaesitam evo- 
lutam spectantes : caeterum determinatio functionis ^ 
pendet a calculo integrali. 4.* quia C est arbitraria , 
tot erunt ejusmodi evolutae quot diversi valores ipsius 
C ; innumeris videlicet curva ( a “ v * ) gaudebit evolu- 
tis. 5 .° aequatio inter x,y, z emergens ab elimi- 
natione (3.°) quantitatis q e binis (a s ) , (aj pertine- 
bit ad superficiem amplectenlem omnes evolutas cur- 
vae (a xxvi ) : sed de his satis ; nunc pauca subjungi- 
mus circa curvas osculatrices. 

107. Ac 1 .° cum binae curvae (a) et ( b . 93. 2 .*) 
ibi dicantur sese osculari , ubi et tangentem , et cir- 
culum osculatorem habent communem, inferimus quoad 
osculationis punctum praeter (93. 2.°) aequationes 

f{z) = p(r) , f(z) = tf(*) , {'(z) = f\z \ , f '(*) = f (*) , 

valituras etiam 

n*) = 9"(z), f "(*) = +"{*): 

siquidem ex prima ac tertia (a x *. 103) profluunt 

ru = ‘~^r v " f * > [< '’■<*» • 
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f’W ; 


v—x-^At — *yp'(z) 




e < secunda ac tertia 

# 

f «>.= +f "(.) + f(.» 


2.* inde sequitur (92) , si (a ) , et (A) sese osculan- 
tur in puncto (x , y , z) , binas quoque projectiones 
x = f(s) , x = <p(z). sese osculaturas esse -in puncto 
(x., z), itemque v y=f{^) , j=s p(z) in puncto (y , z) ,* 
et viceversa. 3.° hinc denotantibus, c , c' ordines in- 
Juiitesimarum quantitatum ; 

et posito vel c=c' , vel c v. gr. <c‘., erunt (92. 5.*) , 
iu utroque casu . 

f{z).*=<p(z) , f'{z) = f'(*) , f"(z ) = <f"(z) , \ 

f — ?"X z ) > et caet * » • •/ 

siuiulque ■ | (a,) 

f(z).= f(z), f’{z) = f(z); U 

f"\s) = , et caet ] 

usque ad ordinem aut = c , aut immediate < c. . 


i 

SCVERFICIES CURVAS. . 


Z)e plano tangente , de respondente normali , 
deque conis et cylindris qui supcrflciebus 
curvis circumscribuntur. 

108. Sint z =» Ax ,y) et t — z t = a(y — *,) -4- 
a altera (180 ex p. 2. a ) ad superficiem cur- 


4 


V* 
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vam , altera (180. I.® 2.® ex p, 2.°) ad planum tan- 
gens in puncto ( x , , y t , z,) : prima differfentiata sup- 
peditat dz—fx(x , y]dx-*-f'y (x , j)dj , secunda pa- 
riter differentiata praebet dt = adv -4* a'd'u ; ideoque 

dz — dt — fx\x y jr)dx — adv -+- (y'{x , y)dy — ndu. 

Fac ut coordinatae jr , y , z , itemque v. , u , t ver- 
gant respecti ve ad x, , y t , z, ; erit in limite 

0 “T /'*.(*, , y l )—a\dx l -t- lf'f[x, , y,)—:a']dy, , 

et consequenter 

/■'*.(*. » y l )~a = 0 , fy k {x l , y,)— a' = 0 ,, 
a—f'x k (x,,y,), a'=f' r . t (x, , y,).. 
Detracto itaque indice, proveniet aequatio 


t — z 


dz 


dz 




ad planum tangens superficiem 

z =f x , y) . , . (h') 
in puncto (x , y , z). 

Jiotelur illud : binae superficies curvae ( h ') et 
z = f(a- , y) ibi dicuntur se tangere-, ubi planum tan- 
gens habent commune ; propterea quoad ejusmodi con- 
tactus punctum valebunt simul 

f K X ,y)=f { x,y), f x <x , y) = f ' X [ x , y) , 

f '* x i y ) — , y)- 

109. Ab aequatione (h) profluunt (182. IV., 0 ex p. 2. a ) 
aequationes 

ad respondentem normalem' N : hinc facto compendii 
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' - , V dx ' 


v dy' 


«ruimus (184 ex p. 2.°) 

. 1 dz 1 dz \ 


A efx 
cos(Nz) 


1 

T 




1 10. Si aequatio ad superficiem ( A ') sese exhibet 
sub forma 

fJt=0...(A”), 
cum habeamus (52. i,) 

it 

dz dx dz 

~d£ ** 


vertetur (A) in 


dfx * rfy 
dz 


djx 

dr 


dji_ ’ 


dti dix , x dtx. 

(r— *)«+- -r-(«— r) •+•—(*— *) *= o . . . (h 1 ) ; 




dm s ’ ^ dy v “ J> ’ dz 

et facto compendii catisa 
d [X 

vertentur (A".) , (A'") in 

v — .r u — y t — z 

d[x d^ d[x 

dy dz 


dx 


na 1 d P- nr • 1 d P- 


(A VI ) 


eo#(Nz) 


1 d ix 
A' dz 


/ 
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Iit. Ex puncto fi,, J,,'!,) sumpto in plano tan- 
gente duc rectam ad -contactus punctum (x , y , z) : 
aequationes ad rectam istam erunt (182. II. # ex p. 2 . a ) 






Continet autem Tecta (A vu ) angulum = 90®' , eura re- 
spondente normali; igitur (109. h" : item 183 ex p.4b n ) 


. 1 x °- 

■X 

dz 

y»~ T ~y dz 

-2.— 

■z ■ 

dx 

I 

1 

« 

N 

1 

seu 41 1 0) 




da - x,—x 

da 

r 1 - 


dz s 0 — z 

dx 


U > » # e l /# - V» 

z 0 — 5 dy 

Jam eliminatis x 

> J 

1' z 

ex ;H ir ), ih yu ) * et ( h ▼«» 


habitisque , z a pro coordinatis cujusdam pun- 

cti fixi inde obtinebitur aecjnatio inter v , u , t ; quae 
cum pertineat ad -rectas omnes transeuntes per (x t , 
r 0 , z 0 ) , superficiemque (Zi ,v ) in aliis atque aliis pun- 
ctis tangentes , pertinebit etiam ad conmn ipsi (h' r ) 
circumscriptum , cujus vertex in (a,, , j c , z d ). 

Ad haec : debet constanter planum tangens tran- 
sire per (x # ,jr 9 , .z t ) ; igkur (1 10. /t v ) 


da 

dx 


da, da . . , 

■■Xj jpO » — ,r)*+- (h’*)- 


Ex (/* ,T ); et i/i tx ) eliminetur prius j v. gr. , deinde 
x : prodibunt aequationes ad Irneam illam T . in qua 
inveniuntur omnia' contaeiuum_ puncta. 

112. Sint' nunc 

--- -- - , ' , - - -> ; e. Ii * I 

j i- — x = a \t — z)j u — y — a"(t — z) | (h x ). 
aequatiouej ad rectam , quae inotu sibi parallelo gi- 
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guit superficiem cylindri circumscripti superficiei (A 1 *); 
quoniam recta (h x ) continet angulum = 90° cum re- 
spondente normali , iccirco ( 1 09. h " : item 1 83 ex p. 2. a ) 


1 - 

sea (110) 

d[X 

dz 


dz 

t 

djc 



> 


-4- a 


dx 


-+- a 


djr 



Jam eliminatis x , y t z ex ( h ir ) , (A*) et (A sl ) , pro- 
dibit aequatio ad circumscriptum cylindrum : aequa- 
tiones ( h iy ) , (/»**) praebebunt locum geometricum seu 
curvam , ubi inveniuntur contactuum puncta. 


Exempla. 

I.° Proponatur invenienda aequatio ad conum cir- 
cumscriptum ellipsoidi (221 ex p. 2. a ) 



Ex (h xl1 ) habemus 

da 2x da 2y du. 2 z 

dx a* ’ dy b 3 ’ dz 

proinde ex ( h yltt ) 

^(z o —z)y-~(x a ~x)+^(j o *—y)^=0 , 

quae ob (A* u ) traducitur ad 

2*0 _ yjo __ . 

c a a 3 b* 

in prima (h xltt ) substituantur yalores x e - — x , y % — -y 
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ex (/» YU ) ; proveniet 


~( l -r s o)-^~i^r 0 ) r.)=o, 

quae ob secundam (/i* IU ) traducitur ad 
zt xv yu 

— t 7T= 1 • • • <*”")• 

Jamvero aequationes (A YU ) possunt sic scribi 


v — x. 


= U ~ J ' e* 

J—7 


et consequenter (t9fl ex p. 1.«) 


u ~V r ' 


v — x 

v o x y—y z,—z 


igitur (192 : 197 ex p. 1.«) 




yrr— ■+■(<— ■*) 




(x 0 — „—y)~ yr 

(V - X ;JL -+- («-pA 

seu ob secundam (A x,,, j et ob (/» XIT ) 


»:^o 

<T 


"r. 


*-Z„ 


,b‘ 


v ir t ’ 

'n v “ f "JF‘ + '7 ; 1 








c’ 


aequatio ad conum circumscriptum eilipsoidi. 
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TI.* Invenire ae-juationen# ad ovlindrnm circum- 
scriptum ellipsoidi. Ex (A XI ) habemus (I.°) 


j ,r y 

__ ° a = 


0 . . . (A*’) ; 


binae insuper (A*) sic possunt scribi 


* — x 


* ' > i‘*usw 1«' ;>» 

a a 

multiplicentur singuli termini (A**) per singula inemr 
bra 'A* ti ) ; proveniet 

^ *W— X) _ jiu—y) 

c’ a 1 4=0 ’ 

quae ob (A xn ) traducitur ad 

zt xv yu 

'• 4 - 

Nunc ex (A xr ‘) eruimus (192 : 196 : 197 ex p. 1.«) 

1 o! # / 

-f- —(y—x)^-~(u—j) 

i ''a 


+. ^(v— x) -f- 


a v au 


seu ob (A**) et (A XTI *) 
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aequatio ad cylindrum circumscriptum ellipsoidi. ' 
113. Quisque videt aequationes (A ,x ) , (/i* 1 ) pertine- 
re ad superficies amplectentes loca geometrica omnium 
contactuum ; alteram in casu coni circumscripti , al- 
teram in casu cylindri. 

F*c ut ( h iy ) recidat in (h t . 214 ex p. 2. a ) , spe- 
ctet nimirum ad superficies secundi ordinis ; vertetur 
[h tlL ) in 

fAx -4- E.z -f~ Fy - 4 - G)(x 0 — x) -4- (By -4- Dx -4- Fjt -t- 
H)(y,— /) -+- (C z -4- Dy - 4 - Ex - 4 - K)(z # — z) = 0 
seu 

(Ax -f- Ez-f-Ey - 4 - G)x 0 -H'By - 4 — D.z — 1— Fx -4- H)y, -4- 

(C z - 4 - Dy -f- Ex - 4 - K )z t - 4 - Gx - 4 - Hy - 4 - K.z — Q — 0. 

Inferimus (180. I.° ex p. 2. a ) , si e puncto (x 0 , y 0 , 
z a ) ducuntur plana tangentia superficiem secundi or- 
dinis , omnia contactuum puncta fore ia curva plana. 


De radiis osculi diversarum curvarum quae in data 
superficie describi possunt ; ubi et aliquid 
annotatur circa superficies osculatr ices . 

114. In data superficie- (A ,T . 110) intelligatur de- 
scribi curva ; et in hac sit s arcus , r radius osculi 
apud punctum (x , jr , z) , r tangens , v, normalis 
principalis apud idem punctum : erit 197 : 101 : 110 : 
item 177 cx p. 2.«) . 


Digitized by Google 



13 » 


r dx dy dz 

.„(Nv.) = -g- 

Ad haec : lemel iterumque differentiata (fc ,T ) , prodi- 
bit (49) 

rf X -f- ~d*r -+- ~d*z H -Wx’ -f- 

«x yyr dz ■ dx 

d*[x , «J*u rf*u 

— — 1 — dy* « 4 - .... ■ dz * - 4 - 2 — —dxdy -f- 
dj* ^ dxd^r j 'T 

2 -pLd x dz-^ 2^-dydx 

dxdz dydz 

.seu (94. a lv ) 

d ±d- x + ±jy + 
dx dr dz 


0,' 


dy 
ds 3 


rf*u <i* ii 

■^Of , (Tx)^-j^eos'(zy)^.j^cot , (yz) -V 

d*UL (f*[X 

2 j— -^-cox(rx)c£>f(ry) •+- 2^— -cox(rx)coj(Ts)-f-^ 

d*[X 
dydz 

Faeto igitur compendii cauta 

— — ~COS* (xxj -I -— rn.t*(Tv) 4 . — J-cm’ 


0. 




t/ 1 //. d* [X 

2 j— — cox(tx)eo.r(Ty ) -f- 2-j—~ eos(zx)cos(xz)-+-)=>S , 

d*fx 

2 dPd~/°< x r) C0 <' rg ) 
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erit , i 

r k' 

c<w(NV,) = — -p-S , ac proinde r= — co/(Nv Mg)- 

k 5 

Itaque data positione puncti (x , y , z), tangentis r , 
et normalis V, , poterit inde erui radius osculi r : cae- 
terum cum r et k' sint quantitates > 0 , binae aliae 
S et cw(Nv,) contrariis afficientur signis. 

115. Si planum osculans (98) insistit ad perpendi- 
culum plano tangenti , erit (Ili 2° : 69. 3.® e» p. 2.") 
«or(NvJ ==*= 1 , ac proinde 




In ea -qua sumus liypo thesi cum centrum circuli oscu- 
la toris sit alicubi in N , coordinatne e , u , t illius 
centri explebunt primam (/* vl . 1 10); bine (197 ex p. 1. a J 


(^— •*)* (u —3'T __ ('—■ «)* _ 

W K dy' ( dz ' 

(y — x )* H- ( u — -y) m -+- f t — z)* 
diL da da. . 


et consequenter (176 ex p. 2.") 

x — v y — u z — t 

da. d\i da ^ 

dx dy dz 


-§•••• <gy 


116. Si aequatio ad superficiem datam ponitur re- 
soluta quoad z , ut traducatur ad formam ( h '. 108) , 
facta fX — f(x , y) — z, erunt 
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djx df_ djL df dfj. ■ 

dx dx ’ dy ‘ . dy . * rfz 

iit — ! ilL iit— ilL iit— 

dx* dx 3 ’ V^z’ ~°’ 

d'fx _ rfy ^ _ d a fi 
dxdy dxdjr ’ dxdz ’ djdz 


proptcrca 


. r df ' df 

l =vt'^£>‘+4 ri ’ 

c fP f , d'f 

b = — — -COJ (Tj-)- I - -.--cos ' (Tr)-f- 
au,- ’ ar s 


2 _£L 

dxdy 

et (#') vcxaetur iu 


df- 

cos{xxyos[xy ) ; 




^ [1 +-(■&?+(%» 


<>{■ 


rz=~ 


d 'f d'f d'f 

^os*{xx)^~3°s^jy2-^co4rx)cos{xy) 


Jamvero (94. a lv . a 1 ”) 
dx ' 

eos i xx) = = 


dx' 


ds' dx* «+- dj' -+- d.f n *•« 
dx' 


dx' -+- dy' (--dx -f- —dy)' 

dy 


' cta- 
1 


dx 1 


( 


0 L-l. 1L tLv ’ 


dx 


dy dx 
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cos*( ty) i 


t + d ± ±r 

dP^dx dy dx } 


cos'yx)cof(ry) = 


dx * dx . dy dx 


igitur , denotante y =s y(x) projectionem 
plano XAY erunt, quoque 


curvae in 


d'f d'f , „ d'f , 

—L — ) — ® * .+. 2 — —<p . 

0 <£x- a cfy*' dxdy’ 

5 ■ ■ a . 1 

d 2 f d*f d'f , 

. </x’ dy'* dxdy 

formula {g ") mutatur in 

. v: ' + + 

x-v y-u dx djr 

~± ^ ~±^ Z ~ ,= ?L /'Q. ' 

</.r rfy rfx 1 ^djr dxdy 

117. Proponatur nunc invenienda ejusmodi f' , cui 
respondeat maximus minimusve r. 

Factis compendii causa 
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iL^i d ':\ . _£y 

‘'rf/ l 'dx' "dj* a * dxdy '* ’ 


xay 


j-t-y'»-4 -(g,H-&,^') 


2 /- 


(*’) 


«,-+-6 a y a -*-2c,y‘ 

exsistet 

^=XKn + a,*4-V]: 

er penultima 'gVj habemus 

sumptisque dillercntialibus quoad y 9 proveniet 

V2c /, 2 pW ,)=fc2(p'-wi t* o. 

Sed quoad maximos minimosve valores , quos , va- 
riata p' , recipit r , ultima (g- v j praebet (56) 

df^df^ 11 — ideoque fj~ e= 0 : 

ergo 

*(^»9 ■+' c »j s*= ^' -+- <*,&, 4-£,*p') = 0 ; 
et consequenter 

} ('o- VU ') 

r,fa A ^ } 

Adhibita substitutione in ig yi ) , emerget 
(a 1 */±n J *=fc1)(£ a / = fc£i | *=fcl) — (c t b t )* c= 0 ; 
quae , factis 

1 -4- a/ -4 -b/ = A , 2a 1 A,c a cp(1 -4-fi 1 , )i 1 ;* = | 

(f i=B, a.i, — c, =G, ^ 

evadet C/ a — BX -h A = 0. Hinc 
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Bdtj/" [B*-4ACJ 

“ 2G ’ 


eti 


fc+y | B'-4AC] 


2C 


"(g' x ) 


ex quibus valoribus alter suppeditat maximum r , al- 
ter minimum. 

118. Pronum est inde concludere , si data superfi- 
cies secatur planis ductis prr normalem N , ex muni- 
bus intersectionibus binas fore , alteram maxima in 
puncto (x , r , zl praeditam cui vedine , alteram mi- 
nima : istiusmodi intersectiones , nec non responden- 
tes radii r vocantur principales . 

Eliminata 7 ex (g- VM ) et (g TI ) , factisque 

== A, , =fc «.(l-t-i,*) =f=i 

i a (1-4-a 1 a ,)= B, , =r=c 1 (1-4-A, s ;=±:a l i 1 6 1 =C J * 


prodibit 

B 1 y , -4-A,=0 , unde © 


, , *-4 A ,C ,] 


2C, 


(*”)• 


Isti duo valores <p' exprimunt (73) tangentes angu- 
lorum , quos axis AX efficit cum rectis lineis tangen- 
tibus in puncto (.r , jt) projectiones intersectionum 
principalium in plano XAY : exhibeantur ii valores 
per <p', et ; erit 


?i?* = 


4A£ j _ = A_, 
4C, 3 C, * 


Et quoniam positio plani XAY est arbitraria , consti- 
tuatur ita ut congruat cum plano tangente : rectae li- 
neae , quibus in puncto (x , y , z) tanguntur inter- 
sectiones principales , congruent cum rectis tangenti- 
bus in puncto [x , j) projectiones ipsarum principa- 
lium intersectionum in plano XAY ; eruntque apud 

> y > z ) 


/ • 
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• ' df df 

* —f(x, j) = 0 , j-dx ^ 3 = ° , 

et consequenter 

^L=a l =0 , — 4,=0 , A, — x =±r c, , C, e= =*= «... 

Hinc 

1 = 0 : • 

intersectionum videlicet principalium altera (172. I.’ n 
4." ex p. 2.«.) exsistet alteri perpendicularis. Porro 
duarum curvarum altera ilii dicitur alteri perpendi- 
cularis ubi respecti vae tangentes efficiunt angulum-- 
= 90°. 

119. Superficies curvae [W. 108) et s=f(.r , j) ibi 
dicuntur sese osculari ubi et planum tangens habent . 
commune , et sectiones principales sitas in iisdem pla- 
nis normalibus praedi tasque iisdem principalibus oscu- 
li radiis c itaque permanebunt (p 1 (g xi ) et respondens 
r \g' x ) quum ab una superficii trausitur ad alteram. 
Permanet autein (108) ■ 

[T[\ ; 

idipsum ergo dicendum de ^ (g w ) , pt consequenter 
(108) de ' 

2c,<p'; . 

erit nimirum i 


d'f d'f , d'f , dH dH , dH , 


dx' dj “ 


dxdy 


. d'f dH . , 

Sume p.=-0 ; habebis -y~i — : proinde • 


dx' dj' 

IL 

dx ' 


dxdj- 


d'f , d'f , 

— io'*-+- 2 1— s ' 

dy* dxdj‘ 

PiU III. 


d' f . n dH , 
10 
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*f 


dy' ^ ' dxdy 
Sume iterum <p' = 0 ; habebis 


d'f __ 


d'f 


^ ' ~ dxdy ' 

d'f _ 

dxdy dxdy 


d'( 


se- 


quitur quoad osculationis punctum praeter (108) 


- , d -Lr=— K— d -L 

* ’ <fx dx ’ dy dy 


fore etiam 
d'f d' f 


>(g* u ) 


dx 


dx' 


d'f __ d'i 

dy' dy' 


d'f 


d' f 


dxdy dxdy 

120. Mutua superficierum ( h ') et z = £(x , y) ap- 
propinquatio in viciniis puncti (x , y , z) , ubi eae se- 
se osculantur , desumi poterit ex valore infinitesimae 
quantitatis 

f(x -+- Ax y y- 1 - Ay) — f(x -h Ax , y -+- A y ) . . . (g * ul ) : 


certe si ordinem infinitesimae (£ xin ) exprimit nume- 
rus c , superficierum (h') et z=i{x , y) altera ad al- 
teram in viciniis puncti (x , y , z) accedet maxime 
(121 ex p. 1.") aliarum omnium quibus i’espondet or- 
do ipsius (ff xnt ) expressus per numerum < c. 

Fac ut infinitesimae Ax , Ay sint ambae ordinis 
primi , et pone (39) 


Ax = /3 dx , Ay = fidy , 
ut (g -xul ) vertatur in 

f(x-f-fidx , y-hfidy) — f(x-t -fidx , y+fidy) ; 

hanc vero designa per ti(j3) : profecto (29) , evane- 
scente fi , prima , quae inter derivatas 

m> w, rw ) » •• • 

non evanescit , erit ordinis vel == c , vel immediate 
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>- c»- Exsistent igitur ■ 

<|»( o) = 0 , <p'(o) =c= 0 \f/"(o)s= 0 y =0 , . . . . 

• * 

seu (47) 

/(•*> /) — ^1 = 0 , <//(* , , y ) — d{{x ,jr) r= 0 , 

^ ’/U ,7)— > r)=° > ^ 3 /t x >y ) — f ( x > ^0=^ > *•• 

et consequenter 

/(*• > J) — ^ > .r) » ^ = d({X y j). , ) 

d -A x *J r )= d -K x y Y ) ’ dS ft x >j) = d i{( . x ’J r ) > 1 ' § 

usque ad ordinem vel = c , vel immediate < c. Pri- 
ma , secunda ac tertia [g xlv ) praebent. (46) formulas 
(g x,t ) quoad osculationis punctum; quarta suppeditat 
(46) 

d 3 f __ d 3 { d 3 f __ dH_ 
inr* ~ d^* ’ dp> ~ dj* ’ ’ 
d 3 f _ dk d*f _ d 3 c , 

dxdy * dxdy * ’ dydx' ' dydx * * 
et sic de caeteris. , 
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PRINCIPIA CALCULI INTEGRALIS. 




c.enirales quaedam traduntur notior es circa 

INTEGRALIA INDEFINITA , NECNON CIRCA 
IN TEO R ALI A' DEFINITA.. 


121. (Quemadmodum data functione possunt quae- 
F;i ejus dilfereutialia , ita vicissim dato diflei entiali 
quaeri potest functio unde illud promanat ; et que- 
madnioduiii istarnrn investigationum altera spectat ad 
calculum difFercntialcm , sic altera ad calculum per- 
tinet qui dicitur intcgralls . Sint F'.r) , f'x) ejusmodi 
functiones variabilis x , ut existat V{xy==f{x) t quan- 
titas F(.r)-t-C vocatur inUgrale indefinitum differen- 
tialis f [x) dx , .designat urejue pvaeligendo litteram f 
ipsi difFerentiali ut scribatur 

J f{x)dx = F (x) -+- C ... . (a) ; 

exprimit C' quantitatem (8,) constantem atque arbi- 
trariam. 

122. Si a , b , c , . . . designant, quantitates con- 
stantes , et u , \> , s , ... . functiones variabilis x , fa- 
cile (8 : G. 2.°) inteLligitur fore 

j au.dxz=a J udx , J u -t- v -+- s . . ,)dx= J udx 

J i 'dx -f- J sdx -(—•••, J ( au -f- bv -t- cs -t- . . .)dx = 

a f udx-h-b f \’chc -r-c j sdx -i-. . .. 


123. Formula f(x)dr ita sese aliquando exhibet, 
ut statiin appareat eam esse deferentiale cujusdarn da- 
tae functionis ; tunc vero in promptu est iutegrale : 
atque boc pacto liabemus (§ : 10: 11) J udx s= ax , 



a 

x 


,, f (u -+- 1 )x t 'dx — x*'*' 


J,x u dx =. 
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pdx 1 

1 ' x aT ~ (a — 1)x a ~ t 


a-t-1 

ultima non sit a r= 1 , 


140 

, modo taincu in hac 


, a x pdx v 

fL{a)a*dx — a* , J a x dx = - , J — = L(x) . 


Jcosxdx = iini , y tinxdx = — ccjx , ' 

jT a j = arc(sin=x ) , veri = — arcfroj- — x) > 

dx 

1 


j ^ “ a rc{lntig ■= x) vel == — nrc(cot = x)> 


/ </x 

~~ — — =arc'sec=x) , vel = — arc(cosec—x ) , 


— 1J 

dx 


/ dx r dx ptanex dx 

— rrrrtamrx , / =a — COfX . / 2 ; 

cos*x J sin^x J cosx 

/ cotx dx p dx 

— : 

C/ 


secx 


sinx 


/ ax 

— i — =L {tan^x)* 

sinx cosx 


haec ultima praebet (127. 3.° ex p. 2. a 

f ~~ — f ! * dx x =L (tang±x}, unde (120 

• sinx J sin±x cosix . 


121 ‘ex p. 2.°) 

j d(-~-+-x) 

p dx p K 2 ' 

J cosx * n 

jm(— -HJF) 


L{tang [ 


>r 


rn 


Ad nnumguodqne ex his intpgralibus sna est adden- 
tia (121 ) quantitas constans et arbitraria C. 
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124. Interdum formula f(x)dx , de cujus integra- 
tione non constat , per quasdam substitutiones tran- 
sformatur in aliam, cujus integvale illico cognoscitur. 
Fiat z=tp(x) , ex qua prodeat x==j( j/(z) : erit f(x dx= 
/[ ^ (z) ] (-z) dz; id est, facta ./ty(z)]<|/(r/== /(z; , 

f(x)dx — 'f[z)dz . . . [a!). 

Jam si cognoscitur integrale formulae yjz dt , ut sit 
//(z j</z == F (z) -4- C , 
erit quoque 

J' f\x)dx = F[?(x)] ~t- C. 

Positis v. gr. 

x 

x' -+- a* ■= z ax = z , — = z , x — a = z , 



e* = z , &x = z , Id'*-’) — -s , «n j: = z 
. coj x = z , a -+-b cos x r=a z , 

emergent 


c '/^= 

1 r dx 1 • x 

-~are{tang^=ax}*C , J ^ _ — =— arc^tang=^-~ ->»0, 


r/x 


x H-a 


r_dx_ — a)*— h C , Jr-^-rS = 

y x — a . 'x (x — --aj 

1 e r </x 

(m — 1 _) (x — a j 1 " - ' ^ V»/ e 


<ix 




arc{tang -=. e») -f- C , ?J cos bx dx = -~-sin bx~+~ C 

v o 
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</x 


fxL m (x) (m— 1)L"‘-\x) 
COX X </x 
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T T . f.r} . 

(x) 

4-C , f sin x cosxdx= 


C, r 0txa * = Zl(sin'x)+.C, 

•J sinx 


/ sin x dx xm x ax 

= — |L(cos’x)-hC, /—7 — 

cox x •* ' J a -4- 6 cox x 

1 * 

— L(« •+- b cos x)* ■+- Ck 

26 

. .J 

125. In eam, quam diximus (124), transformatio- 
nem nonnunquam conducit formula (9) 

J sdt = xt — J tds . . . (rt ,,/ ) ; 

1 i/j? ' 

sio positis 1.° x — , dt = , 2.° x = x , 

sin'x cos 3 x / 

dtxrxos x dx , 3.° s=x , dt=zsinx dx\ 4.* x=x, 
dt^=u x dx , 5.° s=L(x) , dt=dx , provenient 

/* rlx 1 

/ ; r~ = —v~ tan g x — 

*' sin x cos x sin x 

/ 2tang x sin x cox x dx 1 

sin u x 


x dx 


sin x cos x 


2 f-±- 


2 cot x ' 


sin x stn x cos x 


sin x -+- cos x 


— 2 cot x *+- C = tang x — cot x-f-G 

sin x cos x 

\ * 
f.x cos x dx ss= x sin x — f sin x dx == x sin x -+- 
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co* x C , f x si k ,v dx — x eos x -4- C , 

J xa*dx = ~ [x C , /L(x)dx = 

j(L(x) — i 

126. Si jr . z denotant binas functiones variabilis 
x , et ponantur 

Jyix=ns . , /xi-^=x, , /x**, = x„, 
/X,^^=x, • 

formula (a ") praebebit 


=X:"-n /Xz^—dx , 

* ar 

I t 

= X,."-' - (»-!)/ X.^-^LAb, 


f X * z " ~ X 3* n *— (n— 3)/X t z n -‘ >t -^dx , ~ 

• Quare 

fyz n dx = X/ 1 — nX,z ll ~' -f- »(n — l)X,a"’** — ) 

(a 1 *) 

„ (/I -_ 1 )(„_2)X s *'*-» hC. j 

127. In ifttegrali indefinito (a) adhibeantur succes- 
sive pro a? peculiares valores -,r 0 , x n , ac dein ab 
^ ^ subtrahatur F(jr e i *-(- C ut , ehminata C , 

prodeat b^;c n ) — F(x 0 ) : ejusmodi differentiam voco 
tntegrale definitum differeutialis ((x)dx , sumptum vi- 
delicet, ab JC=if, -ad x=x n , ipsnnii.j «e designo per 
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r *n 

jf f(x)dx , ut «Cribatur 
x n 

f f{x)dx = F(x„) — F(x°) . . . (a*). 


Hinc v. gr. 

.1 

J x m 4 x 


1 > 


dx 


rn 


/ u X 

x* -f- a’ 


4 a 


1 28. Intervallum x„ — x c dividatur in partes, quae 
exhibeantur per 

x,—x 0 , x,— x, , x,— x, , . x n —x, t _ l ( p ). 
Quoniam (127), 


f fi x ) dx — F i x .) — F (* # ) , 

f f(x)dx^ F(X.) — F(x.) , v . 
f fx)dx == F(xJ — F(x„_,).; 


iccirco 

,x„ 


x o 

X, 


f f{x)dx s = j' f(x)dx •+- f f(x)da 
— x — ' 


f f x)dx <4- ... '4 - /* f x)dx . 

" C * ; x n— * \ , 

Facile quoque intelligitur (122) fore 


■ i 
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J' (u-f-iM-J-f- • • •)dx = J' udx >+- J' vdx -4- 

^ 0 «3? Q 

r X « r *n 

J sdx "f“ •'> • f J (au ^bv -4— cs « .(dx s 


n X n r x n p x n 

a f udx b I udx H- c / sdx -f- • • ’• • 

x o x o x o , 

129. Numerus partium (p) } quas ponimus esse 
ejusdem signi , indefinite augeatur , et consequenter 
vergant singulae ad limitem «= 0 : erunt (1 8) 

,,_F (.^W = f , w=(tlJi ■ 


lim. 

lim. 


X l - r o 

F (x,y-F(x,) 
x. — x. 


= /1'x,), 


ft caet« • • • y 

FW-F(i„.J 


unde 


lim. - 


F(x,)— F(.r e ) 

x ~ x o 

F(x,)-F(x,) 

X, X, 


A x n-t)i 


■f( x o) V 

: f( x .) ■+• ffa » 


et caet. . . . , 

— ~ g " - — ^'~ r, ' r - '= f( x n~t) H- ffn i exprimunt 

X n—‘ 

c t , c % , .... ff„ quantitates vergentes ad lim. = 0 
una cum singulis (/>) : hinc 
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F(x,) — F(x 0 ) = (x,—x 0 )f(x n ) •+- (x, — x„)<j, , 
F(x,) — F(x 1 ) = (x, — x,) f (x.) -4- (x, — y 
et caet. • . . , 

F(x n _.,) = (x„— x„_.) f (x„_ t )-f-(x n — 

Fiat 

S = (x, — xj/^x.) -+~(x, — x t )f{x t ) -+- 

( x 3 — - r ») f ( x *) "+"*•• "+■ ( x n x n-+i)f ' x n-i) y 

ac denotet <T m quantitatem mediam inter or, , ff, , 
a, , . . . ff„; erit (188 ex p. 1.°) 

F(x„) — F(x 0 ) = S -h (x„ — x.)cr ra . 

Sed aucto indefinite numero partium ( p ) , vergit 
<J m ad lim. = 0 * itaque 

F(x„) — F(x 0 )= tim. S , 

id est 

f (x)dx = lim. S : 

superfluum est admonere de continuitate functionum 
F , f ab x = x 0 ad x = x n . 

Fiat etiam 

S ,=(a ■ -X 0 )f(x . V+-(x ,-x , )f(x „ )H t-(x„-x„_,) /(x n ) ; 

exsistet 

s,— S===(x,— nxjt/tx,) — f (x 0 )] -+- (x,— x,)[f{x,)— 

fi x i) T +■•••• -4“ x n-i) t f i x n) f( x n—i) 3 * 

seu (188 ex p. 1. a ) 

s, — s = (x„ — x 0 )M ; 

denotat M quantitatem mediam inter 

/!>*) — /t*«) » fi* a) — /( J .) y • • • • A x n) ~ /fcn-i)» 
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Atqui hac differentiae , aucto indefinite numere par* 
tium (p) , vergunt ad liih. = 0 : idipsum ergo dicen- 
dum de media M ; ideoque lim. (S, — S) s= 0 , et 

JC 

lim. S, s= lim . S , J' f{x)dx e= lim. S, • • . (a T,1 J. 

•*<. 

Ad haec: facto x # -t-s(x„ — x # ) = x m , formula (18) 
X„— X. 

praebebit 

f fi^ylx as (x n —x,)f(x m ) . . . (a T,,t > 

•*o 

130. Singula intervalla ( p ) intclligantnr dividi in 
partes numero semper majores , et per , ... 

In-i designentur quantitates mediae inter x 0 et x, , 
x, et x, , ... , x„_, et x n . Erunt (129. a T, “) 


f f{x)dxt={x l ^-x 0 )f{l 9 ), 
f f(x)dxe=(x a — x, )/(?,) , 


et >caet. « , 

I 

X 


f ’ f[x)dx = (x„ — x„_.) / (|„_J ; 


unde ( 128 ) 
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1 .- 57 , 

jp 

f "fxjdx =(X,- X 0 )f( 2 o) *+■ 

•»o 

•+-•••-+- ( x n— x n-i)f (In- 1) > 
quae potest scribi in hunc modum 

/ / f (x)dLr =.(x t — x 0 ) /'(x.-K .(.■*«—• *„) ) -4- 
x ° 

(.f, — a',) fir, -+- £,(!, — x,) 

H- (x„ — x n _.,) f {x n _ l -f- ■£„_,) ) ; 

denotant e„ , £„_, numeros < 1 , > 0. 

1 3 1. Si pu tes (/») ponuntur aequales , ut sit 
x, — x„ = x 3 — x , = • • • — x n x n _, r= h , 



valores S , S, fient 

S— A[y(x 0 )-4-/’(x 0 ~+-/i)-4-/(x 0 -4-2/i) -f- ... H- f{x n — h )] , 

S, = (x 0 - 4 - ft) -f- fx 0 -f- 2/») -4-/(x„) ] : 

et aequatio (a 1 *) vertetur in 

f f(x)dx ~hif (x„ -+- % h) -f- 

f(x 0 — f- h -4— e - ,/*) -4- ^ (x° "4— 2ft -f- £,/t) -4— 

^;X 0 -4~3/i-4-2j/i) -4— ••• *4 ~f. x n ^"4— Si— 

Ad haec: si ^Tx) vel constanter crescit , vel con- 
stanter decrescit ab a.=x 0 ad x~x n , valor (a') in- 
terjacebit binos S et^S,. Quocirca in ea qua sumus hy- 

po besi , differentia inter verum integralis J ftx,dx 

v.alorem , et semi-summaitt- 
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S-f-S 

2 -- = h l%f( x ,) -+- f[x 9 -*~h) -+- f [x 0 rh 2/i) 4- . . . 

-+- £/(*«)] - • («”) 
haud pertinget ad semi-diflerentiam 

inter S et S, . Formula (a 11 ) poterit in pluribus ca- 
sibus adhiberi ad obtinendum valorem vero proximum 

/ n 

f(x)dx+ . 

Eui f[x) neque crescit , neque decrescit constanter ab 

a . r Xn 

x 0 ad x n , poterit tamen / f[x)dx decomponi (128) 

x o 

r *. 

in plura I f(x)dx , I f{x)dx , . . . ita , ut f[x) 

crescat vel decrescat constanter intra singulorum li- 
mites x 0 et x, , x, et x, , . . . : si quidem ipsa f(x) 
existit continua ab x 0 ad x n * 

Utcumque se habeat f(x) ab x 0 ad x n , satis erit 
comparare (a x ) cum valoribus S et S, ut intelligaraus 

/ x n 

f(x)dx , vel inter S, 


X 

/ n 

f (x)dx haud pertingere ad factum ex 

nh — x n — r 0 in maximum illorum valorum , quos 
recipit f(x-h&x) — f(x) quum assumitur x ab x 0 ad 
x n et bx ab 0 ad n» Est autem (21) 
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**■ 

A x 4- Ax) — f(x) = Axf\x - 4 - tAx) z 

itaque si dicatur k maximus inter valores , quorum 
est capax f'(x) ab x 0 ad x n ■, profecto differentia illa 
haud pertinget ad 

hk{x n — *.). 

132. Variato altero e binis limitibus v. gr. x n in 
(a T ) , variabitur ipsum quoque integrale ; et adbibita 
pro x n , erit (129. a v «>j 

f f[x)dxe=F(x) — V(x 0 )==[x—x 0 )/{x m ) . . . («"») : 
■r» 

habebimus videlicet integrale illud, quod incipit ab 
x » , quodque evanescit facto x = x„ : et quoniam 

P X 

d J A X Y X = F(x a )] = JF{x) = f(x)dx i 

x o 

iccirco (121) 

X 

f f(x)dx = f f[x)dx 4- C . . . (a xm ) 

\ * 

Ex (a"') facile nunc trausitur ad 
f <pi x W{x)dx = ? K x)<p(x)— <p (x 0 )<p(x 0 ) — ] 

r x 

J 0*0 ?' (*)dx ; item ex (a') ad 
x z 

f f i x )dx = J 

X 0 Z o 
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133. Functiones z t , r, , , z t , • .. . quantitatis 

variabilis x ponantur constituere seriem convergentem 
non solum quoad x=x 0 et x=x n , sed etiam quoad 
omnes valores m interceptos inter x 0 ad x n : sit f{x) 
summa totius seriei, et ^(x) residuum post terminnm 
f simum f u t exi stat 

t 

f{x) '■ Z a -f- Z, -4— Z, •+- Z s -+■ • * ♦ •+- Z r-i -+- X(x ) t 

ideoque 

f[x)dx = z 0 dx - 4 - z,dx ■+■ z t dx -+- t s dx . » .. . 
v -+- Zr-ldx -4- Y.(x)dx. 

Erit ( 1 2S). 



f X \dx + f 


n 

z,dx -h 

O 



et (129. a vm ) f \x)dx = {x n — x,)X(xJ. 

Jam vero ob positam seriei convergentiam resi- 
duum X(x) , ac proinde X' x m ) , crescente r indefini- 
te , vergit ad lini. =» 0 : idipsuin ergo dicendum de 


X 

/ n . 

X (as) dx ; ideoque 

r x n r T n r x n r X n 

j f(x)dx= I z a dx~\~ j z,dx-+- J z,dx~ 4-..«- 

X 0 ^ c X 9 X 9 

Assumptis z B t — " c„ , z t =sc,i , z t ~ » 

* Z| - — C jX* j •- • • ut sit 


-• • Dlgitized by Google 

i. -JfjL. , »*- j - - * — ... 


164 


fcx) = C 0 *+- c,x -4- c Je r’4-Ciaf r -4- . , 

proveniet 

J f(x)dx = c 0 (x„ x # ) -+- 

~l ( X 'n — **<>) *+“ ~f\ x *n — x *e) *+• ... 4 
•t facto x 0 =* 0 , adhibitoque x pro x„, 


(« XT ) 


A 


Hinc rursus ( 131 ) patet ratio obtinendi valores 
mtegral mm veris proximos quantum libuerit : hinc 
quoque commoda profluit methodus varias functiones 
m seriem evolvendi , si nimirum, per integralia defi- 
nita exprimantur. Sit v. gr. in seriem evolyendus 
arc[sin = x) : sume (123) 


are 


( sin sss x) ss= f - x ~ 

J |/[l_x a ] ’ 


ac pone x> — 1 e t <1- ; habebis (244. ex p. 1.«) 
1 


|/*[1 — x a ] '**) 2 — 1 H — -+- 


3x* 

IT 


3.5x" 2.5.7x® 


2.4.6 


2.4. 6. 8 


■+■ . * 


Quccirca 


arc(sin=x)=x -+• — * 3jr 3.5x 7 3.5.7x 9 


Pass III. 


2.3 2.4.5 2.4. 6. 7 2.4.6.S.9 
11 


+ .... 
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134. Sint nane x , y binae variabiles independen- 
tes : erit (32) 


r x r x r x 

J A x fi*#)* 1 *. 


*o 

seu (128) 


Ajf r f{oc y y)dx ess s lf( x > r -+- A;) — 
x, x 0 

r x 

{( x >7)^ dxr =l byf{Xyy\dx. 

J x „ 

Adbibita divisione per /3, ac dein facto ad limites 
gradu , Rssequemur (6 : 40) 


X X \ 

<4/ A x , y)dx = J dyf{x , y)dx , j 

x + 

d f fi x > f) dx 


} (a WM ) 


djr 


/ 


d f( x * y) 


x 9 dy 


dx» 


E secunda (a XTn ) intelligimus aequationem 

f ft x » yy x = *(* > j) 


importare sequentes 


/ 


d f(x , y)^ , y) 


x a d y 


dy 
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„ d S d r' ' 


el cael. ... 

• / x„ W v " 

unde' (132. a xil, )‘ 

r d n fjx,r) cPX (* , jr> 

J • rfjr ~ d y n ' + “ G 

Sit v. gr. f l&i j) — — , habeamus H24) i 

. ar.T s ' 

/»*■' v 1 j, 

J ' ^r r ~ ***■ » = ]/y arc ( ten * 5 = pH ; • 

quoniam 

— ) <£,*r — L_\ 

^ a -t~y ' -t ) wy 2 

d J (* a -+-JK) a ’ “(«M-r )* 7 


rf*C— -) 

_V-hr / 2.3 
djr 3 ^ (**-+^)* ’ *’* 

erit igitur 

r* d 'X 4 ~) . 


d n (~~) 

v * a -f-y 2.3.4...»- 
<//* ' 


r >*'+/ y . r 2.3 . . . ndx 

J — dx r= =fc / 

df ‘o <X* 

d"(~arc(Ung = ^.) ) . 


Digitized by Google 



164 

Adhibita a pro y , ex hac formula eruitur 

/ dx 

(x a ■+- a)' 1 * 1 ~ 

da' 1 


C; 


2<3 • • • fi 

et simili modo possunt alia plura integralia deter- 
minari. 

135. Est (127) 

djr J f{x , r) dxdy = f{x , y) dxdy ; 

Jo 

insuper ob primam (<t* TU ) 

r x n? r x r r 

dyj J f{x , y)dxdr=J d r J f(x , y)dxdy. 

x o y* x o y o 

Itaque 

X -y X 

dy f J f(x , y) dxdy = f f(x , y) dxdy ; 

y 0 x o 

et facta integratione quoad y , 

oc y x 

f f A x i y)dxdy= f J f(x,y)dxdj,.{a xylH )» 

x o y 0 y o x o 

136. Notentur haec duo : 1.° si z exprimit datam 
functionem variabilis x , poniturque valere aequatio 


p X n 

J ztp{x)dx =* 0 
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utcumque cacteroquin' se habeat functio indetermina- 
ta <p{x) > exsistet necessario z — 0. Nisi enim exsi- 
steret z — 0 , cum liceat ab x = x 0 ad x=x n sic 
assumere <p(x) ut z et ipsa f(x)- vel eodem vel con- 
trariis signis constanter afficiantur , profecto nihil ob- 
staret quominus z<p{x) ab x =t= x 0 ad x = x n fieret 
quantitas vel constanter positiva vel constanter nega- 
tiva : tunc vero facta z<p(x) = % (x) , integrale (129. 
a vuq 

f 't (xyix = (X„— X 0 ) 1 (xj 

non esset generatim = 0 , neque proinde evanesceret 
generatim J' ztp(x)dx ; quod cum sit contra hypothe- 

x o 

sim , exsistet necessario 2 = 0 . Idipsum verum erit , 
etsi habeantur p(x 0 ) = 0 , <p(x„)=0 ; adhuc enim in- 
tra x 0 et x„ poterit sic assumi <p[x) ut z et ipsa <p(x) 
vel eodem vel contrariis signis constanter afficiantur. 

2.° posita f{x , y) = J' <p (x , y) dy , exsistet 
J Jo 

(1S2) — 'Pi* > y) : cura ig*tur (70. g\ u ) 

£((/(*. 


Jo 


erit quoque 


Uif > yVr ) ) — / 8 ( W x » y) ) Kr* 

y» y* ■ 
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»E IKTBGBATrOlfE BirrEHEBTIXttOM XtCEBUiUCOBUM 

EK UJIICA COALESCENTIUM VAItSABXLI. 

137. Diffcrentiale f( x )dx ■ dicitur algebraicnm 
quotiescumque functio f (x) erit ( 3 ) aleebraica po- 
terit autem f {x) esse rei rationalis , v« irrationalis. 
Si fix) existit rationalis , decomponetur /(x) dx in 
plures termines {71} > ^qui sese exhibebunt sub aliqua 
ex liisce formis 


bx n dx bdx (a b\T—\ )dx 

’ x - k * {x- k f ’ x ^k^ h \r~\ ’ 

(a =¥= b\f — 1)<Zx 
■{x — A =f= 

denotant b , a , k, h constantes realesqne quantita- 
tes » et n numerum integram. Jam si terminorum sin- 
gulorum habeantur ‘integralia , erit (122) in promptu 
integrale ff ( x ) dx : illorum» vero terminorum in- 
tfgralia sunt (123 : 124) 

/bx n dx = 

71 — f— 1 

r 1 bdx • 


x — A 

/ bdx £ 1 

fx — 

/ 


* U , 

(•*' — A)'* (n — 1 ; (a; — A- /*~* ’ 

(« =p; Z>J/“ — 1 ) ^Zx 


x — A =p /ij/" — 1 1 v - ' 

r ( a ap £J/~ — 1 ) Zx — A =fc /sJ/~ — i ) Jx 

y _ k y h% 


Digitized by GoogI 


167 


( i=fca|A— 1) / (x _ k) , k . = 

$ (a =*= i}/"^ ) L [ (* — *)’ •+• •+■ 

(Z, s±: a\f —7) arc{tang =—£—■) -1- C > 

r (a =p b\T — \)dx 

[x — k =f /*J/" — 1 )" 

rt =T=! 1 * i 


(» — 1) {x — k ^h\/ r — 1 
Sic v. gr. 

/ x u dx 




j" ( x* -4- 1 *+* 


1 


1 


2(x — 1 ) 


x 

3 


1 1 — x 

— l( — r 

4 1 -4- x 


2(x •+* 1) 

t-C, 


)dx z=z 


r dx _ r , 1 _-± 
J “ J ' x 3 x 


1 


2(x + 1) 


*) = gL( 




2(x— IA— 1) 

C. 


1 -4- 1 _j_ 

x’ 2x a 


138. Functio algebraica /'(x) sit irrationalis ; pote- 
rit adhuc adhiberi tradita methodus (137) , modo sese 
offerat ejusmodi relatio V.[x, z)= 0, cujus ope de- 
ferentiale f(x)dx transformari queat in aliud ratio- 
naliter expressum per solam z • 
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I.* 


fi*)' 


Exempla. 

. I 

(i—x n y-[2^^ n 


9« 


Relatio 

(wy 

unde 


' = i praebet 


I—*'», tt-*")*** _ 

jr“"*** 




seu 



*»" (1-~x’‘)dx * 

* n— x"r * — x «i«.i = 


i 

Z 



1 — 


Z 9 ' 1-1 * 



</x 

0— *”VC2x n —l] 


z' n 1 ** 


n." /w=£ C *s 

v axe -f- £ ' * 

i 

/ a?jfc -+- &> -? 

' axe -+-5 ^ » : * • • J - rC ~‘ i 


denotant p , q , . . . numeros integros , 
quemvis , f functionem rationalem» 

Assumpto numero integro m ita , ut 


c numerum 
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m 


p : 9 

eiutant numeri pariter integri, et facto 
a'x c H- b' „ 


axe -f- b 


■» 33 z 


ac proinde 

b' — bz m 


X C S5S 


az m v-a 


* — rnt^jal — aB')dz 

t r -/'--W .f\n 


proreniet 


c(«i ra — «')• 


» t 

II P r . .. -e 


fr,c / a '* c -+-b' * . a'x c -+-l>' ' 

' ' ax c -4-b ) ’ [ "axc-^b ^ » • • • 1 * e ~ l dx ea 

c{az m ~a') % f a' ’ ^ ’ * * •] <**• 

•'H 

Sic dato 


x n ~’ dx 


an 

( 1 — [ 2 x n - — 1 ] 


i \>. L 


erunt c=n , pt=2n , a= 0 , b=i , a '=,2 , £'=— .1 
et assumpto m=2n ut «it m'= 1 , exsurgent 

**» — 1 * 


an 




a» 


1 ], - 

• f 1 ~ *") K‘[ 2* n — 1 ] 

III - 0 /V) = 

f (x , |/*[ (a* -*- *)»-*_ ( a 'x 4, &') (a"* 
.Relatio 
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(a'x H- b')x * — 2 [ax •+- 5 )Z •+- b") = 0 

suppeditat 

ax-\~b-h\/' [(ax-\-b)*-+-{a' x-\-b'){d' x-\-b") 3 

Z a!x-\-b' * 

\f [ (ax -4- 6)* -f- [a'x •+- b') (a"x -1- b") ] = 

. 2 bz — b'z*-+-b" 

<° *-t- b ), - (a* •+- i) , * = • 

2 ({ab' — a'b)z , ’+-{a"b' — a’b' ! )z~hab" — ^"bjdz 
{a'z f — 2 az — a")* 

Quibus positis liquet formulam 
f ( jc , \\f [ (ax -4-6)* -4- (u’x -4- b') ( a”x -+- b") ] ) dx 

posse rationaliter exprimi per solam z. 

Fiat 1.° a=0 , b= 0 ; X® a'=0 , i — 1 , 6=0 ; 
3.° a'=1 , a=0 , b'—Q. Erit in 1.° casu 

l f [ (a'x -f- b')[a"x *4- 6”)] 

Z := — ; — » »*■ — ■ , et 

a x H- b 1 


f ( x , l/~[ (a'x -4- b') (a"x -+- b") J )dx = 

2(a"b' — a'b") _ r f b"—b'z * (a'b" — a"b')z w 

l («V— «")* Z ( aV— a"' a'z*—a" ***’ 

In 2.° z = aa? -4- -4- nar -4- 6''] , et 
f ( x , J/” [a a a; , -f-a' , x-f*»6"] ) dx — 

2 (az* -4- a"z >4- n6") . z* — 6" «z*-4-o"z-f-«6'\ , 

(2az a”f f -2az-+-a" ’ 2*z-W' * 

In 3.° , assumpta a 1 ' negative , 

6 -4- l/*[6* -4- 6 r 'x — *"**] 
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2(£z , -t-&"z — a"b) e 2bz-hb" bz^-hfz—ba!'^ 
i: (* a W')’ ’ ( z*-H»" ’ z a -+-a" '*** 

Hinc v. gr. < ' • 

dx 2 dz 

] a'z* — a" : f 


'1 dz 


dz 


7 ,). 


i*— V14 *-t4 , 

dx 2dz ' 1 dz 

\f [a*x*H-a'4x-+-.6''] = 2az-t-a r ' ~ ^ ’ 


2 a 


dx 2dz 

J/1&* b"x — a"x*] z*H-a" * 

et consequenter 


/ 


dx 


[/” [ [ax -t- b'){a"x -+- £") ] 


> V^[ a " x -t- — p[/" [«'x-t-£'] 

—U L ( i )+C, 

V a ' a " V[a"x -+- i'']— 


/ ax 

| / - [flV+o , 'z + i ,, ]'‘ = 

L(a*x A a" -4- «[/" [n a x a -+- rt"x •+- 5"] ) 
a 

p dx 

J /{b* -+-b 'x — a"x’J = 


■+• C , 
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p^arc(cot 


b \T{b' -4- b"x — «"x'3 
a" 


)*4-e. 


DE IRTSGRATIORE BIROMII DTrvKRERTIAWS TRADUCTA 
AD (ITT E GRATIOR EM ALIORUM EJUSDEM GERI&IS 
DIEFERIRTIAIrlUM. 

139. Formula 

x* (ax* -H bj 1 dx (g ) 

vocatur binomium differentiale : fiat ; vertetur 

( 8 ) in 


^4-1 

1 1 

c 


{ay -»-£)* dy seu , facto 


k -+- 1 


-1=r , in 


—y r ( a y -\-bfdy... {g’) : 


itaque integratio formulae \g) traducitur ad integra- 
tionem formulae ( g '). Si m , n , p denotant numeros 

integros , sintque vel r = =fcm et h e=dfc — , vel 

P 

Tb fi 

rT=l==fa — et h = ^=m , vel r = tfc — et A a 

P P 

=fc m — - , poterit (g') rationaliter exprimi : etenim 

satis erit ponere in primo casu ay -4- b s=a zP , in se- 
cundo j t= z p , in tertio y = (oj- •+- A) zp. 

140. Integratio formulae (g 1 ) traduci potest ad in- 
tegrationem aliarum quarumdam formularum : fiant 


1 .° 


t 


: : (_£ 

a(A-MH-l) ay -+- b 


) , t=(ay-4-b) f t+r*‘* i 
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3.° s = L.J aj+bf’*’"** , t =* ( ; 

A(r-hl) ^ ' ay~+-b' 


4.° <sa — 


A(A-+-1) 


_ / gy-t-b ^+x 

9 1 = k “ ~~' m J 9 


5 -' ,= ^X)’ 

r- 4 -i ^ 

erit seraper xt<iL(t)==^ r (rt/~f-i) A ^ : et quia (125.«'") 

/ rf</L(t) oc st — fstd\j{s) . . . (g' 1 ) , 
iccirco ex prima ac secunda positione emergent 


fjrr{ajr -f- bfdy 


y r {ay -4- A) A-4-1 
a(h -f- r -4- 1 ) 


' ‘t S .■ ' A '*-" ‘ 

fy r i a y -h £)Mr — r 

A *+- r -4- i 


ex tertia et quarta 
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fyr{ay -f. bfily 


a(h • 


■ 2 ) 


-+vl) 
fy r {ay ■+• bfdy 


r**‘ l {ay*-by***' 

- b[r-)r 1 ) y 

• ( 'l 

J jr*-\ay -y-bfdy, 
yV* v (ay h- 5 )& +I 

b{Ji -+- 1 y 


(g”l. 


ex quinta ct sexta i 


a(Ji 

fy r (ajr+-bfdjr 
ah 


-Jy r ~ l \aj -+- bf^dy , 


_ y r *' 1 \ a y ■+- b)h 

r-f-.l 


(S y ) 


- fy^iciy - 4 - £)*“’ dy . - 

Sive r , A sint ambo positivi , sive ambo negati- 
vi , sive alter positivus alter negativus , paululum at- 
tendenti patebit , ope formularum [g'") , (g ly ) > (^ v ) 
traduci posse JjFtfly -+- l>i l dy ad alia ejusdem gene- 
ris integralia in quibus exponentes quantitatum y et 
v.y -I- b haud praetergrediantur limites 0, — 1« 

Ut istarum formularum usum binis declaremus 
exemplis , sit 

dx 

\ ,n 


\ 


L ’ fi 


0—0' 

h e= — m j a = — 1 , b 


eruut k s=a 0 , e = 2 


1 , r = — 3 ; hinc 


/ 
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ol> secandam (g tT ) 
f dx 

J fi—x*)"* 


0 

J* 


■ 4 Jjr = 

* 

• » , ; ^ 

2rn — 3 


2{m — 1) (1 —yY*- 1 4(wt — 1 ; 


JfMi—yY-^dy , 


seu 


/ dx 

(1— *■*)" ~ 


( t — *•*)" 2 (m — 1 ) (1 — a 9 )»'- 1 

2m -—3 f* dx 
2 K m— 1; (1 — ar*)« U| * 

/(i' = 2(m - 2) t T-Pr^ - 

2rn — 5 C dx 

• — / — ; 77=— , et caet. 

2(m— 2/ (1 — ac*) 1 

Ex quibus patet , si numerus m est integer , tra- 
duci posse J' — jjj ad J dx = ar 4- C. 

(1 x ) 

r x m dx ” 

II, 0 / — : erunt e=2 , a ~ — 1 , 4=1 , 

w — 1 

fc=j7i , 4 = — ^ , r=-y- ; ideoque ob primam (g'") 


m 


-v jrt-3 

■+■ 'Sr/- 7 9 


ff* 
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seu 


/ x m dx a mp ~ x { 1 — x* )§ 

Fir-x-r * — 

Ttl 1 JL 

-fsf^iA—x •f S dx^ 

— x’)^ 


m 

_ r x m -Vx 

Rursju / -s 

47 /[1 — **] 

m — 3 r x m-1 <ir 

- / 77*— — , et eaet. 

m — 2./ |/[1 — x*3 

Itaque si m est par , traducetur f • f ’'? X — a d 

^ ^ [1— x’] 

/j 7 [ 7 =?l= orc( "" = *)-<- C ; 
si impar , ad 

— Irti—n+c. 

Ex modo dictis manifeste profluunt 

r‘ x ,n </x 1.3.5.7...(2n — 1) 

^ o ^[l— x s ] 2.4.6.8...2n ^ 0 J/~ [1 — x 2 ] 

1i3«5*7f##(2a*“i) 7T r* x 9n, **dx 


m — 2 


2. 4.6. 8 ••• 2/» 

2.4*6.8...2rc Z'* .rrf,r 


■/ 


2.4.6 2 « 


3.5.7.9*..(2»-+-l/ „ Vfr—x 9 } 3.5.7...(2n-+-1) * 
et quoniam , vergente n ad lim, e= «0 , est 
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r* x* H d* .. r 

lnn. h — = Itm. I 

J 0 I/- 1 -CT* J # (AT 


* x" Wrl dx 


iccirco 


rr 

T 


A 

T 


2_ 

T 


4 

T 


4 -i 6 ' 

t * y 


6 

T 


8 

T 


DB I^TeonATlOl*e DIFFJEKERTIALICM COMetECTEVTUlM* 
FUltCTIONES TRIGONOM ETRIC AS 1,00 AR I T HMIC AS 

ET EAFONElfTIALES- UN1V* VARIABILIS... 


141. Integrale 


J sin ^x cosS.vdx ... (q) 

traduci potest ad alia quaedam ejusdem generis inte-> . 
gralia : nam facto sin*x==y , ac proinde 
i. i 

sm x=ay 2 , cai xr=( 1 —jr) 2 ., 2 sin x cos x doc=uLy , , 

j (l f 4y 

ax = - — ; — = — j — — — - proveniet 

2 sin x eos x ~ - 


1r V- yr 

a 


(?) —hJy % T 1 — 7 ) * d y t'-. 

i deoque (140. g 1 " . g iy .g y ) 

r . l „ . sin*- l x cosg+ l x 

J sin«cos&x dx =■ r- — 

k — 1 

/ sin*~*x cosSx dx , 

g +* r 

.. . , sink+ l x cos&~' x 

J sin*cos5x a x === - 


►.(?% . 




— i 


g-+-k 

Pars III. 


fsih k x cos8~*x dx , , 


12 -; 


Digitized by Google 



/ 


178 

J sin^x cosSx dx — 


sink+'x cos8+ J x 

Fm 


k-+-g- 4-2 

/in— 1 


f sin^x cosSx dx , 


. sink* l x cosS*~'x 

sin"x cosSx dx = — •. — 

• ff-M 

T | ^ , ry 

— 2 __ f sin^x cosS^x dx , 

S-H 7 



Jsin^x cos^xdx 


sin^~'x cosS^x 
g-H- 1 


k — 1 




- f sin ! ~*x cosS+^x dx , 
I 7 


sin^x cosS^x 

f sin*x cosSx dx — - 

aH— i 


§Z± 

Ah— i 


•f sin^x cos s ~*x dx. 



Integrale {q) traduci potest ope formularum [q'), 
iq"), (q" 1 ) ad alia ejusdem generis integralia , in qui- 
bus exponentes quantitatum sin x , cos x haud prae- 
tergrediantur limites — 1 , H- 1. Quod si k , g va- 
lores habeant integros , quisque videt ( q ) traductum 
iri ad aliquod ex integralibus cognitis (123 : 124) 

J dx , f sinx dx , f cos x dx , f sin x cos x dx , 


f- 

** a l 


dx 


/ ' sinxdx f cosxdx (' a 

1'flt T- ’ d r jn -Y- J c/j 


cosxdx 


sin x cos x 


dx 


COS X 


sm x 


. sin x 
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142» Facto £='0 in prima ( q ') necnon.in prima 
(q") , in hac insuper adhibito — k pro k , expurgent 


J sin^x dx = 
k—\ 


sinl- l x cos x 


f sinl~*x dx , , 


. J cosec^x dx = 

i 

k — 2 


C0scck- J x COS X 


k — I 


A — 1 


J coseck~'xdx. 


(?") 


/ 


Facto k => 0 in secunda [q') , necnon in secunda 
(• q ") , in hac insuper adhibito — g pro, g , habebimus 


J cosSjl • dx 
S — 1 


sin x cosS~ l x 


S 


J cosS~*x dx , 


fsecSx dx i 


sin x secS~'x 

s — 1 


(<7 V ) 


£T 2 

fsec&~*x dx. . 

g-' J 

Substituto — k pro g in prima (q’") et — g pro. 
k in secunda (q" 1 ) , exsurgent 


tangi— l x 

f tangi x d x — — J tangl~*x dx ( 

k 1 

f cofix dx = f cotS~*x dx. 

J g~' 


(? TI ) 
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143. Denotante n numerum integrum ac positivum, 
haud difficulter ex (q ir ) , {q y ) , (q vl ) eruentur pro n 

pari 

„ „ . cos x .. n — 1 , . 

f sin x dxa= [jm x H -rm *x -t- 

n n — 2 

(n-1 Yn— 3) ... 5.3 . 

-sui x]-f- 


(n-l/n-3) . 

■ -r-~sin n ~* x 

(n-2){n-4) 


(n-2)(n-4j ...*4.2 
(n — 1)(n — 3) . . . 5.3.1 


n{n — 2 ){n — 4) . . , 4.2 


G, 


J cosec n xdx 


cos x 


n — 2 
n — 3 


cosec n ~ 3 x *+■ 


n — 1 

(n— 2){n— 4) 


icoscc^' x -f- 


(n— 3)(n— 5) 
(n — 2 )(n — 4) ... 4.2 


CQsec' , ~' s x 


(n— 3)(n — 5) ... 3.1 


cosec i] + C, 


.. ,, , sin x „ . n — 1 

/ cos xdx = s [ eos x H — ■ — -t 

J , n »— 2 


(n-1)(n-3) , 

-COS n ~ i X . .. . -+ 


(n-1)(n-3) ... 5.3 

— COJX ] -f- 


(n-2)(,«-4)"” ' ' {n~2)[n-4) ... 4.2 

(n— 1)(n — 3) . . . 5.3.1 
- n[n — 2)(« — 4) . . . 4.2 ’ 

, „ , sin x _ . n — 2 , 

f scc xdx— [jec”"" x H ~ssc ,l ~ s x ■+• 

J n— 1 «— 3 

(n-2)Cn-4) (n-2/n-4) ... 4.2 . n , r 

-i — — ^ec n *x -+- ... H- — — - —sec x]-f~C , 

(rt-3 A /t-5) |/»-3)(n-5) ... 3,1 
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f tang n x dx 


tarig "~ 5 a- 

n — 5 


tang n —'x tang n ~*x 


n — 1 


n — 3 


, . . tang x =p x G 


fcot n x dx — — 


eo t n ~ l x cot' l ~' 3 x 


n — 1 


n — 3 


cot n 5 X 

n — 5 

et pro n impari 
f sin!' x dx — — 


*-+- » . . =fc= coi x :==: x -4- G . 


cos x - . n — 1 . _ . 

— - — £ tin n ~ l x H- — — -sin n ~ 3 x *+- 
n n 


(n — 1 (« — 3) . (rc — 1)(ra— 3) ... 4.2 

sin' l ~ s x -f- • •• • I 1 " 

(rc — 2)(n — 4) , (n — 2){n — 4).. »3.1 


J-+-C, 


COS X 


f cosec n x dx — — •~{coees nrml x *+. 

J n — 1 

n — 2 , (n — 2(n — 4) 

coscc’ t ~ 3 x M ~ cosec n ~ s x -t- . . • 


n — 3 ’ (n — 3)(»-*“5) 

(n— 2\n— 4) ... 5.3 


, cosec*x~\ -|- 

(n — 3)(r — 5) . . * 4.2 

(n — 2)(n — 4)... 3.1 1 

\nJ K n- 3)..:4.2 --2 L <‘“^T ) - , - C ’ 

n • JJ» x n 1 

/ cos x dx = [<?o.f n -‘ x H —cos nr ~* x -f- 

J n n — 2 

(n-lXn-3) . . (r-1X»-3)...4.2 i , „ 

- — — T~ cos x • • • • ■+■ 7 — ^ 77 — tt i ~7 ’ 

(n-2)\n-A) ... 3.1 
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n — 2 


/ sec' l xdxt= [sec n ~ l x H * — jec' l "' 3 o: -f- 

J n — 1 , n — 3 


see n " s x • 


(n— 2)(«*-4) • .. 5.3 
-K- — rrn — T. — jcc* j?] 


(n-2)(»-4) 

(rc-3)(/t-5) ’ ’ (n-r'5)(n— 5) ... 4.2 

(// — 2)(n — 4V.%. 3.1 1 7T x 

. — L (tane *{- — -H ) i 4- G , 

(/»-— 1)(« — 3). . . 4.2 2 k 6 4 2. 

tang' l ~ l x tang fl ~ 3 x 

n— 1 


J tang n x dx \ 


n — 3 


tarig n ~ 5 x tangnx . ± ■ . „ 

— • — . . . . d= — - — i L(coj*j:) -+- G , 

71—5 \ 2 


f cot n x dx = 
cot’ l ~ s x 


cot n ~ l x cof l ~ 3 x 


■f* . ; 


n — 1 n — 3 

: A L(jin a j:) C. 


n — 3 2 

144. Si denotat f functiohem algebraicam , poterit 
f (sin x , cos x) dx 

traduci ad aliam formulam , quae Omnino sit algebrai- 
ce expressa. Fiat enim sin x = z , ut prodeant 


cos 


X = l/~1 — z' , dx = 


dz 


1 — z 


: erit 


{(si/i x , cos x)dx == {(z , 1 — -z*) 

Quod si fiat cos x = z , proveniet 


dz 


Ki- 


fi [sin x , cos x)dx = — f(|/" 1 — z 1 , z)- 


dz 


1 —z' 
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Sic v. gi*. liaec ultima praebet 

(tx dz 

h -f-k cos x {h -H^)|/'l— z’ 


183 


Ad hi^c : redactis sinibus et consinibus arcuum mul- 
tiplorum ad varias sinuum et cosinuum arcuum sim- 
plicium potestates (157. 2.° ex p. 2. a ) , poterit etiam 
formula 


f ( sin x , sin 2x , sin 3x , < • • cos X , cos 2x , 
cos 3a f ... 1 dx 

ad algebraicam expressionefti traduci. 

145. In (a tv . 126) ponantur y=*\ , z=arc(sin=x) ; 

erunt 

X=x , X,=—l/~1—x’ , X 3 =—x, X 3 =J/' 1— x 2 ’ 

X u =x , X ff — — 1 — x 1 , et caet. ... 

ideoque 

f drc H {sin = x)dx = x.arc H [sin = x) -4- 
n\f 1 — x* .arc n ~ l (sin=x) — n(n — 1 )x.arc ,, ~*(sin=x) - 
n(n — 1)(n — 2^~ 1 — x*.arc' l ~ 2 (sin = x) C. 

Simili modo , factis y = 1 , z = arc(cos — x) , asse- 
queraur 

f arc n {cos = x)dcf= x.arc n (cos — x) — • 
n l/~ 1 — x*.arc n ~ l (cosz=zx)‘—n(n — 1 )x»arc n ~ a (cos=x) * 
a?* . are'*"" 3 (c os =.r )-+-n (n — 1)(n — 
2)(n — 3)x . arc n-4 (cos5=x) — ...-+- C. 
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146. In eadem formula {a™ .126) fiant y ■ = jc*., 
z = L(x) : erunt 


V Xk * 1 y * k * 1 v X ** 1 

*-+-i ’ ‘“(t^i/’ X *“7777»'*-- ; i 

titide 

rA*+-I 




(A~f~1) 3 


' nfn-DL^r) _ *»(»-»1X"— 2)L w -»(g) 

(A-t-1) a (A-t— 1)* 

w» 

n(ra— 1). .. 3.2.1 


(A-f-l 


-]-+-G. 


'147. Habemus (16) 

V~ . L(a) . , 


seu 


da lX a X V ' 1 =L(a).(/i-+-A^/ r — 1 )a X A X ^~ S dx ; 

k 

et consequenter 

Ax Ax^t^ 


r hx Axi/ 4 — -i" , <* a 

Ja a v dx = — 


C. 


(A-f-A^/* — 1)L(a) 

Jam si in (a ,r . 126 ) fiant y*=±a lX a (X ^ ^ , 
prodibunt 


r=x 
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^ /ixAxl/— ? hx luu]/^ 

w a a r a a v 

A — _ y X,' — - — ■ f 

— 1 )L(a) (&H-AJ/'— 1)»L’(a) ‘ 

hx kxlf — 1 

Y a a v 

A» — caet» . . . ; 

— 1 ) 3 L 3 (a) 

unde 

//A^ t ,„_ 

(A-+-AJ/"-— 1 )L(o) 

n — 1 , .. n — 2 

nx n{n — IU- 

— — . . _ # 

(/H-AJ/"— 1)L(a) 

=fa — I — _L_ ] + C. 

(A-4-A/— l)“L» 


DE INTEORAJLIBUS VARIORUM. OBDINUM SPECTANTIBUS 
FORMULAM f(x)dx m . 

148. Habemus (134. a xvu ) 

d s f (x—yTf{j)dy = f* d x {x—)) n fy)dje= 

Jo J 0 

r y . 

n J ^—y) n '~'f{y)dydx ; ideoque (135. a xv,, ‘) 

Jo- 
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- x rY 


f f { x h r ) n ~ I t^) d Y dx ==— f (x-y)"/(^Xr; 

Jo ■ Yo 

et facto n = 1 , ) (0 

f f fir) d i dx —f (x—y)f{y) d y : • 


Jo 


.To 


quae formulae (integralibus quoad y sumptis ab < j 0 =a 
ad > /=x) poterunt ita scribi 


f ' f ( x ^y) n ~’f(r) d J dx —]: f ( x ~y) n f(j) d j> 

X 0 X 0 X Q 

ff f[y) d y dx — f i x —j)f(j r ) d j‘ 

X ■ «37 A X n 


KO 


His positis , fiat 

d m z = f(x)dx m . . * (i") , 

ut determinetui' z : potest (i") exprimi in hunc modum 


fJm—i 7 


hiric (132. a"«) 


d m ~’ Z 


-~—ff( x ) dx — f -+- c 


dx m 

seu , quod eodem recidit , 

X 


(n 


dx m 


—=z Jf[x)dx = f fij) d J -f* C ; 
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facta videlicet integratione quoad j ab y 0 =x a ad i /=x: 
et cum liceat secundam (t ") ita scribere 

d( l^ ) ^ f fyVjdx 4 - Cdx , . 

x o 

erit insuper ob secundam (:') 

d' n ~ a z \ 

> (*'")• 

X l 

/ V— y)f\r'Ay ■+■ c (•*•—■ ».) *t* c, \ 

Rursus (t ,v ) potest sic disponi 

r x 

J {x—j)f{j)dydx -+- C(x—x 0 )dx ■+■ C,dx ; 

unde ob primam (£') 

’ d m ~*z 

X*V*'=* - 

k f (x—rYf(y)4y -t- 

x o 

Simili modo 
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dxf' 


■y»*=r4r. /WKrXr 


•1 


1>V -J ( x — a 'o) , "+- •^^(* J —ir # )"-+-C,(X' — J^eiH-Cs 

Ct CciuU i t '• 

dz 

-j- — fj . . . f[x)dx m ~ l t= 

1.2.3 . .’. (m-^ 


1 — 2) 

C, 


(x-x 0 ) m "'*-*- 


C, 


, (x-x 0 ) m ~ 5 \ 

1.2.3...(w — 3) v /( tVI ) 


(j7““ J? 0 )"‘ * ■+■ • • • *4- C m _, > 


1.2.3...(m — 4) 
atque ultimo 

z = J f f ... f[x)dx m =s 

«i 


1.2.3...(m-1) 

C, 


(ar — x 0 ) m— *■*■ 


1.2.3....(m— -3) 


1.2.3. ..(r»-2) 

(x — x 0 ) m “ J -+-... -4- C 


{x-x o y~'- 




149. Expressiones 

dx m ~ l J f(x)dx , dx m ~ a f Jf(x)dx' , 
dx”*"* J J jf(x)dx i )••• f J f » • • f[x)dx 


Digitized by Google 



189 

dicuntur integralia indefinita formulae differentialis 
f{x)dx m , primi , secundi , tertii , . . . m ,! "“ ordinis : 
quod si sermo sit de integralibus definitis , , dispare- 
bunt constantes arbitrariae C , C, , C, , . . . C m _, er 
formulis [i") , (i ,v ) , (t v ) , (t VI ) , eruutquc 


-X „x 


f J f[x)dx*= J ( x—j)f{j)dj , 

*o x o 

y JC X j X 

(x-r)'f(y)dj J 


/ 


et caet. . . . 


„x 


f f f •••l\x)dx m — 

X 0 x o' x o 

4 JF N 

— — / {x—yY-'f{j)dy. 

““I y * * j. 


(*' v ") 


Sumuntur autem in secundis membris (j vn ) integralia 
quoad y ab y 0 =x o ad y"=x , ideoque 


f {x—y) m - t f{y)dy—x"'- l J' f( y)dy — 

X X Q 

m — 1 n x (m — 1 )(/» — 2) 

—y~ x ' n ~ J yf &)<&+-• — x"‘~* X 

x 0 

• 1 v 

X X 

f j*fiy) d y — • • • * f y m ~'f(r) d y : 


existet igitur 
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x o x o 

*% x m — 1 r' x 

f Ar) d J — i — xJn ~'J yf&Y? • + - 

•*o *0 

-y. 

=*= f y m ~ l f{j) d j 3 • • • (* V,M ) i 


seu , quod eodem redit , 

»r r h 

/, f x f x , X 

•^O ^ o ^ o 

/ r j 

— x m ~ 2 J xf(x)dx -+- 

Y x . f(x)Jx 

,.2 ■/ ,. 

- X 

=t= y x m ~'f(x)dx ] . . . (i ,x ) ; 

acceptis in (i ix ) integralibus omnibus quoad x . 

150. Exprimat F(x) peculiarem valorem a , aptum 
videlicet aequationi (i") adimplendae ut sit 

F D(x)=f(x) . . . (i x ). 

In (i'") , (t ,v ) , (£») , (i' v, J substitutis FC ,n -)(x) , 
d m ~' 2 d’ n ~* z 

F^-»)(x) , pro , • • • et facta 
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ici,, exsurgent (132. a x ") 

Ct=F('““’)(a? 0 ) , C, =F( m ~ !1 )(x 0 ) , . 


F '0O> C m _, s= F(x 0 ). 


Quare postrema (t VI ) evadet 
F(x)=F(x 0 ) -f 




(x X 


\ 3 

o 'i 


F '"( x .)- 


1.2 

(x-x 0 y - 1 


F» 


1.2.3 - '” 0/ ' - ' 1.2,3...(m-lj F(m " ,> ^ X< '^ 
1.2.3 / ^(»-1)"-™^^ 

V 

jet assumpta x 0 = O , 

F(x)c=F(0)+4-F'(0)^^-F''(0>4-^-F w (0)-k, 

1 1 • u 


(*') 


x m ~ 


1.2.3 ...(m — 1) 


F( m ~')(0) • 


.♦ii 3 


X 

f {X— ■ t y) m - l F(. m )(j)dj 


1.2.3 ...(m — 1) 

In secunda (i* 1 ) substituatur F(x-4-5) pro F(x) , et 
in formula inde proveniente mutetur o; in 3 , ac 5 in 
x : emerget 

F(.r-f4) c= F(x) -f- F"(x) ■ 

i 1 


o’ n ~' 


w , . „ -F( m-I )(x) -f- 

1.2.3««. (m — i) ^ 

» 


(*”*) 


Digitlzed by Google 



192 


Hinc (23. 9 ™. < 7 ™ : 25. < 7 * m . i? x,T ) 

1 ' J 

- / = 

1 '1 ) *'■ 

o 

A™ 8 m (1 

Tszzr***- 1.2 


1 


1.2.3...(m — 1) 


X 

J' (x — = 


,"Yl e'Vn-1 

— F n:ex) = - > --- — F( OT )(s'x). 

1.2.3.../» 1.2.3m.(w— 1} 


DE INTEGRATIONE BIFFERBNTIALJXM PLURE* 
COMPLECTENTIUM VARIABILES. 

151. Quaeritur ejusmodi functio ju, variabilium in- 
dependentium X , y , z , t , . . . qua satisfieri possit 
aequationi . 

d[ix=rfix ,jr , z , t , ...)/&c-Hj>(x , y, a, «, ...) j 

/ (oj ^ 

^'x ,jr,Z,t, ,..)dz-\-^{X ,jr,Z,t , 

seu , quod eodem redit , aequationibus (45) 


d IX 
dx 


d[i 


f(«U > J , z , <p,X. J z, t , ...) , fi) 


df x 


dt 


yj,x , z , t ,...), et caet. . . . 


Ut determinatio functionis fx sit possibilis ( quo 
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in casu diffdrentiale (&) vocatur exactum, ) , explendae 
sunt (43) conditiones sequentes 

df{x | y . 2!*-) t y • ••) .y y t Zy t y «««) 

djr dx 

y .••• ) >x> *> * , •••) 

dz dx 

df(x, y, z , t, . .) dX(x ,y,z, t , ...) 

dt, dx 

d?[x,jr, z, t, ...) __ dtp(x , y , Z, t, ...) / (£") 

dz dy 

df(x ; y. , Z , t , e?Z(.r , y , z r t, ...) 

d^x ,y,.z, t, __ dX{x, y, z , t,.„) 
dt dz. 

et caet. 

quibus expletis , ac denotante v, functionem variabi- 
lium y , z , t , . . . , quoniam satisfit primae (&') per 

oc 

f 4 — f A x iX> *>.«> •••]dx-hv 4 , 

x c 

haec autem praebet (134. a xvn ) 

^ a _ p x df(x, y, z t-, «.) 

J _ ' 4_ 




rfv . j x d?(x, y, z, t, , . .) ___ ^ 






dx -f- — — : 

dy 


dv, 

*> — ?(x 0l y, z, t, , 

Pabs III.. 13 
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iccirco «i ponitur 

d'j, 

?( x o > y » z > •••) — o , 


d y 

et consequenter 


(if 

= J ?{ x „ >y> z , 'Yy - 4 - V, , 


Jo 


«erte satisfiet primae ac secundae ( b ' ) per 


x 

ft= y* /(Xjjr, z, t, ...)dx - 


0>”) i 


rJ ' i 

J f( x > >y> z > 1 » • • -Yy -4- v, 1 

y* 


exprimit v, functionem variabilium z , f , . . . Praete- 
rea ex (&‘ v ) 


dfl n x df(x , y , z , r , . . . ) 




-/ 




dx i 


'/ d<j/x o ,jr, Z, dv , 

31 J *~^u 

y o 

' X d<J/x , y , z t t j m m '^dx 


/ 




dx 


f 


d ^ x o > y, z > *>•••), dv * 


y . 




dy 


dz 


<K x ,y> z > *> •”)—'K x *>yo> z > *> «O-*- 




efz 
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Quare ( si ponitur 

dv , . 


195 > 


dz ■ 

et- consequenter 


>/»>,*> •> 0 = 0 ,, 


v »~ f +(*<>) So , * , *> .,,)dz.-hv 3 ,. 

J *o 

profecto satisfiet primae, , secundae ac, tertiae (&') per 

3C 

i L= f » y > - z »■*» • ••)«?■* -* 


fj ?(*„ >>>*>*>•• .0<(r •+•- ; (& v ) ; ; 


JKo 


r 

J ^«i ( ro) j > ! i»'^ + v 3 

z o 

exprimit Vj functionem , variabilium, t , . . . .Rursus 
ex , (£T) 

rfjx r x ^f(x , jr„ Z , t , . . .) 


dt 


-dx •+- - 


/ 


'J d<p(x 0 , j, z , t, . . .) 


J 0 




4r 


i 


d<p(x 0 , y 0 , r , t , . . .) j . 

_ dt , dt . 

■‘a ■ 


/ 






z/zr 




I 
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/ 


<Y dX{x 0 . , y , z , t , . . ■)' 


Jo 


djr 


d Y' 


f 


' z ^ x o > y* > z > * » • • *) _ 

, dz dt 

z a 

* <fv, 

x(^ > J" > * > 1 > •••) — X(*o > r» > •So > 1 > •••) •+• 

quapropter facto 
dv 3 

ae proinde 

r t 

vi = y z(», , j- 0 > 


haud dubie satisfiet primae , secundae , tertiae et quar- 
tae ( b ') per 


ft f(x yjr, *> 1 t •• ■+• 

f* <K x o >y> z > 1 » • • •+* 

Z' «f^o , y 0 1 * > * > • • •+■ 


(i v *) , 


«0 

t 


f Ax 0 >Joi z oi * > «O^H-v* 


atque ita porro ; denotat v 6 functionem caeterarum 
variabilium post f* 


i 


Digitized by Google 



197 


Hinc si proponitur 

dp=f(x ,y , z)dx-Hp[x ,y , z)dy-h-6(x,y, z)dz~.(6* l, ) t 
adimpletis , 

d A x » JT > *) _ > r » •») df{x,y, z) 


, y , -g) >jr > *) > *) 

dy 


dx 


dz 


( 4 vm ), 


erit 


p-~f A x > J » *>*•* -i - f ?( x a >y, z)dy+- 
x o y* 

r z 

J i<*o,yo> z)dz-i-C. 

z o 

Item si datur 

d{ivstfjx , 7>/x -+-<p(a: , ,7X7 •« • (& x ) » 
«xpleta unica conditione 

df{. x , 7) , y) 


(*“)• 


erit 




r 




e-/ f(-* > .rX* •+- y f( x * , 7X7-+-C ... (i xn ). 

. 7 . 


x„ 


Ut rem binis declaremus exemplis , sit 

I.“ dp. = : habemus ^ 


X 3 


«?r 


; * ^ uia {Ui) f x ^ x ’ ? )dxx!S 
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f ~ '*<t*ng W ~)—ar6{tang = , 




. / J fi x o , yW — ~;f ;-a^(co£=^)— 

« .To 0 ^ *• 


arc(cotr=^-) tss arc(tang t±s — - 'y~arc[tang = — ) 1 

vJT 


e=±=— ^ 

a 

erit .igitur 


\r, 


‘ [A — arc(tang e=s — ) -f- C. 

y 

H‘* rf/x — ( 2 ^* n- 4 az a x 3 )arg?x 


3/ ■+- 2x' x jydjr*+. (4z* -+- 2ax* 


ii 




— )zdz i 


Labemus jgf Ha-v = . 

dj a ^ t<J« 


**/(•* > r * *) 


dz 

y* 


=e= 8 ax 5 i = 


d^(x , y ,~z) ’dff[x,y;z) 


dx 


><dz 




^(x ^ ,■*) . 




-{“et quoniam 


A* > JK j zya^=x>*-H*x ft z*— a: 0 ’j’— aar 0 *z* , 

J tf* 0 ,y, ~*)dj — y * H-lAr’ - 4 - z a ] +'z B y- 

jr. 

k r Cr # ’-+-z’]— r 0 , —^ 0 >o* » / <K«* 0 »><» »‘*y* = 
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z 9 -+- ax h z' 4- \Tlj a ' 4 - z*] — z a * — — 

J^tro'4-*» 3 ] > i^o 

[X , = xy -4 -ax u z 9 •4-j 3 «4--s < ' "+- z’] 4- C. 

152. Designetur nunc per V quantitas coalescens 
e functionibus v , u , s , . . * variabilium indepen- 
dentium .r , y , z , » . . et e respecti vis differentialibus 
dv j d 9 v ^ v f du u y * * * d u y ds y d s y . • • 

J rt ,r , et caet. . . ,ut inquiramus in conditiones adim- 
plendas ut V suis gaudeat integralibus primi , secun- 
di , ... n , * m * ordinis. Haec integralia vocentur S, , 
S a i S, j» . . $ /t ut sint ^ 

Vi/S, , S=JS, , S t =dS 3 , ... S„_^5 n ... tf«”) = 

certe in S, liaud invenientur d n v , d n ii , d n s , ; 

in S a minime reperientur , <4'~'n , d n ~'s , ... ; 

atque ita usque ad S„ , in quo nullum continebitur 
differentiate. Veniant primo considerandae quantitates 

Y , S, : factis 

dvT=v t , d'v — y, , <&v = Vj , . . . 

= «, , = u n | = u» , . . . 

ds = j, , c£ 3 j e= s t y d 3 s = »| , . . . 
et caet. ... 

ut binarum V , S, altera babeatur pro functione va- 
riabilium 

V » v t •> v * > ••• v h » u * u i ’ u a ’ u n i f i f n *> l *" f /» » 
Ct Cft6t* • • • j 

altera pro functione 

A 

Vy Vyy y a ••• */,-.» 1 U » U « 1 u t »*•* u n-« 1 1 1*1 5 y i » ••• # n-*» 
ct caet* • » » j 

licebit primam (4* m ) sic exprimere 
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*S ^dS . 

——dv •+■ - — dv — r-</^ a 
a»' a*», dv„ 

d: S,., -dS,., <*S., 

+•’ ■ uU “4- -7 — clu M '~h- 'Clll a 

du du , m 4| 

e?S, ' </S, <iS, 

* — p-aj H : — «J, «■+--; — 1 

aj aj, a^„ 


as, 

'ST - **- 

^ K /l— I 

vs, 

ds^ 


ds 


n— * 


seu , eb (6 I,V ) , 



rfS. «/S, <£5, 

_ — w, 4- -p— * — 

a^ t OMji ^ ®^n-i 

<£S, , «£S, </S, 

■j— ”+* , 17~ u * “t“ •■ » • ■+* j — “ 

<*s, ^ <* s » ^ ^ <s, 

ds i ds * * 


et differentiata V successive quoad v , v, , . . .v n , u , 
u, , ... u n , s , s, , ... , et caet. ... ., prodibunt (43) 


dv ,dS dv dS dS 


dV ds, .d S,. <A T dS, 


dS , 




ay a ' ’ 

dV dS, 


dv dv 

* r n-i i 


rt~i 


aij,£. rfs - 

W_ ‘ ’ ■!■ 


dv n dv n _ , 


(*”) 


Digitized by Googl 



£v as, ?L- a JL+ d & 

du du ’ du, da du, 1 


*!.=,£!■+ d(2hj, — 

du a du t ' duj du a 


du 
dV rfS, 


du a 


dV 

du„ 


d, JS "> 

dS. 


2fft 




*rv~i * 

et caet*.. 


ds, „ d h_\ ( £L~ 

du„^ m du n _ t * du n du 


Quod ad (& xv ) pertinet , subtrahatur differentiale 2 M 
ex 1." ; erit 

ad hanc addatur differentiale secundum 3 ae ; proveniet 

T r - d &} + d '$= d '&‘ 

cui si dematur differentiale tertium 4 ae , exsurget 

dV ..dV. , t/ dV , _.rfV, 

_ _ d^—) ; 

atque sic progrediendo devenietur tandem ad 


, dV ■ „ t dV . 

* ~ d '~zr^- d 


</V JV 

) ! 




; 0-i 


simili modo ex (4 XV ‘) , et caeU . ■ « 










ct caet* • • • 
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valet signum superius si n est par , inferius si im- 
par : faeto n = 1 , * et habitis v , u , s , . . . pro ipsis 
variabilibus independentibus a; , y , z , . . . , ex for- 
mulis (I)' facili -eruentur negotio conditiones jam assi- 
gnatae (151. b "), 

Quemadmodum prima (b* 1 ". 1 52) importat aequa- 
tiones (I) , ita secunda inter easdem (A* 1 » 1 ) importat 
sequentes 


oL 

dv 




dS, 


du 


. de 




K duJ 

^ ( J^ )==0 , 


/(AXT.q 


dS, % 

-) = 0, 

ds »~ r 


'du n J 

n 


/*s„ 


«et caet. . 

Jam vero secunda , tertia , . • . [b xy ) praebent 
dv dv t dv, dv, dv % ^ dv , 




^n-» dv n _, dv^, 

, ^S, dV. . 


n— i 


(JlVtiq 
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hinc 

dS, dV 

-■ . . . es* 

dv dv t 




du. 


)dv t l 


Ct C3Gt# » a • 

Adhibitis substitutionibus in prima (4*™) ,• exsurget 

dV 

=f=nd n ~\- — )c=0; 
ct simili modo 

^— u ^ ) ■*■ 3 ' j ’ ( ^ )-4<i ’ ( -S' ) ' 4 " 

37* — : 2d(~) ■+■ 3^’(^-)— ~*pdd"-' (^)— °, 


• (H) 


<£r, x cfo , 

" et caet. . . . 


Vfr/ 


] 


Sicuti secunda et prima (J xin ) important aequae 
tiones (II) , sic tertia et secunda important sequentes 


/ 
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sfc(n— 1)<^-’(-^L)t=0, 

“^n-« 


JS, 




</S, 


et caeU . *.« 
seu , ob (& XT ) , 


itemque 

^ ^* (~) Od*^ )«4->«* 




Vfo, Vk* 
n(n — 1) , JV x 


{III) 


<*V dV. n{n-1) dV . , 

_ . 3i( _ w . ( _>,.. = ^_^-. ( _ M ,,, 

et caet. , ... 

Quarta , tertia et secunda ( £ XI ” ) important se- 
quentes 

dS, dS. . , «fS, <2S, 

_L — 3^-r-i ) -h 10£/*(-jJ-) >4-... 

(„_ 1 ) (« — 2 ) , dS, 

=f= (j ) = °» 
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dS t . ,dS. „„,rfS lN (n-IX*-^,^ dS, ^ 

— ‘-3^— )-...=p- <*'* *("t )= 0 > 

du a 'du t du ft 2 

<*S, . „rfS lx „ „dS lx (n-1 )(n-2) J(1-1/ <*S, ^ 

■(^>=0, 


et caet. . • • ; 
*eu , ob (6 IT ) , 
</V . 


~ —id{^~) h- io^ s (~) — 2o^’(“) . ; 

t/u, Wu* </u f ' du, 

. =*= = 0 , 

2.3 du n 

dV dV dV 


(IV) 


n(ra — 1)(n — 2) . 

=f= — Ld{ qr ^ 6=3 0 * 


2.3 


et caet. . • . 

Superfluum est longius progTedi in hujusmodi in- 
quisitionibus , cum lex formularum (I) , (II) , . . . sit 
manifesta : interea ut unum praebeamus exemplum , 
detur 

\=z§udv*-\-\2vdvdu-\-'Sv' i d : ‘u-+fivud t v ; 
erit nes=2 , et V transformabitur in 

V=6uv 1 *-t-12^ I u 1 -f-3t'*u a -t-6Km' 1 . 
Aequationes (I) rediguntur ad 


Digitized by Google 


dV , ,,dV , . dV „ 

- -2 - o , . JJ- = 0 ; ; 
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dV dV s „,dV^ n dV ,dV. dV 

dZT«*r}+* ' 57 ,^°' ( 57 )=0; 

aequationes (II) ad 
dV dV 

57- 2 <57> 

quibus satisfaciunt valores 

dV dV 

-~=s 12 i» i u. 4 - 6 i'u a 4 - 6 m', , -j— = 12uv,-b12vu, , 
dv. dv, 

dV dV 

d(——)=24v,u,-*-'l2uv % -*-‘l2vu t , . d[~—)=6vu ,~i-6uv . , 
dv, • dv, 

dV dV 

d*(- — - r -=6i' i *4-6i'ii a , 

dv, , 

dv 


du 


,dV 


j ■— 12 vv, , d(— ) = I2w a 4-12p x a , 
du, du , , 

dV . dV 

d( j — ) = 6w, , d*(- — ) = 6^, 4- 6v,*. . 
ua, aa, . 

DE INTEGRATIONE AEQUATIONUM DIFFERENTI ALIUM ! 
PRIMI ORDINIS , UBI ET ALIQUID ANNOTATUS 
CtRCA SOLUTIONES PARTICULARES. . 

153. Sit 

M</x4-N</y = 0 . . . (o) 

aequatio differentialis primi ordinis inter binas varia- 
biles ; designant M , N functiones variabilium x , y. Si 

dM _ JN 
dj dx ’ 

methodus integrandi aequationem (o) erit ipsa eadem , 


i 
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quam exposuimus (151. i* 11 ) ; sin minus , oportebit aut 
aeparare variabiles x , y , idest aequationem (o) tra- 
ducere ad formam . 

Xdx-hYdy=0 . . . (o') ) 

. * * 

aliamve huic similem (denotat X functionem solius x , 
et Y functionem solius y) ut habeatur 


dX 

dy 




d Y 

dx 


(o w ) : 


aut ejusmodi functionem <p variabilium x , y inveni- 
re , per quam multiplicata (o) , sicque habita 

=0 ... (o'') , 

inde prodeat 

<f(pM) </(pN) 

dy dx 

etenim ex jam traditis de integratione functionum erue- 
tur vel integrale aequationis (o') , vel integrale aequa- 
tionis (o") ; quae integralia manifeste pertinebunt etiam 
ad (o). 

154. Separationem variabilium absque ulla difficul- 
tate assequimur 1.° si , denotante X, functionem so- 
lius x , et Y, functionem solius y , habeatur 
M 

~ = X, Y, ; nam (o) manifeste vertetur in 


X t dx + ^ 


0 ; 


2.° si exponentes variabilium x , y in singulis 
terminis functionum M , N eamdem summam effi- 
ciunt , ideoque M , N homogeneae (64) : assumpta enim 
/=3X2, et consequenter dy =a xdz zdx , cum 
M . k 

— evadat functio Z solius z , transformabitur (o) in 
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CL-\-z)dx^r-xdz=0 , unde h ss 0. 

x Z -+-z J 

155.. In ali is casibus vel nullo pacto conceditur se* 
parare variabiles , vel si aliqua est via id obtinendi , 
ea in quibusdam substitutionibus consistit. Etsi nulla 
certa methodus tradi potest , per quam liceat cogno- 
scere utrum variabiles possint separari et quaenam 
substitutio apta sit obtinendae separationi ; attamen 
non desunt artificia analytica , quibus rite adhibitis 
haud raro sese offert substitutio ad separandas varia- 
biles opportuna. Primum artificium est ejusmodi : qnae 
quantitates integrationem impediunt', eae reijciantur 
in communes multiplicatores ac divisores ; dein cae- 
terarum integTale aequetur novae variabili , et ope 
substitutionis eliminetur altera ex variabilibus ab ae- 
quatione data. Hoc pacto saepe contingit ut in nova 

aequatione variabiles existant separatae. 

» 

Exempla .. 

I.° Detur 

xydy-+y*dx dY 

x^y 3 -ba‘ > a* ’ 

quae potest scribi in hunc modum 

y - . ' 




■d[xy) i 


az 


Facto xy=az , ideoque d(xy)=adz , x e= — , ex- 

y 

surget 

aydz dY ^ dY adz 

a*z a H-a* a* 1 y ’ 

aequatio cum variabilibus separatis. 
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II. 0 Detur 


bydx — a - ~ — aydy , 


x 


quae disponatur ita 

a 3 dx 

y{bdx — adjr) = 


x 


, seu yd\bx — ay) = 


a 3 dx 


x 


Facto bx — ay==az , ut sint 
bx — as 


, bdx — ady = adz , 


proveniet 


bxdz — azdz = 


a 3 dx 


x 


Sume zdz=- 


■; habebis 


. . , ds dx ,d(xs) 

bxdz = a z ( 1 ) = a 3 

s x xs 


Fiat xs y , et consequenter x — — ; erit 


bi-dz 

s 


,d\> 


bdz 


a — , seu 

v s 


dv 

-a 3 — = 0 ; 


in qua cum s data sit per z , variabiles exsistent se- 

pflrQtflp» 

III. 0 Sit 

lydyy-xdy-V-ydx _ ^ 

ay-x-hy 

quae potest sic exprimi 
. a-hxy-y 

Pahs III. 14 
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Posito y*-+-xy=az , ac proinde 

2ydj~\~xdy-^t-ydx^=adz , x =— — — — , 


exsurget 


adz 


az — y 

a -) — f-jK 


7 

■ dY , seu Z - = dY , - et 
^-+-z 




ydz — zdY •= ydY. 
Haec autem disponatur ita 


quae , facto 

dz dY s , . 

) = , 

z y 

dY ds 

■ — > 

y s 

mutabitur in 


dz ds 


. *<T— fJ 

z=dY >, seu zdL ( — )=, 
s 


■z 
“ j 


Sumatur nunc — =•*» ^ proveniet 

, 

«fr = 0 , 

s 

aequatio cum -variabilibus 'separatis , quia s data est 
per y. 

156. Alterum artificium praebent quantitates inde- 
terminatae in, processu operationis ita determinandae 
ut , evanescentibus aliquot aequationis terminis , ii qui 
restant separationem admittant. 
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Exempla . 

i.° Sh 

djr-\-Xjdx=X jlx. 

Fac y=zs , et adhibita substitutione orietur 
zds-+-sdz~b-Xzsdx—X l dx . 

Jam si ponatur 

sdz-+-Xzsdxx=d) , ideoque —— -+-Xr/x= 0 , 

z 

dabitur z per x ita , ut deletis binis terminis prodeat 

, , . X x dx 

zds = A ,dx , seu ds s= 0 , ' 

z 

in qua variabiles inveniuntur separatae. 

II. 0 Detur 

*(3j’x — 3yx* — a 3 — y 3 )dx-h(a 3 -+-x 3 )dyr=Q ; 

et denotantibus x , p. quantitates determinandas ut 
eommodum fuerit , z vero novam variabilem , ponatur 

jr=ax^-+~z ut ex data eliminentur^, dy : prodibit 

_a*x 3 ^x — 3 ofzx^ dx-ZOLZ*^ dx-z 3 dx+x 3 dz+a 3 dz 

~\~3x , x^^ X ^ dx+Gazx^^ dx*3z 7 xdx 

— 3 xx^^dx — 3zx*dx 
— a}dx 

u-4-2 , 

H-/xax r dx 

UL ^ 

-+-pxa 3 x^~ dx 


= 0 
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*Fac ut tertius terminus evanescat , quod obtinebis as- 
sumendo p= 1 , «—1 : verum bis valoribus adhibitis 
evanescent quoque secundus et primus ;> igitur aequa- 
tio traducetur ad 


— z 3 dx-+-x 3 dz~ha*dz=£d) , seu 


dx dz 

a 3 - hx 3 z * 


III. 0 Sit 


(Aa*x*- J r-4a , bx-+-kabxy-+-2ab , y->r-b*y*)dx-ab , dy=0. 

t J • 

Ad eliminandas y ■, dy utalnuf substitutione^r=5tx-t“ 
z-j-ix ; proveniet 

Aa*x* ilx -*-Aa*bxdx +2ab a lldx+Aabxidx-*-2ab''zdx-*J>*z t elJc—ab :> ilz\ 
^-Aabxx’’ dx*4abtj.xdx*b :> ix 1 dx w-26* xx zdx-*2b* (Xzdx ^ 

~t~b a a*x , dx-*-2ab*ocxdx—ab 3 xdx 1 

-b2b* a[xxdx ) 


Determinetur a ita , ut evanescat primus terminus i 
-fiat nimirum * 


i , « 3 -f-4ai«-+-4n' ! =±:0 , unde a 


2a 

T ; 


boc autem adbibito valore evanescent quoque secuu- 
dus et quartus. Nunc si fit [J~ — a , evanescet quin- 
tus terminus , ac tertius ‘evadet a*b*d±. Quibus po- 
sitis , habebimus 


a^b^dx-h-b^z^dx — ab 3 dz= sO , seu dx-i — = 0. 

«'-t-z" 

1^7. Interdum adhibendo utrumque artificium per- 
•venitur ad separationem variabilium. 


Digitized by Google 


Exempla., 


21J 


r.« Sit 

' (ay — x]dx — ydy^^O ; 
et assumpta jy=xx~hz , orietur 

— xdx -+- azdx — xxdz — zdz 
-y-axxdi — xzdx l = 0. 

— x*xdx 

-Ut primus terminus evanescat pone 

& ^ 

«’ — aa-t-1 = 0, unde x = — »1] ; > 

Ji 4 

restabit aequatio 

(a — x)zdx—axdz — zdzt=0 , 

in. qua- possunt variabiles per primum artificium se- 
parari. Disponatur aequatio in hunc modum 

dx dz dz . x a * dz 

(a — x) rCf. r — r-=0 , sive rfL j =0: 

x z x a x 

z. 

et ficto 


a-x 


x 


-= s , ut sit-.x = s 


a-x a-x 


habebimus 


ds 

t. 


1 x 

a-x a-x 


X~a + 1 « 

= 0 , seu s a ~ x ds — z a ~ x dz=: 0 


s 


. z ■. 
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cum variabilibus separatis. Oportet autem ut st pro- 
veniat realis. 

II» 0 Sit etiam 


dy-\~Xydx = X^dx 
quae disponatur ita 

+ x±-=x.rfx, 

jk jk-i * » 


seu. 


1 ,, 1 . v dx 






= X k dx ; 


et facto. ^ = z , prodibit 


dz — ( k — 1 )Xzdx = — (k — 1)X t </x. 

Haec habet eamdem formam , sub qua sese obtulit 
aequatio jam pertractata (90. 1)» Separabuntur ergo va- 
riabiles per secundum artificium. 

III. ° Detur 


dy-\-{by* — ax c )dx=Q . . . (o ,T ). 

Separatio nullo indiget artificio si c=0 ; nam habe- 
tur immediate 


dx -f- 


dy 


by—a 


= 0 . 


Hoc primo casu observato , ut ad alios progrediar su— 
jtX V ^ 

m0 J — ax r -t - x z , et facta substitutione obtineo 


vu- V zdx+uax^ ^ dx+bx^ J z*dx-ax c dx+x V dz 
*-2b«x^ e *' V zdx+bu? x^'dx 



Primus ac secundus terminus evanescent si 
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v— 1=tt—K/ ,.v-h-26a=Q , /x— 1=2fi , pMH-£a a =.0 , 
quarum prima et tertia ■ praebent fx » — 1 , secunda 

et quarta a = rr- , V = — 2. Hinc 

y = J — f- — , bz*dx — ax c ’*’ l> dx-{-x*dz=0 . . > (o v ). 

&xc x a 

Si c= — 4,. manifeste traducetur (o v ) ad 

dx dz 


x 


bz * 


■— 0 , 


in , qua variabiles exsistunt separatae. 
Eadem (o T ) potest sic disponi 


dz ■ ax^dx bdx 

— - — ^ = °’ 


SCU i 


<i— ►+- 

z (c-f-3jz a 


a . . bdx 

-dx c * i — = 0. 


x 


Positis — —J, , x c+ -Jc, , i deoque 

Z 


dx 

'x r 


c+4 

1 c+5 , 

x. ax, , exsurget 


i * 1 • 

<H-3 ' 




c+4 

c+3 


„ . “ i" 

quae, tactis = = « , , 

C“r "J ; 


c-+-3 , 


dx, t= 0, 

I 

c-f-4 
c-+-3 


u ii »> 


abit in t 


4 
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dj t — = 6 . . . (o vl ). 

Haec autem similis omnino est aequationi (o ,v ). Ita- 
que adbibita 



fiet gradus ad 

b l z'dx l — a l xf x ~*~^dx l -\-x*dz l , =0 ... (o vw ) , 

in qua licebit separare z, , x, si c, — — 4 . 

Disposita (o vu ) quemadmodum praestitimus quoad (o T ), 
sumptisque 


-"h 

ii 

• 

c .-+- 3 a i , 

x i — x * > “ — b it 

c,-+-3 

b, 

c,-4-4 

c,- f-3 

— a * i ^ — c % > 

c,~h 3 

eruetur ex (o TU j 

- • 

djr, -+- 

— a t x % e ')dx, e= 0 . . . (o vl “) ; 


t ex bac , ope substitutionis 



nova item deducetur aequatio inter variabiles x, , z % , 
quae poterit separari si e,= — 4 ; atque ita porro. 

Non pluribus opus est ut intclligamus variabiles 
x , y in (o IV ) fore separabiles quotiescumque -una 
quaevis e quantitatibus 




c. 


c-f-4 

c-f-3 


c,-+-4 

c,-+-3 


c, 


c a -4— 4 
c,-H3 ’ 


• •• 


erit tss; — 4 ; sive , quod eodem redit , quotiescumque 
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c obtinebit unum quemvis e valoribus 

8 12 16 20 

— 4 , — y , 5 “ ’ T ’ 9* ’ * 

qui possunt exprimi per formulam . 

An 


'2n — 1 


. . . 0 («) 


denotat n numerum integram ac positivum. 
Aequationem i^o") nunc disponamus ita 


s 


-bdje- 


ax c dx 


0 , seu 


r 

-dx — bdx i 


jr ^-r-1i^ a 

1 c+1 

Ponantur — e= s , x =t , ideoque 
3^ 


0. 


dx = 1 dt : adbibitis substitutionibus , factis- 

CH-1 

a _ b . C . 

que = B , —A , e= i , orietur i 

1 C-f-1 c-t-1 c — I — 1 


ds -t- (Bj* — A t*)dt = 0 . . . (o*) i 

quae cum prorsus sit similis ipsi (o ,T ) , easdem pro- 
inde ac (o 1 *) transformationes admittet. Hinc pronum 
est concludere variabiles s , t in (o*) , et consequen- 
ter x , j in (o IV ) adhuc fore separabiles , si 


c 

c-M 


4 n 

2 n — 1 


idest si c- 


An 


2a+1 


(o 11 ). 


158. Aequationes quaedam tametsi homogeneae non 
sint , tamen apte mutando exponentes convertuntur 
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in homogeneas ut possit (1 54) dein ad variabilium se- 
parationem transiri. Detur aequatio haud homogenea 


. .) dx-+- \ 

(o IU ). 

( [ax^j 1 •+ -bx^y' ' - 4 — hxh''y i " •+> ... .]djr= 0 ) , 


Facto 


, habebimus 


(Ax m s Cm Bx m 's CCn 


■ Hx m " 


«» 


■ « • »y/x ■ 


(ax*r ai -f- bx^s" 1 
Haec autem exsistet homogenea , si 

m-ba.nz=m'-+-un'=m"-i-an" s= . . . 
=A-4-£ti-+rSt" — -+-4C— 

igitur ubi fuerit 
m ' — m m" — m 


cu 


hx^s* 1 " H )os a- 1 i/s = 0 . 


h-m-i Ji‘—rn - 1 ^ 

n — n' n-—n" ' n—i— 1 n— t’— 1 

convertetur data aequatio in homogeneam accipienda 


^ = s 
Exempla. 

I.° Sit (<y s x ■+- bjr*x2)dx — cxrfy = 0 ; erunt 
m = 1 , n = 3 , m' = ^ , n' = 2 , A = 1 , i = 0 , et 

1=^= — i= 1 — 1—1 
3—2 a 


- — - — . Quare sumpta j'= j 2 , 

3 
a 


vertetur aequatio in homogeneam (axi 
3 

bxhs~')dx-\ — —xs 2 ds = 0. 

2 
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II. 0 Id aequatione (157: II. 0 ) dy+-[by‘*-a3cc)dx= 0 
habemus m=0 , n = 2 , m'=c , n '= 0 , k = 0 , i=Q ; 


et 


m' — m c k — m — 1 

n — n' 2 ’ n — i — l 


= — 1. Hinc 


si 


- 2 , 


aequatio, fiet homogenca sumendo y = s~’. 

159. Si fractionum ( o XIU ) numeratores prodeunt 
omnes =» 0 , ideoque m' — m = m’ 1 = . . , . , 
k = m-y- 1==fc' = ..., aequatio, (o xu ) manifeste tra- 
ducetur ad 


dx ay * - 4 -by? -+- hyi" 

~x A y' 1 -t- Bj »' -+- Hy" -t- . . . ^ °* 

Si denominatores sunt =Q, ac proinde n'=m=»"*=... » 
j=n — 1=t'= , aequatio (g xu ) fiet 

Ax m -t-Bx m '-f-Ha . . dy 

dx -I — sas 0. 

ax*-+-6x*' -+-/tx*''-4- ... / 


Si tam numeratores quam denominatores inveniuntur 
= 0 ut fiaut singulae fractiones = aequatio (o xu ) 
evadet 

dx dy 

( A-+-B— t— H— H . . .) — — (o-4-fi-4-/j-4— • • •) — - * 0. 

x y 


Quod si nonnullae dumtaxat , e fractionibus (o x,n ) 


fierent 



profecto ad reddendam homogeneam (o x,I | 


adbibendus esset valor ille exponentis a , quem ex- 
poscunt caeterae fractiones. 

160. Non raro contingit quod ad reddendam aequa- 
tionem homogeneam haud sufficiat mutare exponen- 
tes , sed oporteat adhibere alias substitutiones ; pro 
quibus utiliter seligendis nulla suppetit regula. Sic v. 
gr. aequatio (a^ [x* -+- xy' — bay—by )dx — bxdy as 0 
nequit evadere homogenea per solam exponentium. 


/ 


\ 
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mutationem; at facto .ry — ba = z* , convertetur in 

homogeneam a( x 3 - 4 - z' pdx — 2 bzdz == 0. 

Sic quoque data {a+bx-K'j)dx-*-{a l -*b l x*c l y)dyr=Q, 
factisquc a-hbx-±-cy=s , a ,-+-b ,x-+-c y=zi et con- 

sequenter 


c,s — cf-Hz.c — ac, bt — h,s-+-ab, — a,b 

bc _ bc 


dx — 


be , — b,c 

c x ds — cdt bdt — b,ds 

dy = 


bc, — b,c 


b c,- — b,c ’ 


prodibit aequatio homogenea 

(c,j — b , t )ds-f~'bt — cs)dt = 0. 

Bonum erit notare illud : si exsisteret bc, — i,c=0 , 
forent x = co, y=x> ; at quoniam in casu aequatio 
data reciperet hanc formam 


adx-+-{bx-\-cy)dx-\~a ,dy-\ — - (b x-+-cy)dy=Q ; 
hinc facto 

. • i » dz — bdx 

bx -f- ey = z , ) deoque dy = • 


proveniret 


( a -f- z 


—~z)dx -+- ( 

c c 



in qua variabiles immediate separantur. 

161. Quod ad factorem ^ ^ 1 53) spectat, haud dif- 
ficulter ostenditur ipsum scmper exsistere : exhibeat 
enim V primum membrum aequationis (o) , factisque 
dxr=x, , dy=ny, , ut sit 


V = Mx, -+- j\>, = 0 . . . (o* lT ) , 


ponatur 
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I 

pV cd= dfi . . . (o xt ) , 

idest pV differentiale exactum. Quoniam (o XT ) impor- 
tat sequentem 

tt da 

et consequenter etiam 

d{pV) __d’[j._ d';x dfi d(pV) dfi 

dx dx' * dxd / 1 ‘ l[ djc ) ’ dx, ~ ’ 

d{ fX) d‘n d*u dx ■ d(pV) dii. 

d r ~ dxd/' ^ ~d/~ dP i 

/ # 

iccirco in ea qua sumus liypothesi binae 


dV d\ do | 

dx dx, r f dx, dx 

dV d\ . dV ' d-) < °" ,) 

i 

necesse est proveniant idemticae ; et cum habeamus 
V=0 , hinc binae quoque 


dX dV 


r dx ~ ^9~W(^) = 0, 


dX dV jt dX^ 

^ ~ 7 )== ° 


(o 1Tn ) 


debent esse idemticae quum in ipsis substituitur' va- 
Jor y t ex V— 0 ; atque idipsum dicendum de 
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dV dV d\ d\- dv d\- ,N dV 

dZ ' ^-df?dZ, y dZ, A J7, y df ■ azr { % 

e d® ' . . . 

quae obtinetur eliminando — - ex (0 xvn ) : vicissim si 

( c vr ,,x ) prodit idemtica , haud dubie valebit (o xv ) , et 
cc>nsequenter aequatio (o) integrabilis ; secus neque 
binae (o* TI ) neque iccirco binae (o xvu ) provenirent 
idemticae ; nullus videlicet foret valor 9 , nullusque 

d^D 

per consequens valor duabus (o xvu ) satisfaciens , 

et aequatio ( o xyUl ) non prodiret idemtica. Jam vero ex 
(o xlT ) habemus 


dV _ JM. 
dx dx * 


JS dV dV 

=M, 


Z? 

«JM 


dU 


dV 

dj dj " dy*" 

quarum ope traducitur (o xvnI ) ad 

dN dM. 

(M*,+Nr,X E --^ ; )=o; 

S juae cum revera ob (o XIT ) sit idemtica , licebit in- 
erre factorem 9 semper exsistere , et aequationem (0) 
semper derivari posse ex aliqua primitiva aequatione 
inter x , y. 

Haec notentur. 1.° ad inveniendum 9 , habemus 
quidem cx (0"') 


do _ T do /2M 


. io* 1 ') ; 


verum differentialis , partialisque ( 52 : 53 ) aequatio 
(o x,x j difficilius integratur quam data (0) : quare hic 
quoque nihil ferme superest aliud quo juvemur nisi 
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usus et industria. 2.° eaeterum si cognoscitur aliquis 
valor <p t per quem convertatur ( o ) in differentiale 
exactum , poterunt inde innumeri alii valores y deri- 
vari ipsam (o) pariter constituentes differentiale exa- 
ctum. Sit namque 

y.Mz/x H- = d[X': 

eerte aequatio 

■ P.XW^ ■+• '?*XW Nd J r — /Sup- 
erit idcmtica ; secundum vero membrum est' differen- 
tiale exactum , igitnr et primum ; ideoque cognito f t 
apto ad constituendam (o) integrabilem , eruentur in- 
de innumeri alii valores 


F=?.X(^)> 

aer quos fiet (o) similiter integrabilis. 3.° si in (o) 
unctiones M et N sunt homogeneae , erit 


Nam 

~ 


.9* 


1 


Mx -t-N/ 


dN 

(M ^ _MN) ’ 


2. a 


N) 1 


dx 


, dN „ d M 

. — (Mi- Nx— MN) ; 

dx dx 


et in ea qua sumus hypothesi (64) 

dM dM dN dN 

3.« kU — x — — y-r-T- , 4. a kN-=x-— -y-r — — ; 

dx dy dx dy 


designat k gradum functionum M , N. Jam in 1.« 

, m dN 

substituantur valores y— — , r— — ex 3." et 4.° , am- 

djr dy 

musque attendatur ad 2 am ; prodibit (o'") , ideoque 
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ct caet. . . . 4.° per.venrtur aliquando ad factorem 
partiendo aequationem (o) in binas partes ita , ut res»- 
pectivus singularum factor possit facile cognosci. Sint 

, M^dj.-+-2s 3 dy 


partes illae ut habeamus 

sintque f, , f, factores per quos eae eonvertuntur in 
difFerentialia exacta , nimirum 

f , M ,<£x-+-f , N , dy=d^j . , , fjMjrfx-hfjNjtTy = da a ; 

expressionum f,X ,(]£,) , altera repraesentabit 

(1.°; factores omnes qui partem primam respiciuut , 
altera factores omnes qui secundam : nunc si functio- 
num , V. a forma determinatur ita ut expressiones 
illae fiant idemticae , erit in promptu <p t . Hem decla- 
ramus exemplo : detur 


ay dx-+-bj. dy~\~x m y n (hydx-+* h xdy)=Q 

ut sint M, = ay , N, = bx , M, = kx m y n *" t , 
N, = kx nl ’*'y n . Attendenti patebit fore 


f __ f — 

J xy jjn+tyw ’ 

d/x, — dL(x a y l> ) , dp. t = </L(x*jr*). 

Expressiones 

fient idemticae si , positis 

u* a y b ) — * ua y * b > X,{* li y k ) = x a,h y cx,k , 


habeantur 


aa— 1=«,A — m — 1 


! 


xb — 1=a,& — n — 1 • 
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Hinc 

• * . . . . 


nh — mk' an — mb 

ak — bh 7 1 ak — bh 

ei- 

- *’ 


nlvrkm 

- 

1’ ~a)s-bb 

?.*= — ( X “j b ) 

1 V 


5 .? aequatio (o x * x ) scribatur ita 


di V 

13 * 


1 dtp, _M: dy 1 , di M 

y z£i- N dy' N ' dy 

si secuudum membrum prodit functio X solius x , ta- 
le erit et primum ; quod cupi certe assequimur po- 
nendo 9 functionem solius. x, iccirco in casu. 


da 1 / d M dW , , 

— *• = -rr ( ^~T~ 7~ )dx 

9 jN v dy dx 


Xdx 


unde 


9 = e J 


e fXdx _ 
simili modo invenietur 9, si in 

- 1 

“m ( 5x ~ dp 

ingreditur sola y. ♦ 

162 . Differentialia dx , dy haud raro sese offerunt 
elata ad potestates altiores prima : universalis ejusmo- 
di aequationum forma est 

dy i +Pdj"~'dx+Qd r ' 1 “VxV...^Td r dx ,l "VVdx'‘=0 , 

seu 


Pabs III., 


15 , 
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Ponatur (o**) esse hompgenea quoad x % y :• factis. 
y — xz , xdz = tdx ut sit dy —r— (z ■+•* tjdx , tra- 
ducetur (o“) ad 

in qua P, , Q, , • • • • V, designant functiones unius 
z ; datur ergo t per z et yicissim , ideoque aequatia 
priftii ordinis primique gradus 

dx dz 

xdz = tdx seu — - — - — 
x t 


praebebit x expressam- per z ; unde et caet. . Sit 

V. gr- 

, + i( &)_?.*= 0. 

'dx' ' dx' 2v -• 


'dx' 


y dx 2y 


1 , T 1 

Erunt n=X, P ,= — £ , Qr 33 — > V, — i ^ quare 

(z+ty - fa+ty *+■ = o 


quae sic potest scribi. 


1 -+-z£z — t)* 

(2(Z-W)— 1)C — m ) = 0 ; 


2 z 


unde 


2,'z-4-£) — 1=0 ,. 1 — f— ^( js— t--f)*=?0.. 
Harum prima suppeditat 

tc=l — z , secunda t = — z (- 

bine 

dx dz dx dz dx dz- 

* 


. «£, 




zy- —y 
z. 
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Jam si prius integrentur: aequationes istae , ac dein 

v * 

adliibeatur — pro z. , exsurgent terna integralia aequa- 


tionis propositae. Eadem metliodo expediuntur aequa- 
tiones illae, quae licet non homogeneae , possunt ta- 
men (158) ad homogeneitatem perduci. 

Si P , Q , ...V sunt quantitates constantes , ta- 


dj 


dy, 


lis quoque erit -j— ; et facto -j- = a . ut sint 
da. dx 


a -*-Pa' l- '4.Qa'‘“ o +..^Ta-4-V^=0 J y=ax ~ *-C , a= , 

x 

exsistet 

x X X X 

integrale propositae aequationis.. 

1 63» Utcumque se habeat (o“) , si ea potest resol- 

j dy 

vi. quoad — , sintque p q , . . t , v radices inde 

prodeuntes , habebimus n aequationes differentiales 
primi ordinis , primique gradus 


dy dy dy, dy 

dx p ~* ’ ''"Tx ~ i=0 ’ Tx ~ 


v=0, 


quibus pertractatis juxta superiores regulas ut obtinean- 
tur n integralia , spectabunt singula ad (o xx ). 

Exempla . . 


!•“ Sit dy* — axdx % — 0, ex cujus resolutione 
assequimur 

dy -f- dx^ax = 0 , dy — dx\fax = 0 : 
prodibunt bina integralia . 


i 


v 
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13 . 1 5 

~ a' x' — C = 0 , y — ~ «? x r - C, 


Os 


II. 0 Detur 


W ■ + ‘ 2 T--E“’ u 

Facta resolutione , provenient binae homogeneae 


dx x x dx 


■jr 


quibus aptari poterit methodus jam tradita fi 54. 2.°")* 
Caeterum cum. generalis aequationum resolu- 
tio ia potestate nostra non sil , cumque etiam quan- 
do eas licet resolvere , expressiones radicum saepe 
proveniant haud parum intricatae , «hinc est quod ple- 
rumque ad peculiaria artihcia oportet confugere. Sit 


■ • ‘ as=/R-+-nS . . « (o***). 

. • dy 

in qua R , S ponuutur datae per -j— et constantes ut- 

ClOC 

cumque : sumpto dxs=&dy , adhibitisque substitutio- 
nibus , disparebunt dx , dy ex R , S , et aequatio 
recipiet hanc formam 

fzdy^yR^aS, , 

in qua R, , S, dantur per z et constantes. Jam si 
aequatio haec differentietur , proveniet 


zdp=z& l dy-+-yd9>. l -\-adS x . . . (o* x “) ; 
quae quum scribi potest iu hunc modum 
ydR, ad$ t 


dy — 


z — R. z — R, 


/ 
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jprofecto erit Separabilis (156. I.°) : exuetur itaque in- 
tegrale aeqbationis (o* XI ) ex (o xxn ) et ex dx s= zdj\ 
Primum exemplum praebeat aequatio 


■ ydx ad.r * 

XZ=1 ~d^^~dp‘ ! 

erunt K,=5: , S I -==z* , et zdy=zizdy-+-ydz‘+-2azdz , 
seu ( y-+-2az)dz=0 ; hinc binae 

<#z= 0 , j-)-2az=0. 

Prima suppeditat z = C , ideoque dx ~ C dy , 
x = Cy -+- C, : in hanc formulam duae ingrediuntur 
constantes ; sed cum in data aequatione nota inve- 
niamur nisi differentia lia primi ordinis , unica dum* 
taxat constans videtur locum habere posse : quare al- 
tera erit per alteram determinanda. Substituantur 
itaque in aequatione data valores x , dx ; prodibit 
C y -4- C, e= Cy aC 3 , et C, == aG 2 ; unde verum 
integrale 


j=Cj-4-aC 3 . 

Quod ad secundam spectat , habemus 

y ydy y * 

z= r, et consequenter dx = , or=C— — i 

2 a 1 2a 4 a 


est C=0 ; nam substitutis valoribus x , dx in aequa- 
tione data , emerget 


io- 


rV - 


y' 


c-v-=-^--+- r -= 

4 a 2 a 4 a 

Alterum exemplum desumo ab 

ydx adx * 

dy dy' 

habemus 


y 

4 a 


— h \ 
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r— dx K~. dx ’ h ' 

-djr ’ cly ' U ’ 

unde R/=— -'z-, S, = z’- — — ;-ideoque 


'Izdy -\-ydz — 

2a/r. 


2azdz , seu 2|/" z . |/" z dy~\~ ydz^z= 
. ... Yflz — 

, et [/'z — — '=a^ r zJz , cujus 

2j/^z 


, _ 2 ..r* 

integralc ^(/"z := — az" • 


C : hinc 


= y«r-4- — ■ 
6 z* 


Inventa^ per z , inquiramus in x. Quoniam 
zy — J ydz — J zdy = z , erit igitur 


2 - 2 

— az* -+- G z 2 — a f zdz 

3 ‘3 

i 

1 i 

x = — -az* — Cz* 
3 


— C f ^ , idest 


alteram et constantibus C et G, determinemus. In 
aequatione data fiat dxzz=zdy , et pro x , y adhibean- 
tur valores modo inventi ; exsurget 


~z -az* Cz a «4- G, : 


2 C 

■ z(-yaz H ) H» az t —b ; 


unde C ,— — b : habitis autem x et^ per z , si haec 
eliminetur , prodibit aequatio inter x , y , a , b et 
arbitrariam C. 
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x pt 
dy 

ponatur \i dari per y , — — et constantes utcumqtfC. 

• ~CLX 

Facto ut Supra dx=±zdy , erit 
fzdyt^fx, , 

ili qua [X, dabitur tantummodo p6r y , £ et constan- 
tes : acceptis differentialibus , 

zdjn=d[X, ■; 

et quoniam dijx, dattfr per y , i , dy , dz et constafi- 
tes ita , ut diiferentiaKa unicatn dumtaxat obtineant 
dimensionem , iccirco postrema aequatio tractari pos- 
terit juxta notas. Sit v. gr. 1.° 

■ 

dy 

dy 

datur u quomodocumque pCr — - et constantes » erit 

clx 

'U l =yz-+-y n u , , et ydz-ynu y n ~' dy-yy n du y==0 ; coa- 
lescit u, e z et eonstantibus. Fiat y n u ,—y , ideoquC 

i 

. v , n , ■, u .dv—vdu , 

ydz={ ) dz, nuy i ~'dy=z y 


prodibit 


nj vdu , 

y d _ . 

u. 


, V „ dz dv 

( ) dz-bdy •= 0 , seu 1 — 0 


n i 


/ 


Digitized by Google 



2 12 

cum variabilibus separatis. Sit 2.° 

ydx ay^dx' by 3 dx 3 - 

x •+* — j— r f- ■■■ -t- • • • 

4r dy dy 

Erit 


ideoque 


ydz+-2ayz' > dy+2(ty' :, zdz’*-3by*z*dy-*-3by , -z a dz-**ft = 
Facto yz^x^v , et consequenter 



jSay — t'f?Z 


habebimus 


0 . 


dz r , . 3 

SAadv+Zbvdv -*- . . . =0 , et L(z)+-2ay-*- — ii> 3 *..=eG. 

2 ■ ' JL 


165. Juvat hic aequationem 
dx 

|/~ [a^x 4 -+- a a x s •+- a, a? 3 -+- a^x -4- a s ] 

, d y 

\f\- a ,r k -+■ a <y l ■+- * 3 y' ■+• a u y ■+- a s ] 

pertractare , quae habet variabiles Separatas , quaeque 
suo gaudet integrali algebraico , licet ejus membra 
seorsirn sumpta neque algebraice , neque per loga- 
rithmos , neque per circulares >arcus queant accurate 
integrari. Fac 



|/ r [a' 1 x 4 H-a J a: 3 -(-a s a: l -+-a A ar-|-a5] = 
dx=du^)( ; 

habebis 


(o x «v) 
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unde 

dx*-dy* 

'~j l — 

3 uae ( positis a; — y = v,x-+-y = z, ideoque 
x — dj=xdv , dx -f- dy = dz) vertitur in 

dvdz a a 

~^UF 2^ “4“ ‘-'"J -+^a 3 2 -H a 

Jam vero ex (o XXIV ) 

d/== 4a,x 3 -t-3a a x*-+-2a 3 x-+-a ll )dx\ 
dv=(4 ai y 3 -^3a,y % -h2a 3 j-+-a k )dy ; 
ex (o xxv ) , habita du pro invariabili , 

.. ' 2 dxd^x 2dyd*y 

= — , dv=*-^L , 


du a 




et consequenter 
2r/ i ‘x 

~ 4a,a: 3 -+- 3a a ar* -f- 2a s x -f- a* , 

2dy 

~ d f rr = 4 a «r 3 ■+■ 3 a »r* •+- 2a sy «* > 

ex quarum summa 


3a,. 

—v*’ H-jr’) as 1 '.-» ■+-./) -+- a* » 


seu 
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du 

igitur 


d 


dvdz 


■a 


U> *» AAfrtAtA* ~ «•• ••■ 

.3 v~-xf ^ 


2 dz ., 

'Hanc multiplica per — — ; obveniet 

_L ( ^£1 _ 


<iu’ v v' 
quare 


dz 


— v^f [a,! 1 *4- a»r •+“ C] ; 


du 

et restitutis valoribus 

dz dx dj ./ 

>=*— 7. X*=3k H -S“i^- + <*“ 

caet. . • • , erit 

|/"(fl 1 x I * -4-a a x 3 -4-a s x* -4- a 4 x-4“ a 5 ) -4-\ 

|/'(a,y* -Ho,/ 5 -4- fljy* *+- a»j-4-Os)“| (o xxV1 ) 

(x—; ^)|/' [a.(x-hy)* -4- a,(x -hjr) -4- C]) 

integrale aequationis T'(o rlU1 ^ 

Datis 


dx 

^ r (A,x®- 4 -A !1 x ft '+-A 1 x*-+-A*) 



juT ( A ,^y *-+-A v> y *-+- A * -t-A*) 






/ 0 5LX ' V **^3 

■l/-(A l x a '^A 1 x'‘-.A 3 )”>/'(A ir , ' 1 -A a y*A s ) 
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fiat quoad (o wn ) 

v „ j j <ZX . dY 
x =X,J.’ = Y,u n j e <ix=^,^=^', 


quoad (o x * r,n ) 


/aX,/sY, unde 


•l-n 


1 n 1 a 

rix= —X rfX , dy = — Y rfY, 
n n 


Immutabitur (o xxv,t ) in 

dX 

/ (A 1 X^A,X 4 -wV s X»HhA (l X) “ 
dY 

Y~ (A J Y' , -f-A,Y 3 -f-A,Y*-hAftY) 

ejusdem formae ac (o xxm ) , facta a s = 0. 

Immutabitur (o XX¥l11 ) in 

dX dY 

XJ/" (A,X*-+-A,X-+-A j) — Yl/ r (A 1 Y a -t-A,Y-4-A 1 ) 

ejusdem formae ac (o XXUI ) , factis a 4 =0 , a 5 = 0. Hinc 
ope formulae (o xxyi ) absque ullo 'negotio integrantur 
etiam (o xxv, ‘) , (o XXVI "). 

166. Si in integrali aequationis ' 

i y * ^) — o . . . (o.) 

tribuuntur arbitrariae C alii atque alii constantes va- 
lores , palam est alios pariter atque alios proventuros 
integratis peculiares valores , qui aequationi (o,) sa- 
tisfacient. Verum inter variabiles x , y sunt certae 
relationes , quae licet aequationi (o,) satisfaciant , nui* 


Digitlzed by Google 



f 


WJjf 


236 ^ ^ , 
lo tamen pacto ex praedictis arbitrariae C determina* 

tis valoribus exsurgunt , uti videre est in (163) 

■ydx adx* 

huic enim satisfacit relatio 



quam profecto nullus ex iis valoribus constantibus sup*- 
peditabit , qui tribui possunt arbitrariae G in integrati 

x=C^-f-«C* ; 

ejusmodi relationes dicuntur solutiones particulares » 
167. Integrale aequationis (o,) exhibeatur per 

F(ar , y > C)=0 . . i (o.,) •: 

exsistet 

F'x "4- Fjr* *= 0 • • • (o 4 ) , 

ex qua si eruis C ut ejus valorem substituas in (o,) , 
habebis (o,). Sic data v. gr. 

(2[/~xy'-\-x )dy-+-ydx*= 0 , 

divide prius per 2[T xy , dein integra ; prodibit 

y-t-^XY— C, seu y* — 2C/-f-C’ — xy=Q c 

haec differentiata suppeditat 

( 2y—x—2C)dy—ydxr=0 , unde C==> — y — ' ; 
et consequenter 

! r^V xy—y — y — seu ( 2 K xy+x)dy+ydxt= 0, 
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eadem prorsus ac data. Nunc si spectatur C ut fun- 
ctio quantitatis x , aequatio (o t ) differentiata qnpa<$ 
x , y , G praebebit 


F'a 


F' y -fl-+-F' c -^=0....KV 

rfjf - ax 


Haec autem residit in (o 3 ) , ubi ponatur 

r c = o • • * ^Oj) s 


m ea igitur qua sumus bypothesi proveniet semper 
[o t ) sive adhibeatur ' (o 3 ) , sive (o 4 ) ad eliminandam C«. 
Inde colligitur , si , resoluta (o s .) quoad C. , exsurgat 
C = 0 , colligitur inquam fore 


F(* y y ». =■ 0 • • • (°s) 

particularem solutionem aequationis (o,) ; modo tamen- 
5 non exsistat vel constans , vel talis ut ejus in (o,.) 
substitutio eo redeat ac si constans peculiarisque va- 
lor arbitrariae G substitueretur ; tunc enim (o g ) nihil: 
esset aliud nisi peculiaris v.alor ipsius (o,)». 

Exempla. 

I.° Resumatur (163) aequatio 
' vdx atlx* 

dy ^ dy' 

cujus integrate 

x = C/ -+- aC’ : J 


y 

erit (o s ) = 2«C -+-y = 0 , ideoque C = — Hinc 

y * 

particularis solutio x = — — •. 

fi, 0 Proponatur^ aequatio, _ • 
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xdx -4 -ydy = dy ..j/(x a -hy* — - a*} , 
cujus integrale 

\T (x'-hy* — «*)==^-4-C , seu x* — 2yC — a* — C*=0 : 

erit ( 0 |)= — 2 y — 2C=0 , et consequenter G= — -y. 
Hinc particularis solutio x a ■+- y, x — a* = 0.. 

UI..° Sit 

xdx 

dje= |/-[i-x*3 

quae , facto x a = 2 z , recipit: hanc formam: 

,, , 

* — vti— (2 zn ' 

ideoque ejus integrale : 

2y-+-Qs=arc(sin=2zj , seu. x*—sin (2^-f-C) s 

erit igitur (o 5 )=scoj( 2^-4-C)==0 , ex qua C=*-^- — 2y; 

«, 

unde solutio particularis x*— 1.- 
IV. 0 Detur aequatio 

(x. a -+^ a — a)( y — 2C^)h-(x* — a)C’=0 : 
erit 


(o 5 ) = — y[x * -t-y* — a) -K(x* — a)C = 0 , ex qua 

_ y(x 3 -hy* — a) 

C = — ; et consequenter 

oc “■ ~a 


( 0 .) = 


y l '(x t '-hy 3 — a) 


=0 ; hinc vero x*-hy* — a= 0. 


At quia haec resultat quoque ex peculiari valore C=0 
substituto in aequatione data iccirco non erit parti- 
cularis solutio , sed peculiaris valor. 

1 68. Aequationem (o a ) ponamus resolvi quoad C ut 
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tabeatur C=u(.r , y) ; erit idemtice 
ideoque 

F‘*-t- F' ..fi’*,— 0 , F ' y +F' . [i' y = 0 , unde : 
f* r 


F* 

f** 82 *— E7 ~ , pr 


= _F> 


F'. 


F' ’ 

V • f* 

Atqui solutio particularis importat. (1.67.) F'^=0; im- 
portabit ergo et 

fX**= 00, ftjj.H3CO.J- 

bine alia methodus invenjendi solutiones particulares* 
Ut rem declaremus exemplo, resumatur (167. : IK°), 
aequatio 

. x* — 2Qy — G* — o’ = 0 , ex qua, 

C = —y -4- V [x* *+• y ' — *- 

erunt 


f* 


x 


it s 
latk 

dy 




-U 






quae praebent solutionem particularem x*+yr 2 -a*=0. 

' 169. Aequatio (o,) ponatur traduci ad hanc formam. 


dx 


-+- a[x , y) = 0 . . . (o 7 ) ; 


et resoluta (0 3 ) quoad G , emergat 

G ==*(*, 

(Quoniam (167), adhibita substitutione in (o a ) , prodit 

F(j? , x » v ^ x ->y ■> ^ ) == 0 
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eadem prorsas ac (o 7 ) r iccirco exsistet idemtice- 
F(x , y , v{x ,y , — a)) = 0 ; 

proinde 
©x quibus 

F , sr+-FV-* v'x 


a» = - 


i ,'/ t 

' • V . 


a? 


Fyrt-FV * 


a 


’ a 


atqui solutio particularis importat F'„-=0 ; i pi portabit 
ergo et 

a’x=oo , ay= ao : 

hinc methodus eliciendi solutiones particulares ab ipsa- 
aequatione diUerentiali qoi.i cognoscatur ejus integra- 
te» Sumentes iterum aequationem 

xdx -h-ydy = dy.\f [a? 2 -+- y* — a 2 ] , seu 

dy x 

• dx — y~*~V L^-t-y* — a 1 ] v 

habemus 

a(r ,y) — ~ 


■.<i9rjq 


pi-opterca 


o'x' 


— r+Vlx^y '— ’ 

i 

-> 


(X 2 -hy a — a'? {-r+V [x 2 -t -y'-*?} ) 

00 

T 


00 


«, = — 




(x 2 ~hy 3 — a 2 ) 9 (ry-*-V [x°.+-^ 2 -a 2 ] ) 
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quibas satisfit per binas 

x*-+-y* — a a =0 , x' — a*=0 . 

Jaravero istarum prima suppeditat xdx-+-ydj}~=0, se- 
cunda xdx— 0 ; per alteram igitur data aequatio tra- 
ducitur ad idemticam 0=0 , per alteram ad ydy=z 
ydy similiter idemticam : sequitur binas aequationi 
datae fore solutiones particulares. Sed haec hactenus; 
nunc de aequationibus differentialibus , quae ternas 
complectuntur variabiles. 

170. Proponatur aequatio 

M o'x-+-N dyy- Vd a=0 . . . (o g ) ; 

designant M , N , P functiones variabilium x , y, z. 
Vide utrum expleantur conditiones 

r/M __ rfP dX__ d P 
dy dx ’ dz dx ’ dz dy 

his expletis , methodus integrandi erit ipsa eadem 
quam exhibuimus (151 : b"]. Etsi non explentur , ad- 
huc tamen adhiberi poterit illa methodus , modo in- 
veniatur ejusmodi factor p per quem multiplicata (o s ), 
sicque habita 

pMc/x-hpNr(/-)-pP<^a=0 . . . (o 9 ) , 
inde prodeant 

zf(pM) doN) d{tp M) d'fP) d[<p N) d{(p P) 

» dy dx ’ dz dx ’ dz dy 

suppeditabit namque formula {b lx : 151) i ntegrale aequa- 
tionis (o 9 ) , quod manifeste pertinebit etiam ad (o t ) . 
Verum si difficile est invenire factorem quando duae 
sunt (161 1.°) variabiles , multo difficilius erit quan- 
do earum numerus =3 ; siquidem inveniri debet quan- 
titas p satisfaciens ternis 

Pars XII* 16 

) 
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dv do dM dN. 'i 


dz dx 


dP . . . , 

?i~n 7r) = 0 ’/ (°<0 


<Zz <Z.r 


rfo . </p <£N dP 

n T, ~ v Tj - p' 


, 0 , 


provenientibus ex evolutione (o IO ). 

Prima (o„) multiplicetur per P , secunda pe* 
— N , tertia per M , et in summam colligantur fa- 
cta ; exsurget 

</m * dp dP <rs\ ;zn 

P— — M P- h N-, N— — l-M— ==0...(o IS )': 

djr dj dx - dx dz *dz 

liinc infertur, nisi valeat (o l5 ), nullum fore facto- 

rem qui (o*) reddat integrabilem. 

171 . Si (o,,) prodit idcrntica , integratio aequatio- 
nis (o s ) unice pendebit ab integratione aequationum 
difierentialium binas complectentium variabiles. Asser- 
tio sic potest ostendi : scribatur (o g ) in hunc modum 

, , N , _ M 

dz -+- — -dy — p -dx . (o l3 ) ; 

« 

et denotante y factorem illum per quem primum mem- 
brum (o,j) constituitur differentiale exactum, ponatur 

N 

( dz -+- -p -dyYf'== 0 . . . (0,4) 

liaud habita ratione secundi membri : erit 

N 


Rdz 


•dj)?~[J~ 


Facto compendii causa 


l 
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/(dz *4- — -dy)?? — V . . . (o,j) , 

differentictur aequatio 

V=|X. . . (0 1# ) 

quoad x , y , z spectando [X ut functionem x ; pro- 
veniet 

dV dV dV dfx 

. — — dz -4- -j~dj -4- -j~dx ~ ~r~dx , 

dz dy dx dx 

seu 

, , N j dV d[i, 

(dz ■+- v d J)r =-—ax*--dx, 

quam comparantes cum (o, j) multiplicata per <p asse- 
quimur 

dtx dV M 
d/c~~ d/~~ 9 ~P ( ° ,7) * 

Patet nunc illud : integratio aequationis (o g ) unice pen- 
debit ab integratione aequationum dilferentialium bi- 
nas complectentium variabiles , quotiescumque secun- 
dum membrum (o l7 ) traducetur (saltem postquam eli- 
minata fuerit z ope aequationis (o l6 ) ) ad functionem 
quantitatum [X , x ; ac proinde quotiescumque locus 
erit aequationi 

, r dV M 

7 =0, 

d y \ > 

in qua ponenda est z variari ut functio quantitatis y. 
Aequationem isiam evolventes obtinemus 

d'V dz ___ / l[ T^ dz\ ) 

dxdy dxdz * dy ^ dy dz ' dy) \< 0 


M d? 

P ( ^ 


V dy ( 
d(p dz. 
dz '~d^ “ ° 
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. , , 'dV N -dV 

habemus aulefn ex > 0 ; ( > — - = o— 

dy 

dz N . .. 

(o ,) — ; primum insuper membrum (o l8 ) 

dy P 

... N 

i ? d <fir) 

ponitur difFcrcntialc exactum , ldeoque -^-= 1 — — 

N 

d’Y __ N do 




itaque 


dxydy dx P • dx 

dz N dtp dtp , 

dxdz dy P dx dy P dz ' ^ dz 

quibus valoribus substitutis in (o j8 ) , pervenietur ad 


r/*V 


T dx ’ 
N do P' 


dx 


, M 
J — 1 
P ; 


N_ 

P 


»,M 

dz 


«*) 

M V P 

F rfF 


-= 0 , 


et consequenter ad 

d\J d P JN 

P- M- P- 






dx 


d P d M ,«*N 

• M- N— — f-M— =0 ; 

(. • dz dz 


quae cum sit eadem ac (o iS ) , jam patet veritas as- 
sertionis 

172. Ex demonstratis (161 : 1 7 1) intelligimus , quo- 
tiescumque expletur (o,,) , aequationem (o 8 ) fore in- 
tcgrabilem , ipsamquc ab unica oriri primitiva (,O l6 ) ; 
ideoqne ad superficiem aliquam curvam pertinere : 
integrationis vero methodum eruimus ex ipso praece- 
dentis (171) demonstrationis processu , spectando ni- 
mirum unam e variabilibus x , y , z tamquam con- 
stantem. Proponatur v. gr. integranda 
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{y % ^r-yz)dx-\-[xz-\~z' > )dy~\-'y t — xy)dzzssQ : 

erunt M=y , -+yz , N —xz-h-z 3 ; P ~/ a — xy , qui 
valeres recidunt (o ia ) idemticaiu. 'Habita nune y pro 
constanti , poterit aequatio scribi in hunc modum 

dx dz 

y' — xy y'-+-jz 

et facta multiplicatione per y , sumptisque integra- 
Ubus , 

y-hz 

■ ■ = ft 

y—v 


(a) : 


haec differentiata quoad x , y , z dat 
( y~hz)d x — (x-hz)dy-y(y — x)dz 
(y—xf 


d[X, 


seu 


(y-+-jz)dx—(xy-yyz)dy-h( y'—xy)dz __ 

y(y-xf . “ ^ 

Jam hanc comparantes cum aequatione proposita as- 
sequimur 

dtx ^ {xy-yz)dyyxz-*-z » )dy {x^z](y+z)dy _ 

>Xt=S Aj—?)' ~~ y{y—x)' 

e cujus secundo membro eliminanda est z ope aequa- 
tionis (a) : facta eliminatione , prodibit 




unde 


da , 


dy 


y 

da 


seu 


. ( .. 

P- dy 

[X—{ dfl m y 


' 0 \r 

a— 1 C r 

ideoque = — , a = - — — ; et quaesitum in- 

f 1 y y — c 
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tegrale erit 
jMr* _ _y_ 


= — — - , quod potest ita scribi 


zy-hyz 


C. 


^ — x y — G ' 1 * y- \-z 

Si loco y habeatur z ut constans , expeditius deter- 
minabitur p. : nam proposita aequatio recipiet hanc 


formam 


seu 


dx 


XZ-+-Z 



dx 


dy 

zy- 


dy 


— 0. 


z{x-\-z) zy-< zyy-z) 

Facta multiplicatione per z , sumptisque inlegralibus, 


xy-^-zy 

jy-z 


ll : 


haec differentietur , posita etiam z variabili ; fiet 

C y*-+yz)dx-{-(xy-+-z')dy-i-( y* — xy)dz 

__ 

quam conferentes aequationi propositae assequimur 
dux=0 , unde • 

Quaesitum igitur integrale erit 


xy-y-zy __ 

J-+-Z 

ut in hypothesi y constantis. 

173. Conditione (o ia ) haud expleta, etsi secundum 
membrum aequationis (o j7 ) minime redigitur ad fun- 
ctionem x , attamen aequationi (o g ) satisfiet per pri- 
mitivam (o l4 ) , modo una cum (o lS ) ponatur valere 
ipsa quoque (o l7 ) : facta nimirum [jz=a(x ) , haud du- 
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Ifie- explebitur (o 4 ) per systema binarum- 


dV 

dx 


V = 7(x),, 



quaecumque caeteroquin sit forma functionis / pro 
liibito sumeuda. Iu ea igitur qua sumus hypothesi 
aequatio (o„) nou superficiei curvae.-, sed ob infinitas 
UUinero diversas formas, ftiuctiOnis 7 innumeris res- 
pondebit lineis duplicem, habentibus curvedinem , et 
quadam praeditis, communi proprietate expressa pe? 
ipsam (o 4 ) ; 


I.° Sit 


Exempla, 


( z ( z — «l-hrlr — b))dx — (x— c)(zr/ z-hjdy)~0 : ' 

habemus 


M — z ( z d)-+-y[y—r-b ) , N=— y(x-y-c) , P= — z(x — c); 

quibus valoribus non expletur ( o,, ) : : facto autem 
<?==z , prodibit 


, z ~hr 
2 


explebitur itaque data aequatio per systema binarum 

^ , iL *— g r{x y 


II. f Detur 

ydx-+-( z—x )dj->r-{x—z)dzr-=0 : 

erum M==y , N=z- — x , P=x — z ; quibus valoribus 
haud expletur (o, a ) ; habemus autem p=i,et V — - — \ : 
quare per systema duarum 
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satisfiet aequationi datae. 

174. Si M , N , P sunt liomogeneac quoad x,y, z, 
poterit aequatio (o 8 ) hac ratione tractari : fiant y=xr , 
z=.vs ut substituantur hi valores in M , N , P ; ver- 
tetur (o g ) in 

M,«/x •+- P t dz = 0 ; 

M, , N, , P, designant functiones variabilium /■ , s . 
Jam vero 

dy s= xdr -4- rdx , dz = xds sdx : 

igitur 


et 


dx N,rfr-+-P//j 


— 0 ; 


cujus integrale eruetur ex dictis (151 : &^ u ) , modo 
expleatur aequatio 


N. 




M ,-t-N ,r-4-P , j 

dt 


y 


M.-f-N.r-f- P.-f 

dr 


) 


Exemplum quisque potest desumere ah aequatione 
jam considerata (172). 

175. In aequatione differentiali ponantur dx , dy , 
dz primum praetergredi gradum : ex ejus integra Ii , 
si quidem exsistit , eruetur certe per diffemitiatiouem 
aequatio , quae poterit ad formam (Og) traduci. Hinc 
sequitur , nisi differentialis aequatio j(postquam fuerit 
ordinata juxta potestates dz) resolvi queat iu factores 
hujus formae 
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dz-+-pdx-+-qdr= 0 , 

denotantibus p , q functiones variabilium x , j , z , s 
sequitur inquam eam non fore integrabilcm. Propo- 
natur v. gr. 

Pdx*+Qdy % -*-Rdz*+2Sdxdjr4-2Tdxdz+2Yd} dz-=sO : 
factis compendii causa 

T* — PRe=H , TV — RS=K , V’ — QR=L , 

exsurget 

— T dx — Vdyztz \/~ ( \\dx'-Ar-2Kdxdy-+-lAy m ) 
— • 

Jam nisi termini sub* signo radicali constituant per- 
fectum quadratum , proposita aequatio neque in facto- 
res praedictam habentes formam poterit resolvi , ne- 
que proinde integrari ; constituent autem perfectum 
quadratum , ubi fuerit 

K—J/Hl seu K’=HL. 

176. Pertractatis aequationibus differentialibus , quae 
duas tresve complectuntur variabiles , aliquid nunc 
generatim subjungimus de iis , quae quatuor pluresve 
continent variabiles. Proponatur 

. . . = 0 . . . (o Jo ) , 

in qua primum membrum non est diflerentiale exa- 
ctum (1 51 ) , et\ M , N , P , ... exprimunt functiones 
variabilium x , z , u , v , . . . ; investigandae autem 
sint conditiones illae , quae debent expleri ut (o 9o ) 
derivari possit per differenti atiouem ex aliqua primi- 
tiva aequatione. ‘ % 

Si licet derivare (o ao ) ab aliqua primitiva aequa- 
tione , licebit quoque considerare in (o 10 ) unam quam- 
vis inter variabiles v. gr. z tamquam caeterarum fun- 
ctionem ; eritque proinde 
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, dz dz , dz , 

clz 23 -r-ax ~f~ -r-«V -Jr- 

dx dy du 



y 


et quoniam ipsa (oj 0 ) praebet 



N, Q,v R , 

\i d y ir^ u — i7^ 


• • • », 


iccirco? 


dz 

dx 

dz 

du 


M dz_ 
P ’ dy 
Q dz 

T * 77' 


K 
P ’ 

R 

— et caet. 



©t consequenter 



,,N, 

, M 

— ) 

P _ 

4) 


dy 

dx 

’ Ju ~ 



rf (-p) 

<7>. 


<*(§•) 

1 

[ 

f (o„) 

dv 

dx 

’ * * * </« 

dy 


«Tjcu 

! 

j 



\ 

dv 

dy 


* i t • • • 

au > 

{ 


dz dz dz 

77 ’ Ity '~Tu ’ * *•* 

adhibitis valoribus ex (o a ,) , prodibunt conditiones ex- 
plendae ut possit (o ao ) derivari et caet, . . . 

Hinc si variabiles sunt numero tres , unam dum- 
taxat habebimus conditionem 


Jam evolutis (o aa ) , et loco 
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, !\T N 

^(ir ) • 


4r 


dx 


eamdem videlicet ac (o, ,). Si variabiles sunt numero 
quatuor , ternas obtinebimus conditiones 


,M 

d (j) 

dy 

idest 


, N 
^C-p) 

dx 


, M 

d —) 

da 


dx 


,,N 

da 


<4> 

17 


rfP _ c?M r/P 

N — — — P — — -t- P — j— — M — — -+- M — — 

ax nx dy dy dz 

dM dP dM n dQ dP 

N - — — 0 , M- P r +P-: Q - — h 

dz da du dx dx 

dM , dQ „dP ^ rfN 

Q “ M 5J = 0 ’ N ^ -P *T • + - 


„ dQ dP JN 


IS = 0. 

dz 


(o.i) 


Generatim si 
tionum numerus 


variabilium numerus 
( n — 1)(» — 2) 


! n , erit condi- 


177. Attendenti patebit methodum jam declaratam 
(172) aptari aequationibus diflerentialibus , quae qua- 
tuor pluresve complectuntur variabiles : exemplum 
praebeat aequatio 


z{y-+-z}dx-+-z{u — x)dy-+-y(x — u)dz-\-y^y-^-z)du—Q. 

Habemus M =yz-+-z a , N = zu — xz , P = xy — yu , 
Q==y*-\-yz ; qui valores explent conditiones (o aJ ) : 
ponantur z r u constantes ; aequatio fiet 
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dx dy , Y-+-Z 

— - 4 - — i — = 0, cuius integrate 1 

u — x y- hz u — x 


'H-i 


denotat fi functionem z , u. Diflierentiando quoad x , 
y , z , u habemus 


(y-+-z)dx-+-'u — x )dy-j~(u — x )dz — fy-+-z)du 
(«— 

sed ex data aequatione profluit 


dfi : 


igitur 

J-^-z 

u 

Hinc 


'-4 ~z f v-4-z 

dz — (- ydu—zdii , scu fxdz — fx*du=zd[x. 

■' 1 X U” JC 


ujiz — zdtx 

— — - = du ; sumptisque intcgralibus , 

F 

z z 

— = u -4- C , et u = — : 

fi u- 4-C 


quare integrale aequationis datae erit 

z 

u- 1— Ci 


J-+-Z 

U X 


178. Veniunt quandoque integrandae duae pluresve 
simul aequationes , quarum numerum uaitate superat 
numerus variabilium x ,y , z , .. . Dentur 

(a,z-^-b,y)dx-+-h l dz-i-k,dyr=X l dx ,} 

(a,z-h6 a y)dx-hh t dz-t-k t dy=*X a dx ,j ^ 

ut inveniantur ejusmodi valores y , z expressi per x , 
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2« 

quibus eae expleantur ambae : a t , ... k, , a % , H . k, 
denotant quantitates constantes , X, vero et X, fun- 
ctiones x. Si ab (o,j, eliminatur prius dy , dein dz , et 
quae resultant aequationes dividuntur per h t k, , 

positis brevitatis gratia 


b t h t XiA a — X^Aj 

m.-m7 " TOr *’ m.-m. ” 

a *b, -a,h u . b,h t -b t h t X a h t -X t h t „ ( 

• e=aA a> r~T — ; — r-r - — A »» 


/i^Aj o 2 A | 


h l k t -h t k, * h,k t -h a k, 


(Om) 


habebimus 

(A 1 x-4-B,y)<ix-4-t/zt=X' 1 <fx 
^ A 9 z— f-B 2 y jdx ~^~dy — X ^dx - 

istarum altera multiplicetur per indeterminatam ' ca , 
factumque inde proveniens addatur alteri ; erit 


(o.«) 


(B.o-f-B,) fc^^ zy-y)dx+^x^j^= 

h,Gd-t— Uj 

(X.a-f-X',^*. 


(°»r) 


Jam si ad « determinandam ponatur 

A,5J-f-A, 

BjW-hB,, 

exsistet 


0) 


A, — B ,=*=’/" [4A a B,-4-(A, — B,) 1 ] 


2B, 




quibus valoribus ca exhibitis per to' , u” , iisque sub- 
stituti; in (o a7 ) , prodibunt 

(B,<v>' -i- B t )(fi»'z‘+y )d tV z -\~y)= r X ' , co 1 -t-X',)dx , 
(B a <A»"-t-B,)((D"z-f-/)^x-w/(o)"2-f-^)=(X' 1 {j''-t-X' 4 '<ix. 


V 
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Hae praebent (456 : I.°) 


,H-/ 


( 0 a9 ) 


unde y et z. 

179. Si 4A,B, -f-^A,— B») 4 =0 , ideoque «'=&>" , 
x binae (o, g ) recident in unam : yemn in ea qua su- 
mus hypothesi exbibito compendii causa per /(x) 
secundo membro alterutrius (o a9 ) ut sit 


j=X(x)— q'z . i . (o 

lo) J 

atque boc valorejy substituto in prima (o 98 ) , exsurget 
dz- h(A , — a' )zdx=^X.' , — B [x))dx , 
cujus integratio (1 56 : I.°) suppeditat 

,(X',— B,7(x)Wx. 


A t )x LCi + 


(w' — Ajx 


-] 


(OS,)- 


Determinata z , assequcmur jk ex (o 3o ), 


Exempla. 


[Aiz-\-i9y)dx-\-Adz-{~9djr=xdx , 

(3 4 .z-4-3 Zy)dx-+-3dz-\-7 dy=e*d x. 

Erunt (o l4 ) 

a, =44 , £,=49 , b,==4 , k t —9 , 

X,=x , a,c= 34 , £*=38 , /»*=3 , /c,=7 , X a =e* ? ' 


I 
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et consequenter (o iS ) 

A, =2, B,=1 , X',==7j: — - 9e* , 

A»==4 , B a =5, X' a =4e x — 3.r ■; 
ideoqne (o ag ) 

«'=1 , «"=—4. 

Binae igitur (o„) evadutit (125) 

2j 5 ‘1 

*+* *= y* ~ j**-^-**-- „ 

y — 4z=20e x — 3 1 x-+-jC,e~*-+-31 ; 

proinde 


24 17 e e 

y = yc- x — _ xH _4C e -« x H _G i e-x_ h H , 

19 29 56 

z = T x— -c x -+-Ce~ Rx — Qe-*— — .. 

3 7 9 

II . 0 


(1 1 2-4-3 1y)dx-i-4dz-+-9dyi=e*dx , 
(8z-h-24y)dx-i~3dz-h7dys=c :,x dx. 

Quoniam (o a!l ) 

a,=1 1 , 6,=31 , A,s=4 , k t =9 , X l= =e* , 
a *~ 8 » ^=24 , A a =3 , ft a =7 , X a =e’*\, 
iccirco (o a5 ) 

A,=5 , B 1= =1 , X' 1 t=7e x — 9e* x , 

A»= 1 > B a =3 , X' a =4e ax — 3e* ^ 
unde (o a8 ) 


\ 
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Est autem (o, 9 ) 
*(*) = 


u'=sKo"t=a\. 


4 5 

-~e x ; 

5 6 


igitur (o,, : o, 0 ) 

ai ' 49 

x = ±V _ - e ~— 

25 36 

19 1 1 1 C(x-4-1 ) — C, 

• r=S= 36 e ’ ~ 25 * e Ux 

180. Si b t k , — b,k,=0 , erit B^O , et J , u" in- 
finitae ; at prima (o 96 ) in ea qua sumus hypothesi 
praebet 

A t zdx-+-dzz=X' ,dx , 

ex qua (156 ; I.°) 

z==e ^ ,x (Cr+-fe^ 1 X ,dx) • « • (o 9l ) • 

secundum membrum (o j9 ) designa per 7(x) , illudque 
substitue loco z in secunda (o, 6 ) ; habebis 

B,/<ix-H^ 7 =(X', — A,*/(x))rix , 


unde (156 : I.°) 

jr=e ^ ,X (C,*f -f e * (X',- — A 9 y.{x))dx) ... (o SJ ). 
181. Sint nunc integrandae tres simul aequationes 
(a , y-+-b , z~hh t t)dx-+-i ,dj-4-k ,dz-+-m ^dtr^X >dx, j 
(a ,/-hA , z-y-h a t)dx-\-i a dy~+-k a dz-+-m,dt= X 9 <ix,|(o Jfc ) 

{a 3 y-y-b 3 z~^-h 1 t)dx-¥-i a dy-\-k a dz~¥-Tn i dt=-l^. i dx. 

Eliminatis ab ( Os * ) 1»° djr et dz , 2.° dz et dt f 
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3.° dy et dt , aequationes inde prodeuntes erunt ejus- 
modi formae ■ 

{Atf-\-& l z-+-\l l t)dx-+~dt z=X.'dx , 

(A t y~i-B,z-+-li 2 t)dx~hdyr==X.''dx , (o 3{ ) 

(A j jH-B 3 zH-H 3 t)dx~\~dz=X."'dx. 

Multiplica secundam (o 35 ) per indeterminatam * , ter- 
tiam per «a similiter indeterminatam , et producta ad- 
de primae ; exsistet 

„ , A.-t-A a cH-A 3 ca 


B^BjOH-BjM 


z^)dx-^-ady-y<Mlz-\-dt== J 




H ,-f-H a «-t-H j4> 

(XWWX' 1 ^)^, 
Ad a et a determinandas ponantur 


A A jSt-^A j&) 




B,-4-B,a-f-B 3 (v» 

Hj-j-Hjfit-i-H 3 5i) 


Z=Ui 


a 


(°37) i 


H,-hH,<z+.H t a 
eruetur ex prima 

_ (H, — A a )z-hH,a* — A, 

A 3 — M 3 x 

et substituto valore a in secunda , proveniet aequatio 
tertii gradus in ordine ad « , unde terni valores a' , 
«" , ; ideoque ex (o 37 ) terni pariter valores «' , 

a" , a"'. Habemus itaque ex (o 3s ) 

(H,-f-H a «'-+-H 3 « )(a'y-^-a'z~i-t)dx-+- 

^'^'^(XVXV+Fuyr , 

(H ,-t-H a «"-f-H 3 (d'){a!'y-\-u>' 'z-t-t)dx-h- 

Pabs III. • 17 
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quae suppeditabunt (1 56 : I.°) 

«y-f-6)’-Z-hf=F,(jj) 1 x'[y-hco"z-ht=, F a (x) , 
«"'/-Hu'"z-4-f==F j(jc) ; 

■unde y , z , t expressae per x. 

DE INTEGRATIONE QUARUMDAM AEQUATIONUM 
r ltirTERBNTIAUUM QUAE TRIMUM EXCEDUNT ORDINEM. 


,P 


482. 3l roponatur- t. 

facto dx—vdy , prodibit d’ x x=Qz^=vd 3 y-y-dvdy , Un- 
dvdv 

de d l y=- — . Substitutis in (g) valoribus dx, 

d*y , proveniet 

— f'y) d y ♦ ‘deoque ^ —ffijYy A- C : 


erit igitur 


'i 


1 V{ 2 ff\y) d y 

et consequenter 

dx sa =ks 


d y 


2. a 


Vp-IiiyYy^d ' 
d^"' te* 
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d J dv 


Facto — -z=v, tinde — — =s— — adhibitisque sub— 

dx dx dx-- ^ 

sti tutionilms in (g ') , profluet dt*=af('x , v)dx , cujus 
integrale suppeditabit y=F(x , C). Hinc 

dj=V{x ,• C)dx. 


dy 


4r 


— At » -jz) • * • te")* ' 


dx 


Positio (1.°) da —vdy mutat (g") fn 

dvdy ‘ 1 . 

~ — A x ’ : 

est autem dx'^=-v'dy* ; biuc 

— J=y Xy > ~) d r> 

cujus integrale praebebit 

^ /= ^F(y , Q; proinde dx=F(y , C)dy. 
4 .° 

d^Y 


dx’~ f{x,jr, ~£ ) '" (f " ,} ’ 


quae ponitur homogenea quoad x ,y ,dx, dy , d*y. 
factis 


J 


dy d'y z 

~ ux ' dZ^"' ST» ~ T ’ 


assequemur aequationem V=0 inter u , v et z> Jam 


vero 


dy=vdxt=udx-{-xdu , ~ = — , 

dx' dx x ’ 
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idcoque 


dx 

x 

'dv 


du 
v — u 
du 


dz v—u 


<*) 


itaque in secunda { k ) substituto valore z ex V— 0 , 
proveniet aequatio primi ordiiiis rnteru et v , cujus 
integra! e praebebit v expressam per u ; et adhibita 
substitutione in prima ( k ) , eruetur inde rcl&tio inter 
x et u, ex qua ejicietur « ope j^=ux. 

Exempla . 

Ij 

I.° a’ i d‘ t Y-\-ydx % z=zO seu -*- 1 — ess — terit (1i°) 

dx * <i a 

f(r) — — 'ffb-) d J — ~ ; unde 


rfx =sdb- 




m-^r) 

dy 


, x 


J 


' d J 


lACr 


1 /* 
-=t=— /■ 


-4- C a ss 


c, 2 * 7 K(1- 


C,a a 


* v. 1 /" . r \ _ 

=fc — wzrcf = - - - t . 1 -f-C 4 

V aQ,y 


C. 2 

II. 0 


'3 


(— 
f/a’ 

dx % 


x “ 
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x 


... dv dx 

dx , ldeoque = — ; 

3 jj* 


(^* H-1 ) 


surnptisque intcgralibus (1 39> , 


c — _ 

~ x ’ |/ — (C*— ■ 1/3 ’ 

et consequenter 


III.' 


erit (3. 9 ) 


(Cjc — \}dx 

y ~ *• 


'£=V(r-— ■ 


dx a ab 




1 y 

et facto — =. — , 
v z 


abzdy — . abydz = z a dy]/" {z* •+• «’) , 
dy abdz 

y z a ]/'(z 3 -Hs a ) — abz * * 


seu 


IV . 9 


erit (4.°) 




/ 


\ 
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V =z — y (aV*-f-5tt a ) t= 0 , 

I 

ideoquc secunda ( h ) fiet 

dv du •' 

et consequenter, assumpta (154 : 2.°) m==mu , 
da f«“lWa 

u 


& i) — 1 j— f-Aj 

Insuper prima A) vertitur in 

<^x . , t/x efu 

— ; promae — '• 
x 


• • $')• 


.(A"): 


■ ^ w — - - — »- . — i 

x u‘co-1) - a: Ct>(w-1)-y 

binae igitur (A')*, (A") suppeditabunt binas aequa tio- 

r 

nes, alteram inter u et u, seu inter - — - et a , alteram 

x 

inter x et a , e quibus demum ejicietur a>. 

183. Etsi («•"') non est talis, qualem posuimus , 
attamen factis 


„ dy d*y 

J=UX , = i'X n ~' , = M ,rl , 

dx dx 

ubi liceat ita determinare n ut dispareat x, devenie- 
tur haud difficulter ad aequationem primi ordinis. Sit 
v. gr. 

d*y x*-f^ 2 x 7 dy 4 \y* 

dx * x u dx x * ’ 

quae traducitur ad 

(z— 2uv')x 9n =0. 

Facto n-(-2=2n, ideoque n= 2 , disparebit x , eritque 

z — y-4-4« J — 2in'=0 . . . (A) 


t 


i 
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dy 

c* et 4- =*. 


Jiam vero ob j=r«jc* et =.wc habemus. 

rfr _<&* 

= 2 uxdx H- x a du , -j— = =s 2«x-+-x ,, 

— 2«dx. -4- .rzhi, »; 

proinde 

eZu: J/i , 

vdx sas 2wcix •+» xdu , ■=* — • •- • (/». ) *,• 

x v — iu 

d a r , ■ 1 . . , . 

insuper ob — — = — «< yx ) =s z habemus 
r rfx 3 ax 

dx dv 

vdx -t- xdv = zax , — — 


x z — v 


igitur 


dii 


di> 


v—-2 u z — v 

et substituto valore z ex (h) , 

dv—2udii , ideoque y=u’-HC,. 

Hinc ( h ') 

dx du. 

x u a — 2«-f-C _ . 

184. Si ( g "') est homogenea quoad solas y , dx ,, 
dy , d % y , positis 


dy 


dx ~ dx 


<£y_ _ 


zy 


assequemur aequationem inter x , v , z , ex q,ua v 
,z=«F\x , p). Sunt autem 
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dv . 1 _ dv zdx — dv 

— = vdx , -j-dyy) — zy , ideoque — = ; 

y dx * y v 

igitur F {x , v) dx — dv=v*dx , cujus integrale sup- 
peditabit v=£{x , C ) , et consequenter 


dj —f(x 

— . — j 


C)dx' 


Detur v. gr. 

d 'y __ 1 ^ | i dy' 


dy * 


dx* x dx y * dx* y^(a* — a:*)* dx * 

erit 


proinde 


v _ bv* 

z — — ■+- v -+-.r-?— ; 

x y ( a — x ) 


bv*dx 


. dv = v*dx , 


vdx 

— - 4 — v dx > 4 - — _ 
x — x *) 

quae traducitur ad 

vdx-xdv bxdx „ x . , „ _ 

7* V(a--^ ) = ° s eu d{—)-b.d\f(a*-x')=0« 

Hinc 


b)f (a * — #*)=C , 


x 

v t=» — - ■ - _ 1 

Qr+-b)f ( a*—x *) 


et consequenter 

dy xdx 

■y (a*~~x*) * 

185. Bonum erit hit subjungere illud : integrationi 
expedit apte sumere differentiate habendum ut con- 
stans : rem declarabunt 
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Exempla. 


I.° Sit aequatio 


(a-Kr) 


dx 1 


dy dy 3 

dx dx 3 


a suppositione dx constantis transeamus ad hypothe- 
sim nullius constantis ; aequatio immutabitur (1 5) in 

dxd a y — dyd a x dy dy 3 

dx 3 dx dx 3 



hanc modo in eam convertamus , quae supponit dy 
constantem ; erit 




dyd a x 
dx 3 


dy dy * 

dx dx 1 * 


seu 


xd*x-+-dx* — dy*=£ — ad a x , 
quae integrata in hypothesi dy constantis dat 
xdx — -ydy=Cdy — adx ; 
et iterata integratione , 
x a — y a 

— x— =Cy~ax-b~C 


r II. 0 Detur aequatio 

xy{dxd a y— ■dyd a x)=ydydx a —y a df(y)dy*-xdxdy a , 

in qua neque dx ponitur constans , neque dy : ae- 
quationem ita scribe 

{pcyd a x-\-ydx a — xdxdy)dy==y(xdxd a y*+-ydf{y)dy a ) , 

ut traducatur ad 

xdx ' * ' 

''d[—)dy=y{xdxd a y-\-ydfiy)dy\ 
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xdx 

Pone constantem ; habebis 

r 

xdx d*y 

xdxd*y-\-grdf(y)dy a t=Q , seu df{y)= . ■ ; 

. y dy 

atque integrando in hypothesi — — constantis, 

y 

xdx 1 " 

fly) — G , seu (f{y)—C)jdy=xdx.. 

T d J 

III. 0 Sit demum 

x'dyd*x+x*yd 3 x-jcd*y-*dxd*yi=ix*dxd t x+x*dyd*y, 
quam ita scribo 

d'y 

x*(dyd* x-+-yd l x) — x*d K )=x'(dxd % x-+-djd I jy) : 

■ - d*y J- 

accipio — ^ — tamquam constantem ; prodit 

X 

dj'd*x-+-jyd i xc=dxd 3 x-+-djd % jr , 
cujus integrale 

d'v dx*-\-dy* 

yd % x -+- G— — =*= — — • 

x 2 

186. Sit 1.° 




d n ~'Y , . . dv , 

Facto —=v , vertetur (i? lv ) in ——t=dx ; ex qua 

dx n ’~' ■ fiy) 

integrata eruetur v = F(a? , CV Hinc 

^ n - , j= s F(x , Q}dx n '' 1 , 
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cujus ulterior integratio habetur ex dictis (1.48). 

2 .° 

d n y 


Vx' 


facto y = — — ±- unde — = - — -- , — — i; 

dx a ~* dx .dx n ~' dx* dx“ 

adhibitisque substitutionibus in (g v ) , proveniet 
d\> - ' 

quae similiter integratur ac ig : 182 1.°). Sit itaaue 
v=F(x , C , CJ ; erit - O ^ 

d"~y=F{x , C , C t ')dx!‘-\ 

Exempla. 


I.« 


erit (I. - ) 
d\> 


= 

dx* v dx 3 


p^s- — aclx , 2j/"i v — ax-hC , v= — - ; proinde 

, 3 (ax~ +-C)* , 

. rf>==- — -dx 1 . 

4 

Jam si in (t* 1 : 148) assumitur x o =0 , proveniet 




x 3 a^x* aCx 


C.x’ 


24 10 


* v A 
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II.?'. 


erit (2.°) 


dy 

dx 4 


W’- 1 


ti k a 

==- -3- ; et facto dx=*zdv , exsurget (182 j 1.?) 


dz adv 


Hinc 
1 a 

17 = 7T-^ C • ^ 


z v 

[T(a- hC«>*) 


j 

Y i.ci^Y) y dX ' “ Y (a-f-O 1 ) * 
-C„ ■ ^ l ' > — ) ; demum (2.°) 


dy = 

187 . Sit nunc 

d n ~'y d ll ~*y 




r/a -' 1 


c/j.' 1 ' 




<?y i 

<&p 


i n r= a fi x ^ (g Yl ) i 


& I 1 ^ fl 


. . a„ denotant quantitates constantes. Facta 

F(r)?=r n +a l r' l ~' , +a a r’ n ~*-*:.-t-a n _ l r+a n =(r-i i y i r-i a )..(r-i n ), 

et designata per X(r , x) ejusmodi functione arbitra- 
ria , quae haud evadat infinita quum pro r adhiben- 
tur t, , i g , . . . i n vel quivis alius finitus valor , su- 
matur (66) 


J.lr , *) . e™ 

*-?>-& w — <1- 
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dX(r , x) r m 


269 


& rx - 


0 • • • i 


dx (S?{r))) 

erunt (70) 

dy x • r JX(r t x) 1 

- = x,— + 


*),- 


((F(O)j 

/?X(r , x) rr 


£ ' , " /(r ’ ‘"TOT 


8 erx X( r > ^,717 


((*>))) 


dx ((F(r)j) 
ct enet* • • y t 

d' l ~'jr r"”* dX(r, x) r n ~* 

‘h"-' _ £ e ™X ( '’’ ^ <U ((F(r))) = 

• S =£'"*■•*> ( (4 t + 


k ^rx. 


dX (r , x) r"- 1 


dx' ((F(r)j) 

factisque substitutionibus in (g yt ) , 

erxy±r, x)F(r) *X(r , x) r"-« _ 

'O //177.^ ^vo //ev-aw l\ x J ’ 


((F<r))) 


<&? ((F(r))) 


et quoniam binarum e rx , X(r , x) neutra fit infinita, 
quicumque ex valoribus i, , i a , . . . i n substituitur lo- 
co r , iccirco (67. 2.°) 

0 e rT yJr , x) F(r) __ 

6 ((F(r)j) ’ 

et consequenter 
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c e r zri_ : 

° ■ d * ((*>))) 


1 A») • • • (*") ! 


satisfiet igitur -per (A) aequationi (ff yi ) , modo X(r, x) 
determinetur ita , ut (b'i , (b") simul expleantur. Atqui 
(69. 5.°) 


/•'» rn-1 

^ ((*>))) = 0 ’ £((*»)) 


i ; 


explebuntur itaque {b') et \b") sumendo 

cT/. r,x) r> x 

e>x ~ dx ~ —fk x \ ex qua (151) X(r, x)= J emft z)dz-hf(r) : 

hinc 

J e r(r-s )f(z)dz 




o f(r) x„ 


((F(rW 




Ad haec : cum tp[r) sit arbitraria , continebuntur in 
(g,) n arbitrariae 9 ( 1 ,), f(i a \, .i. f(ij : neque arbi- 
trariarum functionum numerus minuitur oh i,=j 1 e= 
et caet. • ■ . ; nam si 

F(r)=(r— i,}" . . . (r— i„_ l )(r— i n ) , 

deerunt sane (fi,) , <p(i ,) , . . . <p'<J , verum quia 
(67. 4.®) 

.<■>%, >S) 


H‘ 1 -/ ] 


e rx (f , r) ' 1 

' (7i>- i t T))»'{r-i n ) ~ 1.2.3...(m-1 ) d c r~' 

ideo illarum loco sese offerent f’(i,) , <?"(},) * • • • • 
9 (i,). Quibus positis , pronum est concludere fo- 
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re (g,) integrale completum aequationis (g VI ). Si po- 
nitur f{x) = 0 , ut habeamus 

r « ,u) ’ 


vertetur (g t ) in 


r * rx ¥r) 

J h ((F(r))) 


• ( g^ 

Exempla. 


I.° 


t i z y d'y dy 

y~ — 14-rr -t- 64-f 96r s= 0 t 

</x* dx dx J 

'erunt n=3 , a J t= — 14 , a a =64 , a s == — 96 , f[x)=0 >, 

F(r)t=r 3 — 14r*-+-64r — 96=(; — 6)(r — 4)” ; ideo 

0 e r *?(r) 0 . c”<p(r) 

6 ((r-6))(r-4)* 6 (r- 6j(((r~1)*j) ' 


Sed 


e"^'r) 


^ ((r— 6)fr 


__ c 6 *y(6) e 1 ’^) 

4 \ 6^((r— 4)*)) 5=3 


- G’(- 2 ) 


d9 


-.== — ^ (e ,r xy(4) -4- e ft Y( 4 )) ? 


factis igitur -^>(6)=C, , — £f>(4)=C, , — ^y r (4jr=C a , 
proveniet ^ = e**(C,e** -f- C a x -+- C,). 
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II . 9 


g:_,v=/ W! 


erunt n e= 2 f a, = 0 , s= — i* , F(r) t=* r* — i' 
(r-H)'r — i) ; proinde 


i r 

J Outr^_,M r Aj) ^ O 


/ e r <*“*>/ \ z) dz 


Sed 


°(((r-M (/— *))) 
praeterea (136. 2.*) 


(((r-+-»)(r— 0)) ° (((r-+-t)(r — ij)) 

er*cp(r) er~ ix <f( — i) e ix tp(i) 

n h ~t~ ; 


f X e r ^f{z)dz 

x. 


/* 


e~‘( x —*)f{z)dz 


(((w)H)) 

r> x e‘( x ~z)f(z)dz 
_ 


— 2 i 


X 


igitur 


j, — - -f. i_/ [e « (*-*) — f{z )dz. 
Si — i’c ==a , ut veniat integranda 

-3P ~ hax=lf w ’ 

erit a)f — 1 : quare 
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2j/«j/‘ 


G^V' a V-^ 

' X rS x ~ z )V a\T-\ -{x-zY 


. — f [e 

a\f-\V a- 


]ftz)J2; 


J^= 


quae, adhibito 1 pro C, et C 1 

pro C, , mutabitur (162. 1.° ex p. 2. n ) in 

C t sin.x [/~a-*G t cosx\/'a 1 r x 

~V~ a "\To.J j in{ - x - z V a 'f z ) d *' 

188. Sit etiam . 

d n y a t d n ~ l y a' d ,l ~~*y 

dx n hx+k dx' 1 — 1 (hx+k)* dx n ~* ' 


«»-, d J 


a „r 


7T = /t*) 


(g? uw ) 


(hx+k)' 1 ’ dx (hx-*-kf 

ih qua non solum a, , a„ , . . . a n sed et h , k desi- 
gnant quantitates constantes : fiat 

F (ry=sh n rir — 1) . . . ( r — n-MH- 

a,h n 'r{t 1). • ..(/•• — /»-+— 2) — f— ... -+-a^_ l hr-^-a n ;■ 

exprimat X(r , x) ejusmodi functionem arbitrariam, 
quae minime evadat infinita quum pro r adbibentur 
valores aequationi F(r)=0 satisfacientes , vel quivis 
alius finitus valor ; et assumpto- m<n — 1 , ponamus 


Pass III* 


15 
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erunt 






o/i j.-r-.y/ A 3 r(r — 1) 

y;hx-+-k / */(r ..a:) , . . . — — = 

° ((F(r») /**"— 


((F(r))) ’ rfo .- 5 
d"~ 

dx“ 

7 \ _ . 1 W(r — n-t-3) d n ~'y 

° v ; / - > ' ((F(r)j) 'dx~* 

_ 7 . ,^‘nr — iWr — »-4-2) rf n v- 


£>* H- , *)' 


((F(r)jj ’ <ix'* 

h' l r(r — 1 ) . . . ( r - — »-4-1 ) 

((F(r))) _t ~ 


» rv/T 7 . dY(r , x) r(r — — «-4-2 ) 
hn-1 ?fhx-+-k)>-m — L * _i — : L 

^ dx ((*>))) 
factisque substitutionibus in (g- VI11 ) , 
{hx+-k)r-"x(r, x) F(r) 




((F(r))) 

dX(r , x) r(r — — n-4-2) 


dx 


((*»)) 




et quoniam (hx -4- k}'—’ 1 , /(r , x) haud evadunt infi- 
nitae quum loco r adhibentur valores ii , qui aequa- 
tioni F(r)=0 satisfaciunt , iccirco 

I 

(hx- 4 -ky-n%(r , x) F (r) __ 

6 crn 


et consequenter 


, ^ ,7 7 dX( r,x) r(r-i)~Jr-n+2) , 

h-, £ -■ (( Fi r))) ' W l- 


Satisfiet igitur per (& ,v ) aequationi (g* 111 ) j modo 
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X{ r , x) determinetur- ita,., ut' (b y )', , (5 VI ) simul exple- 
antur : atqui (69. 5.°} 

r(; — twH— 1) * j n(t rfr-1 \.,(r->H-2) j 

6 ((Efr)jj. pTO ' 

explebuntur itaque (6 V ) , (£ VI ) sumendo 

(hx-+-k) ■ — l=hf{x) , 

dx 

* 

ex qua (15f) X(r ,x)=h J {hz-+-kY l - t '- l f{z)dz->r^{r). 

x o-, 

Hinc: 


(hx+k) r J' (hz-t-k) n ~’ ~'f(z)dz 


(. hx+kytfr ) 

6 ((F(r)); 6 

integrale completum (187) aequationis (g- v,n ) 
Si ponitur f[x)= 0 , ut habeamus 

d n y a , d n ~ l y 


((E(r)j) 

ionis (g 
unus 

a a 




rf-r" dx n ~ l ( hx-+-k )* rfx'* - 






fc lx )> 


t 

vertetur (^ 3 ) in 

JJue+JtYtfr) 




«F(r))J 

Exempla. 


d>y 


i.* 

3 6 6 1 

«fcc* a: rfar* x* ar 3 *^ x * 
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erant n=3 , a,=s — 3 , a t =s6 , a 3 = — 0 , h=i , 
k = 0 , F(r) = rj — 1 ) (r— 2) — 3r(r— 1 ) -+- 6/— 6 = 

(r — 1} (r — 2) (r — 3) , f[x) r ideoque 

x * 


r 

l x r z~ r dz 

—r ^ 

2j(r— 3)jj 1Xr—2)(r— 3») 


Sed 

r *>?{/•) . 
6 (((r— 1)(r—2)(r— 3))) 

et (116. 2.°) 




• x*<p(2) -f 


x*p'3) 


/ 


x r z~ r dz 


'(((r-1)(r-2)(r-3)j) 


X 

=/J 


*xz“* , , x*z"V, 

Wz = 

2 2 


4- L(— )+ 


proinde 


4x. 


^ =3 — L( — )-+-C,x-4~(C 1 — — )** (C 3 -f--— )x*. 

* X 0 X, *iX # 

II.° 


1- «fr 7 - rzr.f(x)T 

dx * x-4-1 <ix (x-M)* ' 

erunt ne=2, & t= 1 , A = 1 , a, = — 1, a, ~ 1 , 
F(r; = — 1) — r ■+- 1 = (r — 1)* ; proinde 

(x-+-1 yf (z-+-l) l - r f{z)dz 

rtrTT p ^W r ) , r . *° 

^ 6 (([r-tn) 6 ((&— «I*)) 
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' m n 


x 

{x~\~\) r f (z-f-1 )'~ r f{z)dz 
X 


° (((/- — 


X 9 

igitur 


J=(.x-+- 1 XC,L(x-f- 1 >4-C,-4 - f 'L(^^)f{z)dz\. 


189. Data aequatione 


d" 


77' + a -77^ “~~fx +*" r ^ 


d n ~'y 

'dx* 1- ' 

d n ~'z 


djr 


• 4 - ... -+- b u J^-+-b n z^f{x) 


(g x ) 


,d”z 

b dx” b 1 dx*-' 

inter 'variabiles x , y , z , sit X functio indeterminata 
quantitatis x : -et facto 

d n z d n ~'z dz ' 

b —*~ b 'l^-* '~ b "~‘dl^ bnZ==X \ 


(?) 


' dx n ' ' l dx'‘~ l n ~‘dx 

erit 

<£y_ d ' l ~y 

dx n 'dx“~’ 

Jam si binae {q) integrantur (187) , altera suppedita- 
bit z=F x , X), altera y=F,(x , X) , per quas ma- 


dy 


... 


f 
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nifeste explebitur /g x )'A buic nempe aequationi satis- 
facient inhnitae numero lineae duplici praeditae eur- 
vcdiue. 

Quod si habenda esset (g x ) pro aequatione ad su- 
perficiem curvam , facta prius .3=0 , deinj^^sO ex- 
surgerent 


, 

d n ~'y 

//a" 


,d n z 


O H 

h b 'dx n ~'. 


dy 

-4-a «„r = 






(?') 


quibus integratis (187), aequationes -inde prodeuntes ad 
communes superficiei curvae* et planorum XOY , XOZ 
intersectiones pertinerent. 

In aequationibus (g VI ),*.., (g- x ) quantitates y , z 
, d*y , .«. neque primum praetergrediun- 
tur gradum , neqUe exsistunt invicem vel multiplicatae 
vel divisae: aequationes ejusmodi dicUnturZmeiares. 
190. Datis , 

(a l y-*-b J z)dx*-*{h l dy-*-i l dz)dx-*-k l d a y + m t d , z=X l dx*, 

I 

(« •xj+b a z )dx J +(, h a dy+i a dz )dx* k „ d 'y+m a d 7 Lz= X 3 dx 1 , 

inveniendi sint ejusmodi valores^ , z expressi per x, 
quibus expleantur ambae (g **) } a, , m, , a v ... m., 
denotant quantitates constantes , X, Ct X a functio- 
nes a - . Pone 

' . ' dy=uidx dzx=vdx ; 

mutabuntur (g xl ) in 

(a , y+b , z*-h , u+i X v]dx+k ,du+m % d e=X ,dx , 

(a j, y*i > , z*h a »-w' a v)dx-*-k 3 d u-t-m a eZ i^=X a f/a. 



j(S M ) 


Ab his eliminata prius du , dein dv , et factis com- 
pendii causa / • , . 
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vi . k a — , a bjk a ~b a k t p ^ ^ 

m^—m^k, * ’ m^k^-m^k, 1 ^ yi Jt ? -m a k t 

m^k a -m a k, ‘ ’ m t k a -m a k , 
a a m,-a,m a !; b a m,-b,m. a & a m,, -/»,?», 

-—A* ,— — r — — T *’>i i T~ — “»*» 




Wj/Tj-Wait, 

i a m l -‘ 1 m a 

m a k a —m % k a 


m l k a -m a k l '~ zl ’m l k a -m a k t m l k a -m a k l 

K X 1 CT-X 1 IB i v » 

9 » j ; A ■? i 

m t k a -m a k, / 

prodibunt , 

i * * 

(A a j-«+-B a zH-II a u-+-K ! ,^)c?j;-wiK=^X''<ix ^ 

quibus addendae 

— -udjcr= 0 , e/z— Wx= rO. 

Multiplica (175 : 178) secandam fp") .per a , tertiam 
per v , quartam per fia , et quae proveniunt facta ad' 
de primae ; exsistet 

x , A.-+-A a a B,-4-B a a 


K f ^K 2 a-w 




Ad indeterminatas a , y , &> definiendas fac 
A,H-A 3 5( B I *-4—B 2 iic 

K,-p-K a «— «T* ’ K,-i-K a K — ’ K.+Kaa+u^ * ’ 

emerget plerumque aequatio sexti gradus in ordine ad 
x ; hinc sex valores x ; et duobus , qui minus op- 
portuni censentur , omissis , reline caeteros x' , a" , 
x"' , X IV ; exinde inferes / , v" , v"' , v lv , nec non 
«' , <w" , a"' , w 1T ; sicquc habebis ex (p" r ) 
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("K.K, u!~'J) z+z*u-H>)d'x *• d(vfy <*• a'z «*. «'u-k') 

(X +<x!X!')dx , (K, -t-K jiVj-' <J' z,+- a."u.'+ vjdx *• 
tf(v>WWW)^(XW'X'^a:, (K 1 '+-K,a" , -»"'Xv"^'* 
f d’' zMx!"uW)djc^ z+u'” uw) =23 [X'+a!"X'')dx •, 

(K.+K s a ,v -<M IV )(v , ^-+« ,v -z -*• -*• ^(V^h. o) ,t z *■ 

= (X'-*-a ,T X")<£r ; 

quae suppeditabunt (156 : I.*) 

vj+sJz+ct 'u-*^=F /x) , v , y+<a"za-i f 'i/-Hci:F 1 (j:) , ) 

Eliminata ab (p ,v ) prius z , u , v , dein ^ , M , v ; 
obvenient j , ‘z expressae per as. 

'IW. Si /i,==0 , *,=0 , /t,=0 , i,== 0 , et X, , X, 
'exhibent quantitates constantes r t , r, ut immutentur 
(# X, J »*» 

(« , y-+-b, z)dx % *4 4,1/V-fm d‘z=sr;dz’ 

(a a y-+-b 3 z dx'-t-k t d'j*+-m t d* z^ridx* , 

multo facilius iutegratio succedet hac ratione : elimi- 
na ab (g* ll j .prius d*x , dein d'y ; et factis brevita- 
tis gratia 


a/n,— a,m, A b,m,-b a rn; n r,m t -rjn K n 

i i — — j » ' i ~ i > j r ■ 

k l m^kt k m l k l m 7 -kjn M k l m % -kjn l 

ajit-ajit K b 3 k,-b, 1 s t __ n 

— A, , , ; * o* > V — — b., , 


,(pr) 


k,rn 3 -k t m, 

habebis 




k,m a -k t m. 


(A l Y‘*-B l z)dx‘-+-dy='R l dx* ,) 

(A 1 ^-+-B 1 z^ir’-f-^’z=ER a Jx* .j ^ 

Secundam (p VI ) multiplicatam .per « adde primae; erit 
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(A.+A..KJ- ^ 


Fac 


(fti ■+• R,«)^< 

B.-t-B.a 


ac; .prodibit 


A, -+-A,a 

B, — A 1= fc/ C4A,B,-»-(A i -B,n .. 

0( «si - ■■ • ■■■ ■ 1 ■ ■ -■ - - — 1 • 

2A, 

et expressis per a', a" valoribus oc , positisque 


(p" u ) 


jr oc z — — , •*= v' , 

A.-t-A.a' , 

„ R,-+-R t a" „ 

y ofg — r -: ~ r— = •» » 


A 3 4-A,a" 


0* ,x ) 


aequatio (p ,u ) dabit 
(A * 

unde (182 : 1.1) 


d'v' ^ ^V" 

_ = — (A,H- A,«y — == — (A.-+- A,a"y' i 




</</ 


‘ ,, |/ r [ — (A.- hA**')] * ^ [“(A.t-Aja'')! 


dv” 


et consequenter 


|A[-(A I -A 3 «')] L( C 1 ) ’ X=a |4[-(A.-A a «";] L( C, ) * 
Hinc ob (p l% ) 


, R^Ra»' r *\f [-(A,-A»a')] 
^ Z -A^' =C ‘ e 

R,-R,»" . x^[-(A.»A,a")] I 

jr+« z- - — - — -=G,e ; 

A^AjCc" 


(p l ) 
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■e quibus / et z expressae per x. Datis v. igr. 
(i7y-h-86z)dx’—9d a y—7d i zz=59dx a , 

(1 \jr-^S2z)dx a — 5 d*y — id 1 z=35dx a , 
erunt (g* n ) 

a,= 17 , £,=88, k,= — 8, w,= — -1 , r,e=59,-a a s=1i, 
£ a = 52 , k a = — 5 , m a — — 4 , r a =35 ; proinde (p y ) 

A,=-3 , B,— -4 , R t =— 3, A a =1, B a =-8 , R a =-5; 
insuper (p VIU ) 

.a'=^-:i , a"= — 4 : 

'ergo ( p x ) 

y — ■= C,e* x , r — 4sH — ^=C a e ;; 

- * • "7 

ideoque • c 

1 C.e 2 *-^*^ 7 9 

3 * 14 




* y > *= 


Si 4A s B 1 -f-(A J — B,) a =0 , et consequenter «'==«" , 
binae (^> x ) recident in unam ; verum facto 

„ «ift— (A.-hA.o')] Jt.-KR-.a' v/ x . 

C.e -4- 7 — ; = 3c w ut sit 

A,-f-A,«' 

y=X(o?) — oc r z , et adhibitis substitutionibus in pri- 
ma (p yl ) , obveniet aequatio 

d'z A,a' — B, _ _ A,X(ar>+-y"(jg) — R, 




« 


t a' 


192. Pe his satis ; nunc redeo ad lineares aequa- 
tiones (g yi ) , ... (g ix ) ut , datis valoribus quos recipiunt 

dy dy d' i ~y 
Tx ’ dx'''''d^''' Kt) 
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'quum loco x adhibetur peculiaris valor x 0 , ex iis 
valoribus determinem arbitrarias functiones quae in 
(gi) , • • • .( gu) ingrediuntur. 

Veniant 1.° considerandae (g yj ) et (g t ) , consti- 
tuantque valores illi progressionem geometricam 

«*■» a*-, « 3 , . . . a n ~' , 

quicumque caetcroquin sit « : cum, assumpto m<n, 
habeamus (69. 5.°) 


x 

dc vx J' ?tr rx f(x\dx 


z- 


dx 


- 

Zi rerx f ^ = 


X 


re rx 


,((*>W 7 u 

o 

dx' • 

((F(r))) 

x 

dre rx j' e~rxf(x)dx 

X o 1 

r'e rx J 
o * 

r x 

' e rx f(x)dx 
*o. 

dx {((R{r))j~ 

6 

((*»)) 

t caeU • . . , 



r x 

d'»c'x J e -> x f(x)dx . 

'X 0 1 

' rlf" 1 

fttterx 

t 

00 

J e~^' x f(x)dx 

= £ — 

x o 

f/l 


' J - ■ 

et consequenter 
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d m e rx f e~ rx f[x)dx 

d m y _ rm e rx ?{r) J Xf> 1 

dx m & ((F(/-) j) & £ x m 


(( F(rW 


r m r e r (*-*)f[z)dz 
r m e rx (o{r) x„ 

W) + ^ pvjj) 


iccirco 


r m F er(.* 0 -*)f(z)dz 
rwerxo^r) j:, 

^ " + "0' 


((F(r)j) ’ «-» ((*»;; 

Sed (127 : 69. 5.°) 

X 

r m j', *er(* 0 -*)f(z)dz 




((F( r )j) 


>0 ; 


insuper (67. 1.°) 


igitur 


a m — P — ... : 

• ^ 

o r m e rx o^(r) r m 

6 C(F(r») 6 (('— «j) 


«eu 


r"(r— «>~o 9 (r>— F(r) ^ 

£— ii»» =0 -” (<> - 

sic nempe determinanda est functio arbitraria f(t) 
ut expleatur («'). Jamyero (69. 5°.) 


Digitized by Google 



I 




2&5 


P Q - - 

' °^((r-a)F(r))). 

explebitur itaque (*’) ponendo 

(r — x)e r *^r ) — F (r)e=Ci 

Haec autem , facto r=a. , praebet C= — F(a), ideoque 
(r — x.)e rx orf{r) — F(r)== — F(a) : 

•rgo 

Ffr)— F(«) 

n (r— a;e ~ 0 v 7 

«t adhibita substitutione in fg,) , 

J er{*-*)f{z)dz 

-...(t'"). 


Ffr)-F(a) e" - x 


((F [r))) 


r~a ((F(r))) 

Quoniam 

F(r)-F(a) r 1 — a n H-a .(r""’— «"“'H (-a„_,(r--«) 


r-a 


poterit secundum membrum (t" f ) sic exprimi 
P-t-Qa-t-Ra’ -f- . . . H-Ta^M-Ua n ~*4-Va' l ~' ; 
proinde 

y=P(3r 0 -+-Qa'-4-R«’ -f- Ta n “M-Ua*~ s -4-V«"~*; 

P , Q , . . . V non continent « , suntque ejusmodi ut 
peculiari valori x Q manifeste respondeant 
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-*■ — ^ >• Q. — Oj. R ■ — i O > .V =0',4i 

dq dR dV * 

=*” ~ =1 ’ te 




d ’ 1 - P n ^‘“'Q ^*R d n ~'\ T 

te^~° ’ te^'^ ’ d 


Ponamus nunc valores (t) respondentes peculiari 
valori x 0 haud constituere progressionem geometricam, 
sed esse quantitates quascumquc 


®0 > 1 » • * * 1 • • • (^ T ) ’ 

in (g t ) erit determinanda <p{r) ita , ut , adhibito x 9 
pro x , vertantur ( t ) in [t T j. Jamvero assumpta 


7T=Pa 0 -f-Q« 1 *4-Rar a • . -+> Va„_, , 

reipsa ob {t 1 ") vertuntur ( t ) in (£ v ) ; obtinentur ergo 
y(r) et j ab {t") et ( t ’") immutando 

«° , a' , 0 ? . . . a n ~ w in a 0 , a, , a, . . . a„_, 

posteaquam F[r) — F(a) divisa est per r — «. 

Quod pertinet 2.* ad (g yi l ) et (#*) , simili modo 
habentur cf{r) et y ab ( t ") et ( t "') , facta f[z)= 0» 


Exempla . • 


I. 0 Debeat integrari aequatio (187. II. 0 ) 

iZ + aj,=,fr) 

ita , ut peculiari valori x 0 = 0 respondeant / = a e , 
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«r 


— =a. : eruat n—2 , a— 0 , a t =a , F(r)==rM-a ,, 

F(r) — F(a) r* — a 3 

r — a 
ideoque 


= ra° H- «' , <pir) = m 0 -+- a, ; : 


x 


Sed 


r z dz 

• e rjc J 


. t(r’-l-a)j 


&{rcc 0 -+-z,) /r-~ — r = ~ (e* l ^" 1 1 

= aoCOXj; ^ a _ 4 _ 

X 

' f e’i*-*)f(z)dz 

cc ^ 

V? inx Y“ • C1 £- >•-*■)) - 


1 ^ 

• fi z ) dz ; 


igitur 


^=<sr 0 coj x|/" a+~^dnx]fa+—^j' sin{x-z)\f a.f{z)dz. 

O 

II»° Debeat quoque integrari aequatio 


dx 


7 7 + a’/=0 
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d y 


• * • t uy 

ite, ut peculiari valori x 0 respondeant^=1', — «O r 

eruut n=2 , a,=0 , ,.f(x~0 , F{r.)=r*-4-a* ,, 

F(r) — F(a) , , , . 

-=ar<z°-f-a , 5 >(rJ=rct,- 4 -« 1 =r ; hinc’ 


,ox 


|A-1 


“ 4 — £ 




=co»ax 


<* re" ^ e 
^&((r*-4-a’)) ~ 2. 

Veniant 3." tonsiderandae (g yttx ) et [g t ) , sintque 
hx h 2 x{x- 1) h rt ~'x(x- 
a#(==1) ’ [hx 0 +ky>-' 

yalores (f) quum adhibetur x 0 pro x. Quoniam (69. 
5.°) , assumpto m<« , 


e?(hx-4-A) r y* {hx-\-ky~ r ~ l f[x)dx 


dx 


((!'»}) 

£[hr(hx -I- (hx -f- k'f l ~ r ~ t f{x)dx -f 

(hx ^ 


(W)) 

-X . 

r(hx -f- A) 1 — * J (hx -4- ky*-r- l f(x)dx 

*£ ((F(r))) 1 ’ 

•c 

d'(hx-+-ky j' (hx -4- ky h ~ r ~ t f{x)dx 


dx * 


((FWJ) 
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7i’£. 


X 

(hx+-ky-r-'f(x)dx 

x n 


<et caet. ••• , 


z 


((*>))) 

X */ ' *' 

d m (hx-+-ky f (ha>+-ky t ~ i ‘ r ~ 1 f{x)dx 

. J x. 1 


dx n 


((F(r) j; 

r(r-1 )..(/’-w+1 ) [hx+ky-™ f {hx-dif^- r ~ l f x)dx 

x. . 

. jm f» ° •>■ 

6 ((*>))) 
et consequenter 

„ r(r — 1) (r-*~m-f-‘1 )(fix-+-k.) r ~ m <p{r) 

da™ l Z~~* “ ((F(r))) 

• ^ 

X 

r(r-\y*'(r-m+\Xh x +-k) r - m J' " {hz+k) n - r ~ l ((z)dz 

X 

£, 


((F(r))) 


iccirco 


h ™ o r(r-1) . . . fr— w-4-1 

6 (OEM» W 

/^o , , , /i m a(a — 1 )...(« — «H-l) 


Sed (127) 


x 0 

J' (hz’+-k) n ~ r ~ t f(z)dz = 0 ; 


Pars III. 


19 


Digitized by Google 


et (67. 1.°) 


«(ce — 1), -- r„— ) — o (r—m*. 1) ^ 

igitur 

^ «mi £— ==<>« 

se® 

c /<r-1)«. (r-^n+1) 

mi> ‘.‘ i4 iwM" • f> - 

•sic nempe determinanda eat ®(r) , ut expleatur ' 

Janivero (69. 5.°) . ' 

.fv nV— 1)~. ..(r— re-H) 

V (((r— it)F(r)X) =3 °' 

explebitur itaque (< VI ) ponendo 

( r — zXhxa-+-k)'-(p(r) — F(r)=C. 

Haec autem , facto , praebet C==— F(«) ; ideoque 
- ('•— X){hx 0 -*-ky ? (r)— F(r)==— F(a)-; 

ergo 

y[r) ■= x . . . (*vu) j. 

r — a ' ’ 

et adhibita substitutione iu (gt ) > 

o F ( r )— ^ i 

° r—cc n-r 0 ~+-A ((F(r)/J 


*£- 


a? 

(lix-\-k) r j Qiz-k-ky 1 * 1 l f{z)dz 

x 


mr)j) 


VtfTHiy 
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F(r) — Ffofl 
r — x 

ita , tu procedant termini quoad a juxta 

«° , ac’, a(a — 1) , . - . «(a — 1).. ... (a — n-t-2) t 

poterit (t yIU ) exprimi in hunc modum 

i 7=sP«°-4-Qa , -f-R«(a — i V «(a — 1 >..(« — n-t-2) ; 

P , Q , ... V non continent a , suntque ejusmodi ut 
peculiari valori .x 0 manifeste respondeant 

P =4, Q =0, R =0, ... V =0, 

dv _ dq h dK dv 

dx dx hx 0 *k' dx dx 

d' P d*q rf’R h * 

■ — Q , — — =0 » — : — - 

dx* dx 1 dx * 

et caet. . . , 

_ ^ __ o _ h n ~ 

dx> 1 " 


{hx B -<-k)*’ dx 


d H —P d n -'Q d n -'R d^V 

— =0 ’ ^ ==0 ’ ’ ZF* 


»o. 


7^=°’ 


^Pa^Qa, 


hx 0 +k (hx 0 *k) : 


♦-Ra 


■*M»-+-V X., 


(hx 0 *k y*-* 

* ^n— * i 


reipsa ob (t IX ) vertuntur (t) in (t v ) ; obtinentur ergo 
f{r) et y ab (l vu ) et (t Tm ) immutando 


a° , x’ , x (« — 1 ) , . . . «(« — 1) . . . (ot — n-f-2) 


.P*) 


{hx^kr ' 

Valores ( t ) respondentes peculiari valori X 0 ponantur 
esse quantitates quaevis (f v ) : in ( g t ) erit determinan- 
da f(r) ita , ut adhibito x„ pro x vertantur (t) in (t v ). 
Atqui assumpta 


m 
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JlX D -+-Ji 


_ . — „ . ... 

«o > a x{ J t )-» «.(— J t ')* . • • 7 

posteaquam facta ' est praefata fractionis ‘evolutio. 
Sit v. gr. integranda 

v 

d 'r , 1 d J . y _ ^ a 

3?^- 37-*- --/W 


/|-»X 


X </x • x' 

.1 


ita, ut peculiari valori x 0 — 1 respondeant y = a„., 

r/r ' 

: erunt n=2 , A=1 , fc=0 ,'«,=! , 

<lx 

„ , . . F(rWF(«) ‘r* — a* 

F(/-)=r(r— 1 )-+-r-4-.1 =r J -4-l , -i- — • = '=s= 

- ~ -r — a 


'/•a°-f-a’ , 9(r)==r«o*+" a i > ideoque 


• ' ** • JJ • 

x r J z x ~ r f{z)dz 

y .Q ^’ g 0~*~ g « ) A ' r ■ .Q. , » „ 

^ 6 ((r*- 4-1)) ((rM-1)) *. * 

Est autem • •• 

{ra 0 +a,)x r « |/-~T a, , |^“T -lX-K 

-* K * 

seu (162. 2.° ex p. 2. a ) 

= «o cojL(x) •+- a,-jmL(x>; 




insuper 


a ,r y' z l - r f{z)dz 




(('■•H- 1)) 
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Quod spectat 4.? ad (g l% ) ct (g u ) , , <p(r) et y habentur 
ut supra ab (t vu ) et (t vul ) , facta f(z) == 0. Sic ubi 
detur integranda v. gr. , 

d a y 1 dy y 

-z- ~i_ _ — 0 

dx a x dx x a 

sub iisdem, conditionibus ac in exemplo modo allato , 
erit 

jK=u a cosl,(x)-+-& J siriL(x')* 

DE INTEGRATlON E DIFFERENTI ALIUM AEQUATIONUM 
FER SERIES. 

192.. Sit aequatio primi ordinis 

= F (x ,./)••• V 1 ) 

integranda ita , ut peculiari valori x=x 9 respondeat 
y == y<y. Exhibeatur integrale per 

JF=5f(«) i. 

erit (32). 

■/(X-+-J & V) rb . 

M Jm* 0 
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et quoniam , 

F» , yW( x ,j) == «* ,j 0 » x"'(*)«= § =| 

f*(*, 7) •+* fy(*» ,y)F(*» jO = f(*, y) 

* / 
et caet. . » . , ' 

iccirco 

\ 5 * • d r 

X(x-t-3)==x-+-5F(jr, j)-+-y/Tx ,, y)- f y ^f(a? ,. jr)-+- ••* 

et adhibito x 0 pro r , 

8 * 5 » 

X(j?.-4)==^ 0 -v5F(ar # , ./«Ky/Vo» y»)-y^ ffcos.Ta)* •- r 


quae , facta J=x — x 0 , praebebit X(x) seu 
jr = y g +-(x— X 0 )F{x t , jr Q ) -4- 
[x—x a Y x (x— x 0 )* !(*")* 

2 ^ ^ 2 l — {x ° * y °* *■* 

Detur v» gr* 

"IT , 

da? 1-4- x 

ex (A') habemus 

m Jo 
H-x # 


F(W.) — 77-7 » f( x • » .r») *“ /4 , _ m * 


m(m— 

(l-hx»)’ 


„ x m(m — 1 )(m — 2)y 0 

K*» >?o>= (1 _ t ^. - ji , et caet. . * . ; 


\ 
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igitur 
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x — x 0 m{m — i) x — a? 0 ,„ 

J=JT.lU-r , H - (_). + 

m(m — 1 )tm — 2) ,x— x.,, - „ 

2^ 

Si forte evenit ut sese offerat summa seriei (A") , 
assequcraur hauri dubie integrale accuratum sub for- 
ma finita ; sic in aliato exemplo est 

quod integrate obtinetur etiam ab (g k . 188) , factis 
** === 1 » <* j == 0 j «,=0 , 0 , «„== — rn , Assi, 

A'=1 , F (r)=r — /7* ; prodibit enim 

_(x-h1) r ©(r) ' _ 

y *r *= (*+•*) = c(*^tr v 

et adhibito x 0 pro x , obvenietJ>'• 0 ==G(x 0 -t-1)" , , unde 


C__ J' o 

(x 0 -biy: 


x-4-1 


t , ideoque y — jr 0 (— 




Idipsum erueretur ex (156. l. a ) , factis X= — — , 

1-f-x 

X,=0 ; forent namque ^=(1-f-x)"« , s=C ; proinde 
J^=C( h-Kr/” , et caet. . . . 

194. Potest etiam hoc pacto integrari (h) per se- 
ries : sume 

J=y 0 +a,(x-x„f+a ,{x-x 0 f* 1 +a t {x~x 0 f* 2 +... [h'") 

. ■ *> 

quae , facto compendii causa 

x — x # sa z , ideoque x=z-+-x 0 , dz=dx , 


V. 
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^mertetur in- 

y= y a.^ ^ •+- ajz* ^ -4- (£ ,T ) „ 

unde 

djr i . a % „ a-t-1 

- 7 - —a,C(z -f-n s -t- «j(st-t-2)zj -t- ..»(A v )r: 

ao.’ 

. • d?v 

in (A) substitue- valores . .r , r , -7— ; erit 

dx 

(h y b- F(z-hx a , (&”))= 0 ...,.(A Tt ) ; 

ex qua ordinata quoad potentias erescpntes quantitatis: 
r eruentur a, a, , a, , . . . Ut res declaretur exem- 
plo , proponatur aequatio 

dj — yd x — bx' n dx = 0 

sic integranda , ut valori ;r=0 respondeat^=0 • : erunt 
*o=0 > Xo —0 , F(.r , 'jr)=y-+rbx m ; et 

b z m -a , <xz K 1 +[a ,-a , (sc-*-1 )] 3 -a 3 [x+2 Y\z X * * +..=0; 

quae cum valere debeat utcumque se babet z , eva- 
nescent coefficientes singuli potentiarum z ; et quia b 
baud evanescit per se , ideo sic erit determinanda « 
ut b non sit? considerandus seorsum ab alio quovis 
coefficiente. Jam si fiat a — 1 =m , vertetur aequatio in 

\b — a l {m-\-\)'\z m -f- [a , — -+- 

[«» — a i {pi-+-Z)\z m * t -t- • • • — 0 , 

eruntque- . . 

b — a,(in-+-1)=0 , a, — fl a (m-+-2}=0 , 

• a a — a s (m-h3;=0, et caet. .... ' 

unde 


Digltized by 


73T 


E 


b 


(C, 


> a 5 


> «3 ' 


(i»*1 


w-t-1. ' " (mr+-1 )'rn-t-2) 

et i consequenter 

i jj- a:’ 

y sa — 1 

wH-1. rn-h'2 (/n-(-2;(m-f-3) 

Facto mc=Q , prodibit (241 ex p., 1» n ) 

y—b{x -4- — *+- . . .) = 6(e* — 1>. 

195.. Data aequatione secundi ordinis 

• 

Ar 




d%y ■ f{oc)~ -4-rf(x) = 0 ... . (fc««) . 


dx* 


pone 


unde 


J. t= J zdx . .. . (&**») , 


f zdx d^y J zdx f zdx dz 

== e * 2 > “7 : — c • ~ “H? • j— - » 

ox «J? «07 

immutabitur (/t vu ) in aequationem primi ordinis 
dz 

— hs’ + .z/(x) ~t“ = 0.. . (/t ,x ) , 

dx. ■ ' 

• ^ f 

ex cujus integratione emerget z expressa per x , sub- 
stituenda in (/t vm ) , seu ’(241 ex p. 1.°) in 


jr = 1 •+- J zdx -4 
Generatim data 


(/ zdx )* (/ zdxY 


2.3 


et caet.... 


i 
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vertetur in. 


y == J’o r^~ ~^-a a z •+■ ajz* ^ (£ ,T ) ; 

unde 

dy _a-1 _ 

dx 


fif— 1 t oc \ K-t-1 

i«z : +" a s (£“M)z- -4- ai(a-f-2)z; (/i v )t: 


in (A) substitue- valores x,y, 


dy , . 

; erit 
dx 


(^)— F(*rRr 0 , (ft*»))=o..,. ,(A«) ; 

ex qua ordinata quoad potentias crescentes quantitatis: 
r Cruentur «, n, , a, , • . . Ut res declaretur exem- 
plo , proponatur aequatio 

dy — yd x — bx'"dx=0 

sic integranda , utvalorix=0 respondeat^=0 : erunt 
^o=0 >^.—0 , F(x ,y)=y-frbx" 1 ; et 

bz m -a l <xz Ct 1 +[a l -a a (a-e1)]^^[a 3 -a 3 («-t-2)]z a '*’ 1 +..=0; 

quae cum valere debeat utcumque se habet z , eva- 
nescent coefficientes singuli potentiarum z ; et quia b 
haud evanescit per se , ideo sic erit determinanda « 
ut b non sif considerandus seorsum ab alio quovis 
coefficiente. Jam si fiat a — 1 =m , vertetur aequatio in.. 

{b — a,(m-f-1)]z' n -4- [a, — a 3 (m-\-2)']z l *~ hl -4- 

[a % — rt s (m-4-3)]2" 14 '* = 0 , 

cruntque- . . 

b — a,(m-f-1)=0 , a l — a 3 (m- +-2)=0., 

a a — a s (m-+-3; = 0, et caet. .... * 

usrule 


Digitized by Google 
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h 


2?r 


(»/*-*- 1 ){m*2)[m,+3) 


' m+ 1’ 5 (mrt-1 j(mn-2j ’ ° 3 

et; consequenter- 

i . x- 

v = 1 H H 

nir+- 1 ' w+ 2. (/»-b-2;\m-|-3j 

Facto m*=Q , prodibit (24 b «x p., 1,«) 


JC* cc* 

y — H — •+■ — H- . • .) = b(d*— 1).. 

195*. Data aequatione secundi ordinis 

• ^ 


•,,et caet...- 


■ 4 — 


pone- 


J. = . ... (A™*) , 


unde 

rfp /zdx d 2 y f zdx f zdx dz 

d~x~ e - Z ’ Z?-° 'd^ i 

immutabitur (7i vn ) in aequationem primi ordinis 
— -t- z' 1 -f- zf(x) -j- ((x) =a 0 «. . . (A IX ) , 

* ’ . f 

ex cujus integratione- emerget z expressa per x , sub- 
stituenda in (/t vlIt ) , seu ’(241 ex p. 4.“) in 


i 

-A 

I 


/=1 + J zdx 
Geueratim data 


(fzdx) m (f zdx) 3 

2 ' 2J~ 
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dy d*y d*y 

F ( x ’ r ’ ’ dx*' * * “ 0 ‘ * * 


aurae 

■\ 

a , 3 y . $ , 

y — a^x -4- a a jc‘ -4- a*r' -4- a^jr -(- , 
hinc 


(S«)r 


dy a— i- . fl-t ' v-i 

— - = a l xx -f- a % px -V- a, vas •+- ... 

dx 


(fi** 1 ) 


d'r a -2 „ „ A -2 

— ; = a,a(a — t)x ■+- a,^ — T)ar -4- ...(A* 111 ) 

< ^~t ==a * a ( a-1 ).(a-2)-* a 3 -^ >p(^- 1 )(/3-2)x^ _3 +.«(fi 1[IT ) > 

Ct C3Ct« • • t ^ 

✓ 

et adhibitis substitutionibus in (fi*) r 

F(* , (A**) , (fi**‘) , (fi ,,M )‘, . . .) = 8 . .. (H), 

cujus ope elaborandum ut apte determinentur a , 
(3 , , , . a t , a 3 , . . . Proponatur v. gr. 


dy 

dx' 


■4- kyx n =* 0 . ♦ (t) t 


erit 

o,a(a-1)x a ^^ a (3((i-l)x^'*-+-ka,x a * n +a t v(v-i)x V 

ka,x^* n *ai,9{8- \)x^~^-*-)ia t x V * n . . 

quae , factis 

(3 — 2=«4-n , V — 2 =p-Ht > i — 2e=av-4-», et caet. . . , 
ideoque 


C 


trssa, 
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P=s3t-R*-4-2 , v=X-4-2n-*-4 1 5=a-f-3«-+-5 r et caet.«* 
vertetur in 


o,«(«-t)x a ^-+{a,{y.+n-*-2){a-+n-*-\ )-*ka ,~]x U * n + 

[a ,(a-+-2n-v4)(a-v2n-+-3 / -*-ia * 

[a k {a+'Sji+6)(cc+-3n-+5}*-ka i ]x a ^ n *^-*- .... 
hinc 

^«(a — t;=0 , a # («-t-ra-+-2)(«-f-/i-hl)-»-^a,*=C * 
n 2n-+-4)(®”^ — 2^"+"3)— , et caet*»» 
Ex istarum prima 

CC r- -Q y C!"® 1* y 



quorum valorufc alter praebet 
/ra , 


* = a» 


1 .2(n-h 1 )(n-+-2)*(2n-+-3) 


a k = — 


Pa, 


. 1.2i3(»-M)(n-i-2) 3 (2n-(-3)(3M-t— 5) 


I Ct C3Ct«»»*j 


alter 


ka l 


(n-4-2)(rt-H3) ’ 1.2(n-t-2) I (n-+-3)(2«4-5) 




«4 


1 •.2»3(/j— f-2)^( k tt-4~3)(2®-f~5X3/i*-+“7) 


Ct C 3 Gt**# ^ 


x 

et quia a, permanet omnino arbitraria , • iccirco adhi- 
bita G, loco a, quoad a = 0 , et C, quoad a= 1 , 
provenient bina integrali» incompleta , quae in sum- 
mam collecta suppeditabunt integrale completum 
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yr= c, — x T 

(n+1)n+2j 


r 


AC a 


(n+2){n->-3) 


r ll+3. 


-*C' 


r p c; 

1 . 2(»+1 V /i-t- 2 ) 3 («-+- 3 ) 
A a C, 

1 .j}'«- 4 - 2 ) a («-k 5 )( 2 /j-*- 5 ) 


*n+&_. 


J5 


_«l+.5 
'JR — 


(«1 


Si n= — 2., dehominatores in utraque serie fients=0;; 
▼erum in ea qua sumus hypothesi erunt 

a= ; 3=v=o= . ... , y— a ,-t-n a - 4 -« 3 -l- ...)x =»Aa ,0t ,, 

9 

a,a[a — 1}r a -j-(a,«(a— IJ-l-feiJx® 2 -+-(a 3 a(a— 1)-h 

ka a )x a 2 -|- ...=A(a'«-1)-f-A)a; a 2 ~0, a(a-1)-f-fc=0, 

H-KC1— 4A] , i_y[i_4A] 

a = = a , a = — =« ' 

et quia A permanet arbitraria , ideot 

r a '_i _p «" 

/==rC,Jc -4-Lj a x . 


196. Notentur haec tria : 1.° e duobus integralibus 
incompletis aequationis (/» vu ) dato altero 

• • (*") > 

determinatur alterum. Exhibeatur quaesitum integra- 
le per- 

jn=X(x)!p:x) . (i'") ; 

denotat f (x) functionem incognitam : substitutis va- • 
loribus 

jy_ d*jr 
^ ’ dx ’ dx* 
in (7i vn ) ex (i" 1 ) r proveniet 
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2X'( x)yXx)+X.(,x)(p'\x)-+-f{x)~/.{. xtyXx)=Q : 
substitutis autem iisdem valoribus ex {i"), habemus 
yj\x)-+'T{x)f{x)-+-X{x)t{x)===0 ; 

■ •* • V 'T ‘ te * i ^ / • r=r V 

ergo 

. :2 ■ 

unde 

■ 2-a-x) , ? -» + _ / , x;=0; • >; 

’ .) ■> m»} fe'r • 


• ■•*(*) V(*) 

quae scribi potest in hunc motlum 

'2JX(x) . <*?'(*) ' . w . 

~vrr H — rr = — A x )“ x i 

X(x) y(x) 

sumptisque integralibus , 

2L(X(x))-+-L((p'(jc))H-L(G,)= — ff{x)dx, 
ex qua 


<p\x) ■■ 


—Jf(x)dx 


f-H 


, seu rfp(,r) t= 


e —/fi x )d x 


et sumptis iterum integralibus , 


C 3 *V) 


-f/x ;; 


?(*) — f 


—ff( x )dx 


-dx. 


Propterea 

re —ff( x ) dx ' ■ 


C a X 2 W 


integrale quaesitum* 
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2.° si (i") et (i ,T j colligantur In summam , scri- 
baturque C, loco — , emerget 

J 

y=X(x)(C ,-+■€,/ e - - ~ P) — dx 5 • • • V) ’ 

integrale completum aequationis (A™,'. Detur v. gr« 

! ,±^ z = 8 

<£r* x(L(x) — 4 j <£r a?*(L(x) — 1) 

una cum altero ex ejus integralibus incompletis 
' j t = C 4 x ; 

. , dx 

1 


erunt 


7(x)*x , /tx> 


x(L(x)-l) 




x(L(x)-1) 




-dxi=a 


I 


dh(x) 






ideoque (146) 


f U*) 

cT* 


alterum integrale incompletum ; et 
jr=C,x— C a L(x) , 

integrale^ completum. • 

3.° quoniam in (7« vn ) factis ^(x)= 0, f(x)=kx n , 
immutatur (A TU ) in (t) 1 , iccirco si (i") denotat alterum 
e duobus integralibus incompletis aequationis (i) , ad 
habendum alterum satis erit ponere f(x)i=tO in (i* v ) i 
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«adem vero positio m (i*) dabit integrale completum 
ipsius (j). - , ■ 

Quibus annotatis , sit ito (t) vel n =s — 1 ’ aut 
3 . 

n== ~ “ 2 ■> ve * caeu ... ; evanescent denominatores 

in prima tantum serie (i*) ; restabitque secunda , alte- 
r.um videlicet e duobus Integra] ibus incompletis aequa- 
tionis (i) : inde autem habebitur et alterum ; quae in- 
tegralia in summam collecta suppeditabunt integrale 

* 

completum. Quodsi vel n=a — 3 , aut — , v el 

ct caet. • . t evanescent denominatores in secunda tan- 
tum serie , restabitque prima 1 alterum videlicet et 
■eaet. ... < 


DE SOLUTIOHIBVS E-iUTICUXAItlBTJS AEQUATIOHUM 
DIFFEBESTIALIUM CUJWSCUMQUB ORDINIS. 


IS 7 


D 


'ata 


d*y d*y 

^ X ’ y 'di * • • (*)i 


•cujus integrale ' 

> y i Cj , C a « < . « C n )^:0 < 
ubi ab > 


•<*% 


F=0 ’ i JF=a0 ’ 7P d ' F =° ■ - •••(*") 

eliminentur C, , G, , .. . C„ , inde profluet (h\ Sic 
V. gr. data ‘ 

d'y 

— +. V -!=0, 

erit (187. II. 0 ) 


Digitized by Google 


'304 

F=af-1-*eo.r x\T a-(C t sin x y a-+-C ,cOs xy a ) y a— 0 > 
et consequenter 

_L^F==3a— -l/a sinx\f a-iQ^os x)f a^ t sinx\fa)ax==Q *. 

dx dx 

* 

— L_^»F==^— -eoj x^ a+(C 1 jm x|/" a-^GjCOJx^ a)|/'^=0 ; 
rfx* <^x 2 

•quarum prima et tertia manifeste praebent 

Hoc posito-, differentientur aequationes 
'exempta ultima, quoad C, , G a , *.. i G„ , et quae -re- 
sultant differcntialia denotentur per 


deV , ' 

* . , 

ad eliminandas G, , Cj, , C n perinde erit sixe 

adhibeantur (fc")> s * ve • • 

F =° ’ . 


dx 

modo tamen exsistant 


1 !"F Hh de-r— — id n ~' F=0 , 

dx ri 


J J c F=0 , d e -JF=0, ... d d n ~ ' F =0 , 


seu i 

1 
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Inde colligitur , sf ab (k 1 ") eliminantur quantitates 

dC, dC a z/C rt _, 

^ ^ ” ~dC^ 

■ ■ . i >m simi 

ut exsurgat differentialis aequalia ordinis n — l 

tly d?*~*y 

^(•f t-y i > C » , . * • G„ » ».*••• > 

ilemque ab . 

fc=° , F =° , ±JF=0 , . . . ... . (K) 

eliminantur C, , G a f . . . C„ ut prodeat differentialis 

. -«"»* 

aequatio ordims n — 1 

•' z/v d n ~?y 

*( Xrjr, Zx; ’ -• •*•(***)> 

colligitur inquam fore (A TI ) particularem solutionem 
aequationis («)» Proponatur v. gr. 

F =jr — -y o. a — C „x — C / — C a =0 „ 

x * % 

• r 

ex qua simul et ex duabus 

-l~dh' = 0 -d*T:r=Q 

dx dx 

emergit ( 197^ , 

, fy x * d y , d y £y d 'y^ H ^ 
dZ T 7^- +£'-*Z? ) =° - • * Wl ' 

Habemus 

^-^F=-(^2C r ) fi —a: — 2C,=0 , 

ab, ^ a(j, . , 

Pj*s III. • 20 
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dC, d °dx dFz 


-x 


dC, 


dC, 


- 1 = 0 ' , 


unde 


f=(— -4-2CJ- x — 2C a =0 r 


et eliminatis C, r C* ab 


f=0 , F=0, — </F=0 , 

dx 

prodibit 

particularis solutio aequationis (a). 

Attendenti patebit praeter (& VI ) etiam ejjis inte- 
gralia variorum ordinum 


dj 




> X y » *r~f**-* ■y 4 " 

dx dx 

, J, C, , c a , Jy . i > ) (* vn ) 

et caet. ..... 

^ > C, , C a , . • • C n _ 1 )=0 

fore solutiones particulares aequationis (k) : unde in- 
fertur amplissimam omnium particularium solutionum 
ipsius (k) haud plures continere posse constantes ar- 
bitrarias quam n — 1. 

Evenit aliquando ut in (fc lv ) nulla ex arbitrariis 
C,. , . . . C„ reperiatur ; tunc X recidet in £ Sit v. gr.. 


, __ * d y 


■2x 


d J % 


d r 


dx* 


— -f- 6ary— 6y’ = 0 • 

•* dx 
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cujus integrale (182. 4.'°) 

F=x/-+-C^x s -4-C ai /=0 : 

erunt 

\> , ,f/C 1 1, «C,. rfy 

hinc, particularis solutio 
> * . 

„ fi dy y $l dy dx 

f=-r — ) =0 , seu — 0 ; 

3 dx x 3 ji x 

quae integrata suppeditat solutionem alteram parti- 
cularem 

J — Ci.f *• 

Si in (Jc lT ) essent tantummodo n — m arbitrariae 
6, , C , transitus ab (fe ,v ) ad {k yl ) fieret 

p«r solas 


dx" 


198. Ponatur aequatio ( k ) expleri , sive loco y ad- 
hibeatur 


FjG» » C, , G, , . . . C OT ) , 


sive 


F,(a ; , C/..) C».j ... C m ) *+- <JCp(x , C, , C a , ... • CJ 

denotat m numerum haud > n, <7 quantitatem infi?- 
nitesimam. Expressis compendii causa 

dy d°y cTj' 

dx ’ dx' ’ dx n 

per y , y , jr" , .. . •jd") ut -[k) scribi possit in hunec 
modum 

ft x >y i y >S' » • ►.►^^>=0 ► . . (k t ) f , 
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certe in ea qua sumus hypothesi subsistet (k,) etiam 
quum beo y , y' y" , . . . y(") substituuntur 

y-HJcp ,y'-H>?' ,/'~H 7?" , . . jr(")-Hry( n )‘ : 

designato igitur per |X primo membro aequationis (i ,) }i 
erit (6i) 


da. da , 

/ i i * ,« r 


r/u 






d 2 a , - 
1 ;?i x ) 


d'l\ , • 


dy 


0=0 ; 


«(r * 7 ' 

denotat cr, infinitesimam quantitatem.. Habetur au- 
tem /jl =0 ; hinc 


-f — ? H — r~^9 -t- « 
djr dy, 




• a,)=0 i , 


d -pr(*'<+ • - ■ ■ 

et. facta <[5=0 r 

dy(r dyQ l ~'y dy dy r 

Jamvero coelficiens r functionis deri ratae f( n ) rei 
dy\ ) 

permanet aliquis , vel evanescit : in primo casu, ( A vm ) 
utpote spectans ad n ,imuni ordinem praebebit f com- 
plectentem n arbitrarias ; eritque m=»i , et conse- 
quenter (197) c y=F, haud exsistet particularis solu- 
tio , sed integrale completum : in secundo , (k'’ 111 ) ad 
n simum n0 n pertingens ordinem suppeditabit y com- 
plectentem minus quam n arbitrarias ; erit iccirco 
»»■<», et 7 =F, particularis solutio. 

199. Inferimus, quotiescumque (A,) admittit solu- 
tiones. particulares , fore- 
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dlX _ , 

HyF) = 0 . . . (k™). 

Ad haec : quia (45) 


dx 


dx dy 


dy 


-J' 


— - - v(”) -4- yC n "*' T ) = 0 

dj^-y djn Y 


ideo in eadem solutionum particularium hypothesi 
erit ob (A IX ) 


d[x 

dx 


dp. , 


. d * - vC 1 ) — 0 • 



= ir • • • (*’>• 


Ope (/c ,x ) , vel (&*) eliciuntur solutiones parti- 
culares ab ipsa aequatione diderentiali quin cogno- 
scatur ejus integrale. 


Exempla, 

I.° Sit i 

d*y dy _ 

-j—;+2x-2\y [xV— ]=0 seu ;y'V2x-2j/Yx**y']=aO , 

quae transformetur in 

'f* — / K -+- 2xJ/~ — 2(x*-Hy') = 0 ; 
inde (k ix ) 

^=^[x>-f.y]=o. 
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et consequenter 

djr= — x'dx , y = C, — — •: 

haec, cum aequationi datae satisfaciat-, erit ejus so- 
lutio particularis» 

II. 0 Sit aequatio 

V* s *yj’—y > V I a’3-Hx==o , 

jam. per tractata (169) ; erit ( k ix ) 

‘~j~T =s y~lflx a +y'-—d'l==Q. , 

i unde 


Quod si aequatio transformetur in 

P--jy’V -y’{x t +-y*-a')*xV' [x , *x*^a t ]t=0, 


exsistet 

t -^-r=\y—V' {.*'■+?'— a*W [a:*-hr a — a’]= 0, , 

X ^ 

et' qua praeter x * — n’=0 , emergit etiam 

*a’=0. 


III*. 0 Sit 

xy"'—2 r y+x=0 , 


ex qua 


erunt (it 1 ) 


/"= J 


.a* ^ 


2{xy"-y’) 


jr" 9 — 1=0 , xy" — j/<=0 : 
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et eliminata y " , 

oc* 

y'*—x*= 0 , dy^=xdx, ./=<^4- — , 
iy.° Proponatnr demum 

{r= x y'~ a V [i-ny a ]=o : 

«erit 

ideoquc ( * x) e; 

unde 

y' a — f y ' I- — - . - 

r a 3 — x' ’ y l/~ [a 1 — ai*3 ’’ 

quarum ope eliminata y ab aequatione proposita , 

obvenient solutiones particulares 

y*(a* — ar*)— (ar 3 -t-a a )*c=0 , y-t—r* — a 3 =0. 

DE INTEGRATIONE QUARUMDAM DIFFERENTI A AIUM PAR— 
TIAAIUMQUE AEQUAT IORUM ; DEQUE HUJUSMODI AE— 
QUATIORUM INTEGRATIONE PER SERIES ^ URI ET HON- 
HULAORUM INTEGRAAIUM DEFINITORUM VALORES DE- 
TERMINANTUR. 


200. Habita .« pro functione binarum x , y ut sit 
(45 : 51 ) 


dz t= 4- -j-dy , 

dx dy 


et consequenter 


Digitized by Google 



'31*2 


d x z dyzdy dz d x zdx dyz dz 

dx dy dx dx ’ dx dy dy dy ’ 

dgz dx dyz dy 
dx dz dy dz ’ 




proponitur integranda aeqnatio 
p' 


dxZ . r^r Z _ D l„U\ 

1-V'T - — (« J» 


dx ' x dy 

m qua P , -Q , R denotant functiones variabilium x*, 
y et z. 

Kxhifaeatur integrale aequationis propositae p«r 
f y , z}= 0 . . . (a"') : 

-conferentes (a") cum prima (a) habemus 
Q . dy R dz 


dx ’ P dx 1 


ideoque 


Vdy-~- Qd , Vdz — Rrfr=9 ; 

quarum iutegralibus (153 ...) designatis per fi, , , 

erunt 

f*,=C, > f A .=C. : 

hinc 

x=f,(z , C, , C a ) , j - — f t (z , G, i C # ); 
et adhibitis substitutionibus 4n (a 1 ") , , 

3T(f,, f,, *) = (> ... (a‘<). 

Jamvero nisi z per se dispareat ab (n ,T ) , neces- 
se est ut z exsistat constans ; quod cum nequeat 
admitti , disparebit igitur z per se ab (o IT ) , ipsaque 
(a* T ) vertetur in 

■X. (Ci >C a )e=0 seu K, (jx, f /t,)=0; 
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*c proinde integrale quaesitum (54) 
fi,=f([X t ), vel etiam 

Si (a") compararetur vel cum secunda , vel cum ter- 
tia (a'), prodirent in 4-° casu 

Qdz — Rc(^=0 , P dy — Qdx=0 , » 

in 2.* 

Vdz — Rri.r=0 , Qdz — Rdy=0. 

Functiones arbitrariae determinantur ex assigna- 
ti» conditionibus : sit v. gr. ita determinanda f(u t ) 
in integrali , /X,=p(|JL,) , ut , posita F(x , y , z)=0 , 
habeatur simul f(x , y , z)=0- Pone fx,=v, atque ex 

P»—?* F(x , y , z)= 0 , f(x ,y t z>= 0 

erue x y y , z expressas per v ; et adhibitis substitu- 
tionibus in , vertetur (X 1 in functionem V unius 
v ; eritque <f{y)=S : tum in hac aequatione restitue 
valorem v datum per x ,y et z ; prodibit g> determi- 
nata. Istiusmodi determinatio in id manifeste recidit, 
ut superficies 

Pi = 

adstringatur transire per datam lineam 

, y » ^ = 0 , f[x, jr, z) = 0. | 

Quo plures sunt arbitrariae functiones determinandae , 
eo etiam plures requiruntur conditiones. 

\ 

Exempla . 

I. # Detur 

d x z dyz 
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« i** 

«runt P«=x , Q==y , R=az , ideoque xdy—y&xr= 0 , 

± J ~ 

y 


, , dr dx dz dx 

xdz — azdxx=z 0 , seu =0 , — 

v x z 


a — =0 ; 
x 


y 

istarum prima suppeditat L( — )= L( C, ) , secunda 

i x 

Z Y Z 

L( — )=L(C.) , nimirum aysa — , tt» «= — ; ■« 

'jra' JC X a 


, Z 
'x a 

y 

aequenter z=x*<p ( — )• 
X 

II.° 


con- 


d r z 


* dxz . 

«f -r - — y - 


erunt P = — x* , Q <= xy , R = y’ , propterea 
x*4y -+- xrdx = 0 , x*dz -+-y*dx = 0. Harum pri- 
dy dx 

ma vertitur in 1 =0 , ex qua xj=C l r= fj., t 

JK ar 

C. . 

substituto valore y === — in secunda f proveniet 
x 

C * C ■ 

x'dz ■ — —dx s=»0 seu dz -+- — ■ rdx = 0 , 

x 3 x 


ex 


qua 


C,» 


3x* 


<y* a 

= C„ seu z — — = C * = p* ; 
3x 


hinc 


_z! = 


hi/ 


*-£ = «** 


dgz 

^ S=jrZi 
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•erunt P = y* , Q=T) , H =_^z ; pmpteraa dy=a 0, 
ydz—zdx== 0 . Istarum prima suppeditat ^= 0 ,=^., t 

ideoque secunda immutabitur in C,— — dx =0 ; unde 

z 

yL(z) — x=Q a e=jx, , et consequenter yL(z) — x=f(y). 

201. Habita z , pro fuuctione trium variabilium x, 
y , t ut sit 


dz 

d x z , 
=s — — dx 
dx 

dyz 

dtZ dt 

dF dt ' 

proinde 




d x z 

1 

d r* d y t 

dtz dt 

dz -1 

dx 

dy dx 

dt dx 

dx * i 

cLxz dx 

dfZ 

r 1 , J _ ,4 

dtz dt 

dz l 

dx dy 

T* , "T* 

«r 

dt dy 

dy * i 

et caet. 

• • • > 


J 


(*y 


proponitur integranda aequatio 

~yd x z ~d*z dtz „ 

N 57 + - p 37’ + - < 2-5r= R -”<‘ , ">' 

ia qua N, P , Q, R denotant functiones variabilium 
x y y , z , t. 

Designetur ejus integrale per 

3 f(x, y ,z f *)«= 0...(a’»): 


comparantes (a ¥l ) cum prima (a T ) habemus 
* djr Q_ __ dt _R dz 

N dx ’ N dx ’ N dx ' 

ideoque 

Ndy Pt£r=0 , Ndt — Qrfx=0 , N dz — RrfxsO ; 
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■quarum integralibus (153 . • «) designat;5 per fi, , Ji t , 

fJ.g , erunt 

/v=c» , ^*=c. , p 3 =Ci ; . 

hinc 


ac=f,(z,C J ,C !1 ,G 3 ) l /=r i (2,C 1 ,C J) C3), i — 

«t adhibitis substitutionibus in (a VI1 ), 

X(f. , f, , fj , 4= 0 . . . (a vm ) . 

Jatnyero nisi z dispareat per se ab (a VUI ) ne- 
cesse est z exsistat constans ; quod cujft nequeat ad- 
mitti , disparebit igitur z per se ab (a VUI ) , ipsaque 
(a T,u ) vertetur in 

X. (C/, C, , C,)=0 seu X.f/l. , p, , H»)= 0 f 

unde quaesitum integrale 

fi, =*p((jL t ,fi 3 ), vel [i t =<p(fi„[i t ), vel etiam 

Si (a T ‘) compararetur cum secunda v. gr. (a T ) , pro- 
dirent 

tfdy—Pdx~0 , Pdt—Qdy=0 , Pdz—Rdyc=0. 

Ut res declaretur exemplo , sit 


diz dyz d z 

x _ H- =J- -V .« 

erunt N=x , Pe=z-f-t , Q=sz-h-y , R===/-M i proinde 
xdy~{z+-t)dx=.0 , xdt~[z*y)dx= 0, xdz-{y+t)dx = 0 , 
ex quibus cum aperte habeamus 

jc{dy — dt)+-(y — t)dx=0 x(dy — dz)-h(y — z)dx==0 ^ 
x(dy-\-dt-+~dz )— 2 ( y )dx= 0 , 

iccirco 


x(y-~t)=fi l , x(y—z)—p. t , 


y-ht-+-z 


F* 
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Sf2 


xt T XJ Xz). 

202 . Habita deiuio z pro functione duarum x t je 
sit integranda 

EV ^ dyZ 

F( ' r ’- r ’ *’dZ = 

~ . «f x 3 dyZ 

«.xpressis — ■ , -j- compendii causa per z ' x , z r r 
et resoluta (a IX ) quoad z\ , exsistat 

z jF = ’& »(‘ r > T’ > s ,, z x) . • • (a*) • 

unde 

IWx-f-Kc^ {dxz' x~\~dyZ x-\~dzZ ! x)‘ | ^ ^ 
Aequatio ( 200 ) 

dz — z'xdx — z'jdy= 0 , . . (a***) j '* 

snppeditat (170. Q.«) 

d x Zy dyz' r , d z z' x d z Zy 

~dx ~dj * r ~ 7 T~* Z *~dz “ (o 111 ') ? 

(a M ) praebet 

^ =,h - + - n - 5T’ rfr = M ' ( - N — ’ 

/ 

et in (a xin ) substitutis valoribus — ~ y necnoix 

, dx dz 

z? ex (a x ) , obveniet 

dxz'x dyz x d t z' x 

w ~di dj- 7T [Nz *- f > Mz '^ h =o - (* XIT ) , 

quae dabit ( 201 ) z' * expressam per x , y , z ; inde- 
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autem ob (a 1 ) habebitur et z' r . expressa per x ,y, r. 
Jam si valores z' x , z'y substituuntur in (n xu ) ipsa 
(«*") fiet aequatio differentialis ordinaria , cujus inte*- 
grale (172) erit integrale quaesitum. 

203. Proponatur nunc integranda aequatio secundi i 
ordinis 


d* x z d x d r z ,d m yz 

-r~ H- «7-7- ■+■ 1 J) • 

die djdjr dy 1 

in qua a , b sunt constantes. 

Sume indeterminatam a, et pone 

d x z djz 

t- 2— f • (a. Y ),, 

dx • dy 


(« IV ) r. 


biabebis ■ 
d' x z 
dx * 

*c proinde 
d*xz d x i 
dx ’ c/x 


dxdyZ __ <i*f dxdfZ 
* dxdy dx ’ dy* dy ’ 


d x dyz d*yZ b dyi b dxdyZ 
c: - — ^ , i- — — 


dxdy ’ r// 
jd* yZ 


a. dy a. dxdy 


valores istos V — , b- ~~ substitue in (a iV ) ; proveniet 
dx d) 

d x i b dy( b dxdyz „ 

— 1 ■+• (a— « 7— r = A* 1 Jf) * 

nfx a dy K 

quae , facto 

a— a— — =»-0 ... (a XTU ) , 
a 


vertetur in 
dxi 


dx 2 dy 


. (a IVItl ). 


Digitlzed by Google 





Jam si oc, t cc 3 denotant radices aequationis (<z XY * 1 ) T 
em (146 ex p. t*a) cc,ct a =6; et in (a*")' 
substituta v . gr. st, loco « , exsistent 

- a d r*e J * f , 

** ' df - fT ' dT ■+* “* rjr) . 

bine (200) quoad primam (n XIX ) 

dy — «Jxs=Q, dz—fdx=® ... . («») r . 

quoad secundam . , 

dzxaQ , r/f — ^(x- r ^-)fllx=a0 .... . (« xx q^ 

E. binis (a***) profluunt 

*** r , C.-f-a.x^jrsssC' r 

sit 


Jf&> C,-f -oc a x)dx=X(x , CJ . . * (n XI «q - 
erit (200) 

£—X(x , C,)=^( r — a lX ) r 

scilicet 

(~y.(x ,J — at 3 x)-+-tp(jr — a,x). . . (a XXMI )„ 

E binis (a 51 *) prodeunt 

y a i — •■e» j z—j({dx=G'^ 
unde (200) * 1 

*— /fi/jB=ap,(7r— « ja .) r 
et eonsequeuter ob (a**** 1 ) 

z=JK[x , C B -+-a J .r — a 4 *)dx-f- 
/f(C 9 -t-«,x — « a x>?x-f-9^_a j j) ; 

Est autem 

/^C a ^« A x'~a 3 x)rfj^(C a 4-a J x---« Jl x)==^( y _« !rr ^ 
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adhibita igitur arbitraria f loco arbitrariae $ , cpar- 
situin integrale sic exprimetur 

z=fX(x , C ,^^^ 3 x)dx^{y-x,x}+<p &-«>*)* 

204 Nonnulla subjungimus circa aequationem. 

— -t- S = 0... («■.) r 

du dy dx dy 

m qua P , Q , R , S denotant functiones duarum 
x , y. Ac 1.° sume 

(irr dxV dxu dfZ 

unde -j-; = ee(n-^ -f- ^) , ^ 


e*(u 




dy 


dx 

dfi . d x df z 
dy dxdy 


dx dx 

dyv d x v d x u 


.djud^r 
1 dy dx 


dxdyV 


u- 


d x dyu 


dy' dx 
•)«■ 


dxdy dxdy 

transformabitur /ij in 

t/yi/ dyit d x r ^ . .dxdf 11 




quae potest etiam scribi in hunc modum 


=s0— (n,) 


cf{u 


d x v 

dx 


dxU dyv 

dx dy 


P) 


d*dyV 


dyU d x V _ dxdyV dy» 

dy dx dxdy dy 

2.® pone 



i0 •*• ( a a) 
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/V_n d * d f L ' . , n \_ S 

’ d^f. -*- 5^-^ + - p > = “ ir • • • 

«x\(aj habebis, 

•«u», ob primam, (a*), ri 

d xQ. 


(«*) i 


<*r. 


^PQ : — Rf= 0 >V*%«- (a 5 ) : • 


biiic expleta (o s ) , et : determinatis v , u , integrale 
aequationis (a,) erit iesCu, Binae- v,. u sic determi- 
nantur : • prima (aj dat (200) dy = 0 , d^-(-Qd*t=0 ; 
nnde j*=C t , tM-/Qdx==C, , et consequenter 

u= — /Qdx-i-f{y) 

in secunda' (o*) fiat.. 

d*i/ 

Sx ““*» 

«t obtineatur 

dyU t dyV S 

t- P)== ; 

djr dj gv 

ex istarum -secunda eruemus (200) u, , ex prima as- 

sequemur 

u=fu t dx^(j). . 

3. 8 pone 

d yV , n „ djcdyu dyu d x v , S 

ex. (a,) babebis 

dxdyv dy\> 

did^-%+-* aa ' 

Esas III. 21 


I 
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seu , ob primam [a- t ) 
d x P 


dx 


+- PQ — R = 0 • (<*>) J' 


bine expleta (a 7 ) , integrale aequationis (a,) erit ileo- 
rum zt=e v u , determinatis v et u ex fa 9 ), 

4.° aequato (a,; sic potest; scribi 

— %- x 

quae , factis 

dyZ dx P 

— +1?^, , R— -jj- PQt=K. . . - («,) „ 

traducetur ad 
1 d x z. 




«t quia 


v d /a g ) dxdjz T d x x, , d f z l 

djr dxdy djr dx djr 

d Q . s 

*1T »4* v r T 

K — - — z,4-K— - — -t- K — c=a 0 f. 

«r d i d r 

KP.(a 9 ) = p^ffi. _j_ PO^ -t- KPz S =* 0 

dx 


ideo , factis compendii causa 


dylr 


dr^- 


dyr~— 


S.^L+P =P|i , K^Lpq.K s =H, , X-^U- 6. 
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®b primam (<t s ) exsistet 

r.dyf 1 *) vrt ■ , d x dyz, n^ xZ i r^dyZ, D c . . 

K — *-KP. a g " 'da: 

Quemadmodum (a,) suppeditat («,„), sic-(o- r< ) praebebit 
daeI *p _j_ Pl> - 4- Q^— -f- R » * ,-+-S ^=0V , , (<r fl ) f- 


dxdr 


dx 


dy 


atque ita porro, 

5.“ si neque (* s ) expletur j neque (a 7 ). , explea- 
tur autem altera e duabus 


dr 


-+-P.Q — B r p=0 , 


d x P 

^-;h-p.q_k.=o, 


(° i »). 


superiori methodo ( 2.° 3.° ) determinabitur z, , tum 
% ex prima (a # ) t quod si neque prima (a,,) explea- 
tur , ueque secunda , perges ad 


^2 -h P»Q - K, 

dx 


o, 


d x P a 

dx 




-h P.Q — R, = 0 ; 


S uarum altera expleta , determinabis z # , tum z, , 
enique z ; et sic deinceps. 

6.® ad integrationem aequationis (a,) traduci po- 
test integratio aequationis V 


d* x z 

d.r 


pxdyl d yz . d x z dyz 
dxdy * dy' * dx * dy 


-f 4 z+f,=0...(a,*) , , 


in qua f-, f, f t denotant functiones variabilium . 
x , y Sint enim r , s functiones earumdem x , y , , 
specteturque z ut fuuetio ipsarum r , s ; erunt (^48: 49) j 


i 


Digitized by Google 



m 

d' x z drzd x r d,zd x * dyz d r z dy r d t z dy < 

dx dr dx ds dx dy dr dy ds dy 


d' x z 

dx' 


d''rzz d x r' 
~dx' 


d* s z 

~d& 


d x s' ^ ^drdsZ 
dx' drds 


d x rdxS 
dx dx 


drz d' x r d,z d' x x d'yz d' r z dyr' 

dr dx' ds ~dx' ’ dy' dr' dy* 

dyt drz d'yf d s z d'yf 

dy dr dy' ds dy' ’ 

dxdyZ d'rz dxr dyr d tz d x s dyt 

dxdy dr' dx dy ds' dx dy 

drd t z 
drds 

adhibe substitutiones in (a ,*) , pone 


dyr dxS- dxr-dyt^drz dxdyr 

dy dx dx dy dr dxdy 


d,z dj/lyS 
ds du dy 


d',z dys' ^JrdtZ dyr 

ds' dy' drds dy 


d * r ', £jr J r r ,e d rr* 

d,r 


(«i.) 


dx' dx dy dy' 
itemque compendii causa 

d x r dxs d^ d y s d y r d x s .V r r d y $ 

dx dx " + " ^ dx dy dy dx 1 dy dy ’ 1 

d' x r d x ( iy r , c d 'r r , e dxV , f d y r 4 

J”' dxdy ‘ dy' * dx * dy * *' 


dx 

d* x s 

dx' 




*-f. 


d' yS 


dxdy dy' 
traducetur (a,*) ad 


d x s d r s 

-hf.-T 

dx dy, 


f» i' 


/ 
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dri c Z f t drZ f 3 d,Z f* f s 

4 ■ — — • ■ — — f— ■■ ■ - * ■ ■ *-f— ■■■ >4- — 

drds f x dr (, ds ,f t /, 


Determinatis (20 2) r et j ope aequationum (a lS ) , fiet 
gradus ad integrationem (2. # 3.° 4.° 5. # ) aequatio- 
nis (“■*•)* 

205. Quod spectat ad integrationem differentialium 
partialiumque aequationum per series,, -tria subjici- 
mus exempla. 

I.° Sit 


dyz 

dj 



( a a) i 


3n qua exprimit k quantitatem constantem. Ac .^.“ de- 
notantibus Q 0 » Q. j Q* . 'functiones quantitatis .y ^ 
• et oc 0 , a, , cx t ; .. . quantitates constantes , ponatur 


z = Q 0 e“° X -+- Q,e a * X ■+■ -f- . .. 

provenient 

^ + <t.S- x + e'..*’**- 

?et adhibitis substitutionibus in (a j7 ) ' 


= AQ o a o ’e a °' r -f-AQ 1 a I 9 e 0? ' ,r -4“kQ,a a : ‘e a * ,r -f-.. 

Hinc 

Q o :== d llX o :> Q.t > Q ,=A«, 9 Q, j Q • == ^°ia a Qa • $ > 

ac proinde a 0 , a, , a, , ... permanent arbitrariae -i 
•eruntque 
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ubi denotant c 0 , c, , c a , . • • constautes atque arbitra- 
rias quantitates. Iutcgrale igitur aequationis (a l7 ) pro- 
dibit '-expressum per 

k<x 0 a r « 0 x hx'r ct.x J &a a V a,x , . 

z*=c a e •'e -bc t e XJ e * - *c s e ' J e 3 +».(a lg ); 

on jus praeterea singuli termini- explebunt ipsam (a,y% 
2.° formula (a, g)' potest in hunc modum (241 « 
p. i".) scribi 

zr^ g e a ° X >^ i e K * X -^,e***-+-...-4-(c 0 oc 0 *e (Xo:v -H 


c 1 a l , e <Z,fl; -f-c a a i *e“ Sa ‘ , ' .)A^-f-(c 0 « 0 *e' 


«jJC 




. a,x . a,x 
v,a,e H-c a a a e . .J 




1.2 


et assumpta functione arbitraria <p:'x) , factoque 

..=p(x).. 


a 0 .r , a.x , a a x 
c 0 e 0 -+-c,e 1 -+-c,e * ■ 


exsistent 

, a.x , a a.x . , a.x 

c 0 a 0 e - 4 -c,a, e '+-e,a,’e 


.e= ? ''(x>s 

b a.x , 4 a.x , . a.x . . 

c 0 a o b e 0 -t-Cja, e * -t-c a a a ’e * -t- . . . c= p ,v (x> , 

et caet. ... 1 

▼ertetur nimirum (a l8 ) in 

v (x) *4- ... (a Jg ). 


9(x) -+- kjtp"(x ) - 1 - 


1.2 


3°. designantibus C 0 , C, , G, , . . . constantes et 
arbitrarias quantitates , sit 


9(x)=C 0 -4-C,x- 


CjX* 

1.2 


C 3 x* 

1.2.3 
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C^x’ C s x* 

^(x^-^x-H— -4-^-4 > 


C S X* CyX* 


P "(*)*=C.-t-C s *H-— + 172.3 

■et caet. . • • 

Quare (a, 9 ) immutabitur in 

c.*v’ 




i =» Co * 4 “ C a A ^- 


1.2 


+-••• • *+■ (C, -t— CjJtji' H— 


W 


12 ’ )^-4— (C*-4— Cjs,%r-+- —— — l-***)^ '4-|(«*»V 

bumptis arbitrariis functionibus <?,(?) , <p,(r) invicem 
indepeudentibus , pone 

c .- t - c ,* r - 4 “ h — ?.( r ) v 

C fc*y a 

Gjrf-C^AyH r f" • == <?»( y ) » 

babebis 

> C 3 -C B Aj-.«=|iP' 3 (jK),et ceu; 
et consequenter (a ao ) poterit sic exprimi 


(«„) 
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4. ° quisque nunc videt integrale aequationis (a?/) 
amplecti vel unam , vel duas arbitrarias functiones 
prout ordinatur vel secundum potentias quantitatis y ^ 
vel secundum potentias quantatis x : quod si ordine- 
tur secundum poteutias exponentialis e x , nullam ar- 
bitrariam functionem erplicile continebit., sed binas 
dumtaxat series infinitas arbitrariarum constantium c 4 , 
c, , c, , et caeu «„ , a, , a„ , et caet. 

5. “ possunt 'lunae series , f<jr l9 ) exprimi sub 
formn finita per integralia definita ; sed antequam id 
ostendamus , nonnulla • subjungimus circa istiusmodi 
integralia. In formulis jam stabilitis (142) ponatur te 
pro a , et — h pro h ; emerget primo (sf.62. -2.* tex 

p. 2.«) 

cc 

J e~ tlx \coskx- 4-j/" — 1 sinkxjdx= 

O 

’1 h-+-k\f — 1 

• — A-f-Ay ^7 h*-^k' 

unde 



ao 


/ er^coskxdxrx — — , f e- hx sinkxdx=—^-- n ; 

• O 

in quarum prima facto prius A= 0, ac deint, 
A=0 , h=a 1 , prodibunt ' ** 

oe _ “ao 

J' e-* lx dx = , J' e~*dx'T= 1 : 


denotante « constantem arbitra riamqne quantitatem 
> 0 , /3 vero numericum valorem vergentem , ad 
linus=Q , emerget secundo 
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pa 

J x n cr~ hx (cos hx H- — -A sinhx)dx t=» 

“O 

* \T — 7 • * 

coj \~V — 1 sin — 

fix v ‘ 1X [i ' n P a '•»(/»- 1 )/3*a* 


/3 n a n / a (-A^^— 1 ) 


— 1 „ — tj* 


■n(n— 1 )-.3.2 1 )_ '3.^ 

] 


(_An^A|/'— 1 )" A-t-A/ —i )■*' 

Est autem (241 «x p. 1.“) , 


A 






A"- 4 - 1 


2.3...»p' , « n - 2.3...« v «r+-1 )p‘+'a' i +' 

igitur 


-4-..-.)= oo j 


OD 


y' x p e~**(coj Ax- -+- |/" — 1 jin kx)dx~= 

0 

n(n — : 1 )... 3.2.1. M-4-Ap^—l 1 y*** 


i i 


(AM-A*)'*-*- 1 
n(n — 1) ... 3.2. 1 .(A-4-Aj7— -1 )'*** 
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■et quoniam (157 3.° ex p. 2.«) 

lcos(n+i)arc{jtang=** 

£ v . 

y r —'1 sin(n-b1)arc(tang— 


iccirco 

■'ea 


J x n e~* uc (cos — 1 sin kx)dx = 

© 

n(n-1)...3.2.1 k . , 

-[coj(n-h1)arc(tan^ c= — >+- \ 


rr**i 


(Avi’) • 


_____ ^ 

|/" — 1 «n(n4-1 )arc(tang e=s -^) 3 

unde 

/ _ , n'n-1). .3.2.1 . ^ 

o. e-f^coskxda wcz— — — c<w(n+1 )arc(tang=— ) , j 

(h*+k a ) 3 

co 

/ x n e~ h *sinkxdx= J i n * tn (n+\)arc(ta rcg==- } , | 

* 

in quarum prima facto prius fc=«=0 , ac dein fc=0 , fc=1, 
provenient - 




co 


J' x n e- hx da 


n(n — 1). • . 3.2.1 
h' 1 * 1 


O 

CD 


J' x n e~ x dx=n{n — 1)»..3i2.1. 
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r &° si ponitur "hx^xy , erit 


Hinc 


00 


V -hx 
x e 


V —hx 


e J d r 
dx =' — — 


/ v —nx , 

x e dx-. 


oo 

1 r V -x j 
— / x e dx i 

j-i-i V 


A *- 1 * 7 , 

00 

'■et habito J' x V e X dx pro functione constantis ar- 

i bitrariae v , ut scribatur 
00 

J x e~ x dx =3 X(v) ; 


erit 


(*.») 


oo 


/ X 


V -hx j 
e dx 


m 

■ / t ^i 


Liquet , si ponitur successive 

v=0 , v«=1 , v=2 , v=3 , et caet . . . , 

fore ob postremas (-a , s ) , (a, 5 ) 

X{0)= i , X(1) = 1 , X k 2)=1.2 , X(3)=» 1.2.3, . .. 
—1*2.3 • • • w ^^97/* 

7.° ex (a as ) manifeste eruitur 




X(») 

(1-Kc) 


,v*-1 


hinc 
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et consequeuter 


a '» ■ 

x ^ r « -»ZX V — 2 , 

= rj — • 1 -x _e z C ! rfz,, 

h*^ 1 -W _ 


W> a , "» •» 

r — 7TT / / 

-/ H_L_^ t V+1 3C(V)*/ */ 


tx--zx v ->z . 
a e 2 -e axdz. 


(l-hx/- 

In secundo membro hujus aequationis 'sumptis inte- 
gralibus prius quoad . x , ac -dein «quoad .z , ob i^.*) 
prodibit 


./ 


x 


°v/x 


oo 


'1 /» X(a) ly 

— r: — / * 2 e Az • 

X(vV _a+1 


, ( 1 -Kr ) v * 1 


n 


5f(«) r v-a-1 -2 » X(ajX(v — a — 1) \ 


*-W i 

■-W 


2 e dz=* 

i 

•n-t-1 




.X(vj 


8.° facto 7i = 5 , -satis «ril recolere quae ‘di- 

m 

cta iunt (71) , necnon in p. 2.« n.°-l59. 1.° 3." 4.* , 
ut iutelligamus fore -quoad m parem 


1 1 




cos 29 — |/" ■ — 1 29 


x 


1 — 1 m x — 1 


271 r 2/1 

h- l/ — 1 #m- — 

m m 


2 tt 


. x — cor 


cos 20+-V- 1 «n 29 cos 45 — [/" — \sin\Q 

2 rr ,• . 27 t 4 “ ^ 

a- cos 1/ — 1 sm — x — cos (- V — 1«n- 

m ' > m m i 


Tn 


cos 49 *+- |/* — 1 jin 49 

4tt r . 47r 

x — cor l/ — 1 sin — 

m m 
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evr (f7i' — 2)0 — \T=i sin (m * — 2) 9 

ni — 2 m — 2 

x — eos, 7t y — 1 - sin rt 


m- 


m 


tot (m* — 2]9-f~{/~ — 1 sm-( m — 2)9 ( — fl* x m 

m — 2- , r — — tn — 2 x-t-1 ^ 

oct — cos tc — y — I n 


m. 


m* 


1 cos-Q — \f — 1 sin 9 cos 5-f-J/" — i sin 9 

— [• 1 — 

/W' 7 X . jm 7 Z _ g, 1 

x—cos — *y —1 sin — x—cos n -y—isin — . 

>n. nu m nt> 


cos- 1 9 — \Z " — 1 sin 30 cos 39-t-J/"- — 1 sin 3 9 

3 jt. - . 371 3rr . _ 3 jT 

j»_c OX — .u — lf t n x-eos 1/ — 1.«» — 

w; m m m. 


cos{m - — 1 ‘0® — J/ 4 — 1 sin(m- — 1)0 

m- — t ... m — 1 

* — cos n H-y — 1 im .77 

W. w» 


oos{m — 1 3 9-4-J/" — I sin(m‘ — 1)0 

m — Ii m — 1 

x — cos rc — i/ — 1 sin 7 t 

n*. »71 


] S 


qjioad m imparem 


X — 1 


cos 29 — [A— 1 j»/» 20 


x — 1. m. x — I; 27r 27r 

x — cos — -m/ — 1 sin 

m m 
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cos 29-4-^/" — 1 sin 2 9 cos 45 — |/*— — 1 /m 45 


2n: _ . 2 tt 

o » — coj y — 1 sin 


rn 


4tt — . 4tt 

x — cos H/ — 1 /m — 

tn • m m 


cosi +y — 1 sin 45 coj(r«-'l)9-j/" — 1 sin[m- 1)9 ; 

■ 1 *•' r _ “ 


4rt — - . 4;r 

x—cos Ia- — 1 sin- 

tn r 


rn 


m- 1 — . r*-1 

x—cos n -*y — 1 sin — -j 

m . m 


cos(m — 1 )9-+-|/" — t tiu(m — 1 j§ x" 

■ Z Z J 9 > i« , 7 

ojt — 1 ^ . m — 1 x -4-1 

x — cos- -x — 1/ l /tn- r: 

— * m 


1 c<w 9 — «'n 5 cos G -+-[/' — 1 sin 6 

m n:. — . n n , r~ . n 


n . r — . « “ , a - ; . 

x-cos — -L/ -1 i;n — x-cos — -y -\sin 

m m m 


m 


cos 39 — |/" — 1 sin 39 _ cos 39-4-J/ — 1 /trt 39 

■ ■ — 1 — — , 

37t . 3^ 

x—cos — — |— L/ — 1 sin — 


n 


3?r - . 3 7t 

x-cos y — 1 sin — 


rn 


rn 


cos (m — 2)9- — l /" — 1 sin (m — 2)9 

H ) : 1 1 - 

m — 2 r — . "i — 2 

x — cos n -4-1/ — ;1 sm 7T 

m m 

cos ( m — 2 9-4-1/' — ^ s,n - m ' — 

■ ■ ' 1 — 1 ■■ "J • 

771 J /T— * , W -— 2 A *-+— 1 

-77 — y — I su 


x—cos - 


m 


sin 7t 

tn 


Qnare (137) pro m pari 

r x n dx 1 2(n-M) T/# , ' - 

/ — =* — [co/ 7rL(x’ — 2x cos 4- 1)- 

J x m — 1 m m K m 
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, 3.TS 

4(n-+-f) 4r: (m-2)(n+f) . 

«w ffL(x a -2x coj — -*1V..-k'o^ — -nUx*— 

m rn rn 


x-cos- 


2n 


* ^ 2 2 t 2 1 m 

2x cos rr+1)]— — [sin— n.arc(tanp-= V 

na m m ' « 


/» m 


f tre - 


2,1 


«* 


4 »■ 

i„ it x-cos 

,m ~^7 _7r,arc ( to "S = = — K» - » ■n.atejtang- 


. 4 /r 
«/» — 
m 


m 


m —2 -> 

K-COS JT 

n» . t (_iY* 

— ^r- } 3 •+■ C 

*- 7 T 

rn 


i 


x? dx i n-t*f. _ ff . 

, 7 =* /rL(jc* — Zr coj — -4-1) 


m 


*°s±~n L ix'- 2 x coi^Ls y...+ co/-. -^* 1 ^ .- 


, JT 

_ > 0 . JT— COf 

W"* T. . J n. 

2x coj— — JT-*- 1 — 4xm 1 arc(tans= >_i 

/n m /« ' 6 ~ 




(3n+f) 


3ff 

K-+OS 

rn 


n. 


sm- 


m 


m 

’ 


, tt-arc(tang- 


. 

stn — 
* m 


t . (m-1)(n-1) 

)+'••••■*• sin — 7r 

m 


x 
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m — i! 

x — cos — — /T.. 

, m 

arc(tang= ) ]+Cr: 

' m — 1 

«b n 

m 

et pro m impari 

('x^dx 1 r 2 &.-+- 1 ) r , ... oi 2rr- 

/ ■ -— = — [ cos nLJx* — 2x cos (- 1) 

J x m — 1 m rn m 

^ 44 /T 

eos ttL{j-*-2xcoj — 7t(Lx* — 

n% ' w> w 

2n 

x—cos — 

m~f 2 m 

2x cos n* 1 M [«» n.ai;c(tang=3 — )-f- 

m m n» 


m. m. 


2 n 
sim— 

m 


.. 4(n*1) 

sin —K.arc[tang-- 


x-coi 


4 n 
s n — 
m 


4irr 

mu , (w- 1 )(n-*- 1 ) . 

n,arc\tnng==x. 


m 


m — 1 ' 

x — cos n 


m 

sm n 


— ) ] *+■ — L(a: — I.) a -+-C , f 

+ — 1 2 m 


x n dx 

x m -bi 


1 n- 4-4 , , .. „ 7 T 3 (n- 4 -l) 

— — [ cos ~h(x — 2 x cos — *- 1 )*cos jtL(* - 

m m m m 

3 n i m — -2) (n-f-1) 

2 * cos f- 1 . ».■+•- COS 7 rL(x — 

m m 

m — 2 . 2 ' . n-t -1 

2 X COS 7T ■*+“• 1) 3 ■+" “ — fjj/l ■ 1 ~1t- X. 

m m m 
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x-cos 

rn 3(n*1) 

*rc(tarig— ) -4- sin iuarc(tnng= 

7Z m 

sin — 
m 


. (nt— 2} (n-+-t) 

sin ri.rirc inngpz? 

rn v * 


m — 2 

x—cos^ n ri\n 

) ] -4- 4-^-L(1 -4- *)• -4- C. 

m — i Ltn 

sin 7T 

rn 

Hinc , praeter a (5.*) assumpta et altera constanti ar- 
bitrariaquc quantitate «'>0 , erit v. gr. 


r x %n dx .. x ,n 1 2u+1 

I rzr=hnu I — ■-== [ COS T, 

J J 4 x*'"-4-1 m 2m 

—xi 1 

«',3 

3(2n-+-1) (2/rf — 1)(2»-4-f) «' 


3(2n— f— 1) 

eos *n • 

2 m 


^ L (— 


7T 2n-t-1 t 3(2n-4-1 ) _ (2w^1;(2w+1J 

[«71 7T-+-S171 7r «-sin — ~ I». 

m 'lrn Im 2rn 


Est autem (162. 2.° ex p. 2i a ) 


2n-4-1 3(2n-4-1) 

cos — — .7-4— COJ - 71 -+-• . .—H cos 

2m 2 m 

Paks III. 


(2m — 1 X2«— 1— t 
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2 ra-f-1 

2 m 


,/< — - 3(2/i— 1") ./r—~ (2m— 1)(2n— 1)' 

ttI/ - 1 — > nl/ -1 rrl/ - 1> 

V 2 rn Y *»“ K 


2 »» 


H-e 




2/i-1 3f2/i-1) (2/*-1)(2/r-1) r — 

n\/- 1. ny-l nl/ -1 

2/« ^ 2m 2 tn 


Hi e 


-♦-..•H-e 


: C -) 

2 V J 


-1 


-^V- 1 


e 


< 


2*-1 *- 
_ 7 : 1 / —1 

^ m -1 


-) 


31 


2 n +1 g p 2 w +1 

, l^T 71 ^- 1 - "ST^ ~ 1 „ (2 r^iW^ 

-{e -e )(e ~ e /* 


2(2-« “ -e 


. 2 / 1—1 .v 

jj/ 2 — —n.sin{2n-*-i ,n 
2 m 

2n— 1 

1-coi n 


: 0 : insuper 


2//-1. 3(2n-1) . (2m-i)(2n*i)_ 

sin — — n — sm — 7i — ••• — sin —n 

2 m 2 m * in 
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, ^v~ 

■zi e * e 


-2&V* 


(2/»-1X2/z*1) 


2 m 


■•«.-e • 


2 ot* 


K-l 


]= 


2 n +1 I/ ^~ 2 n+ti m , 

2 m ( 2 n* 1 >J/^T ~ 

— 1 \ e* 


. . (2/j-t-1)rr[/ r -1 

^ C- dYr c ~S 

V 2th-1 ’ - — / OI/-T V 2n+1 j 

2L/--i; — 4^-1 2 V~ U y 

Y e m -1. e K -1 


2 /Z- 4-1 -r— 2 fZ***l 4 yT“‘ 

, (20-1)^17, -(2n-*-i>|/^T 

(®.' ~b )(2'-c~ —e ) 

2n-*-1 2n-*-t j — 

7rL/~ 1 7:1/- 1 . 

r — ■■ m m 

2 |/^- 1 ( 2 -e> -e ) 


2 /: — f— 1 ' 


271-4-1 ' 

1 — cos n 

m 


. 2«-+-1 2«--1 ’ 
sin — - 7T sin n 


2 rn 


2 m 


ergo 


as 

f 


x 


' n dx 


_ Q3> r a "'-4-1 


m sin- 


2n-4-1 
2 m ‘ 


( a i»)" • 


9.,° facio x ,m =z , erit 
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x*"dx 


1 z 


2tz— 1 
2m 


db 


jc* m -4-1 2 /t» z-1— 1 

Ad haec: ex dictis (131 : 12&: 127) eruitur 

p x x' n dx p~ x x* n dx p° x* n dx 

J X * n ‘-*-\ J x '‘ m *-1 J _ r a : , " , -»-1 
. 0 ° 
itemque (128) 

- x x' n dx 


/ *' x' H dx x 9n dx _ p~~ x 

^“"‘-f-l X x 3m -(-1 x 9 

iX 0 


■' X x* ,l dx 


‘H-t 


hinc 


p x x' n dx , r- x x* n dx 

J = 3 ./ 

o X 

- Quibus positis , manifeste exurgit 

en 2/1-4- 1 


/ 


2/7» 


t 


</z 


z— t— 1 


oo 




oo 


,»/ i 

— co 


x’ >n dx 


n 


9 "H-1 


JJ7I ' 


2/»h — 1 

2/7» 


(« 3 .) 


10.° facile quoque pervenitur ad 


f x’ 1 , 'd. v f' x*"dx 

J _ 1— .r _ (X x im — 1 


1 , 271-1—1 

(COJ 7T— v— 
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2'2ra-t-1) 3('2ra-f-1) (t»-1)(2t 7-1 st' 

COS ‘7Z-K0S X+...+COS 7 z)L( V . 

m rn rn v * 

7t . 2/i-t-l . 2(277-4-1) . 3(2»-4-1) 

— K sin jr-Hrm n-i-sin n -+- .... 

m m m m 

. (m — !)(2n-M) 1 T/ a\ 1 T 

•+• «» *)— — L( — )-+- — -L(— ). 

t» 2//t ' a ' 2m v st 

Jam vero eadem mechodo , qua supra (8.*) usi 
sumus , inveniemus 


2/7-1 2(2/7-1) 3(2«-1) (m-lY2n+0 

cos --+-COS —n+cos 7r-~.-coi - ■ 

rn m 7/7 m 


(m — 1)(2n-t-1) 2/7-4- 1 

COS TC -+- COS 7T 


m 


rn 


2(1 — cos- 


2 »-M 


m 


-7T) 


277-f-l (777 2) (277-4-1) 

•cos rr cos —t: 

2 2nt 


2 sin ’ 


277-4-1 

2in 


= 0, 


. 277-1 . 2(2n-1) . 3(277-1) (m-1 V277-1 ) 

Sin ~-.fi /7 /T— J777 7T— »•»— J 777 -fl- 

777 777 777 777 


. (777-1 X277-4-1 ) , . 277-4-1 

«77 u — sm[2n -4- 1)n-4- sin n 


m 


2 77 -4-1 

2( 1 COJ TC ) 

777 


4 
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'2n-4-1 . .2 n-1-H 

sin ( (2n*4-1)jr n )-+-sin tr 


m 


2n -\ — 1 
sin jr 


, 2rt-t-1 v 

• 2(1 — cos n ) 

7 » 

2n-+-1 
coj 7C 


2 m 


2/z— f— 1 2n-+-1 2n— t— 1 

-2 sin* — — -5 sin — — 7t .tang— 7T 


■ 2tn 


2 ni 


ItaqrSe 

Aco x ln dx 

J — ■r* m 


7 T 


■ oe 


2 «-M 


•’-« { a 3 j)*i 


ct facto x‘ t "'=z , ut sit 


2rcn-1 


x* u dx 1 z 
1 — a a "‘ ~. 2 m* ~ 


2rn 


dz 


prodibit (9.°) 


/ 


2 w-f -1 

2 m 


,1 — ^ 


oo 


dz 


' n dx 


1 — z 


/ x wn a 


oo 


/ , x ,n dx 

_i— V 


rr 


v. (a 3 t ). 


a '« 2 n-t -1 

tang— tc 


2 m 


2 n-f -1 


11.® in (a ag . 7.°) fiant v=0 , «=— - — • — 'i t ob 

2m 


(a 3o . 9.°) , fet ob . primam (a a7 -. 6.°) erit 
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•X(?2±!_O.X(-?2±V_? 

2 m' ' 2m 2«H-1 • 


sin- 


»et assumptis «=0 , m= 1 , 

X 3 (— §)=*■> X(— |)=7ra. 

Est autem (6.° a s8 ) 


2rn 


(«33) 


I» 


X(' — 2) = J x 3 c X dx ; 

O 

"insuper facto prius .xz= (z-t-S)’-, dein xe=(z — ■S)’ „ 
habebimus 

f x~^e~ X docr =2 f , / 

O < O 

J' x~^e x dx= 2 J' e ^ Z ^ dz. 

O O 

Itaque 

r -h-x, 2 -5’ r -z 5 , ~ 2 Sz 25zw 

I x 2 e dx=m 2 z=e j e (e -4-e jazs 

O O 

et consequenter 


r 


‘ -z* , 20z , — 2@z } 


k o* 


/ % 1 2 

(e -4 -c )dz—z e 


• • ( a 3i)* 


Ad haec : si in (a S4 ) adhibetur x {/~ — 1 pro 6 , exsur- 
get (162. 2.° ex p. 2. a ) 
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eo 


J' e 2 cos 2xz<dz—^n 2 e~ X 
0 

qih)d si fiat 5=0 , proveniet 
/ 00 

/ e ” Z - ) (a ts ) 

J. ° 

et substituto « 5 z pi-Q * , 

f <r az 'j i / n 4 

o 

12.® in postrema (a JS ) sumatur derivata /»*«’»'« 
quoad od 1 ; erit (134; 


2n«-1 


r -az’ , 1.-8.5...(2« — 1 ) % ~ 

/ 2 n e (/id, -na 

j 2'* 4,1 

o 

et facta «='1 , 


(«*«) 


00 


_ -z a , 1.3.5...(2« — 1) ^ 

2'w« 


J' z' n e Z dz= — - : -7T~. 


13." lwbemus (131 : 129 : 127; 


j c Z dz= — J e dz— J" c~ 

• o ~ z 

f Z z' n e~ Z 'dz=— f Z z'"e~ Z \lz— f° z 

O O 


e ~ dz , 


— z 


dz 'i 


e secunda igitur (a, s ) profluet (128) 
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eo 

f e Z dzr=m\ , 
— oo 


et e secunda (a M ) 


( a »r) 


00 


j z ,n e Z dx>=. 
— oo 


-r* 1.3.5...(2n — 1) i 

— — jt : 


2* 


./ 


«st insuper (131 : 129 : 127) 

Z - — j o 

J z' n -'e-*'dz= J' z* n ~ , e-z'dz=~ J* z' n ~' e~*'dz; 

o « 

ideo ( 128 ) 


oo 


f x* n ~"er**dz=Q . . . (a t# ), 

— eo 

14.° traducamus nunc seriem (a, 9 ) ad integralia 
definita : prima (a t7 ) suppeditat 

^ <X> CO 

< pi x )' = *-r?( J c) f <e drrr r . ■ C f {x)e r dr ; 

'a ^ — oo Tisr — oo 

secunda ( a l7 ) praebet 

OO 

2 

~3 


A r y"(.r)=— Ajp"(.r) f rV r *rfr 

~3 J oo 

1 r 4r*Ay ,,, _ r » AV* 

-l 7 <*r, 

7T2 00 *•“ '•* 




r 4 e r </;• c=> 
oo 


l 
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•formula (a 38 ) dat 
oo 


-J 2r(kjf(?'(x)e~ r dr s= 0 1 


.712 OS 




¥ 


<p"\x)c~ r dr=0 , -et caet. 


1.2.3 


71 % CO 

iccirco (128) poterit (a, 9 ) scribi in bunc modum 

*=4/“ 

7T2 — OS 1 1,2 

3 

8r 3 (Av) 9 1 6r ft (Ay)* — r* , 

ct consequenter (32. b lY ) 

1 °° — 
z=-^-l er~ r '^{x-\-2r\^kj)dr . {q it ). 

— os 

i 

15.° ad (a lg ) quod «pectat., ex prima (a l7 ) asse- 
quimur 


f caet.... 

—ac —eo 

unde 
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jLx 

nv — oo 
oo X 


1/ 

T» — oo 

'«•'*? *=Lf~ e-r^S^dr,* oaeu ....; 


7 T 2 — OO 

poteritque (a, g ) sic exprimi 


z=ly' C °[c a e a '>^ r ^ ) “ 


TT2 -00 

et posito ut supra {2.°) 




fl! i (A n i4/ / \ 

-t- c,e 1 -t-e,e . =ip(.r) , 


a,x 


ac per consequens 

c c e a °( X * 2r ^^-^ 1 e a *(~^ 2r ^ky^+ % ,,i=(p(x-y2r(ky)2)^ 

prodibit iterum (<7 3 g«) Sed tempus est jam de aliis 
exemplis aliquid dicere. 

II.* Sit 

d* x z fPrZ d-tz 

Denotantibus M , N , P , Q , R , S , • . . functiones bi- 
narum x , y , sume 

z^=M— |— Ni— i— Pt I -+-Q£*-+-Rt 4 '+-St 5 '+--«>^ «• 4 

erunt 


xZ 


dx 

d*yz 

dy 


- = M"* H-N"* t- 4-P". f+Q", t 3 , 

= M" r H-NV-HPV*M-Q'>t» n , 
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dpi 

— = 2P-^-3.2Q^-f-4.3IU*-t-5'4S/ , 

et adhibitis substitutionibus in (a 4o ), 

M", -f- M" r 2P -+- (N" x -f. N'> -+- 3.^Q)r 

(P"^P'>-)-4.3R)«'-KQ"w-QV^5.4S>* 0. 

Hinc 


p = - *MVhM '» = - , 

Q= _ JL (N - x ^ N - v ^__L ( ^£ + dVI) , 

V 3.2 x 7 ' 3.2 dx* dj ' ’ ’ 

r 1 rp" P" 1 

et caet. . . . ; et consequenter 

4 d'M dVlVT 1 d ' x N , . 

binas dumtaxat arbitrarias functiones complectitur for- 
mula (a 4l ) 

Si poneretur (I.°) 

2 =aMe a#f *+- Ne a,t 

forent 


Pe 


«m* 


> * > » 


^ a «* xt„ *»* . „„ 

=M"* e -t-N"» e -hP * e 

dx* 

d'r 


dj* 


=M"< 


> e*°%- NV P"r e*’* 
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d'z ,, , , T , «,t a a t 

-^•sr=Ma: 0 a 4-Na ,e 4-P cc % e -+-»*»»; 

ideoque 

(M’^MVMi ! ’ 8 )e"»'+{NVfr r N« , /‘ f 4 =0^ 

Ad functiones videlicet M , X , . . • determinandas ha- 
berentur diflereutiales partialesque aequationes 

MVMVM*%==0 , N",+N'>4-Na\=0 , et caet. ... , 

in quibus « 0 . permanent arbitrariae : quis- 

que videt ( a k0 ) expletum iri per singulas 

/ 

, z=Ne a ‘* 


III.' Sit * 

d"tz 

~dF 


,d x *z 
dx * 


0 . . . («/,„). 


Designantibus M , N , P , . . . functiones solius x , 
pone ut supra 

z = Me*'* 4- Ne**' -+- Pe®*' 4 (n„) ; 

habebis 


d^tz 


f . a,f 

~dF 

=Ma* „ e 

4- Na', e 4- . . . , 

d^xZ 

d* M « / 

J*N cc,t 

dx h 

k 

ft 

II 

^~d^ e 


et adbibitis substitutionibus in (a ft ,) , 


.d* M. a 0 t 


d u N, « ,t 
— ,e ■ 

Hinc ad M , N determinandas praesto erunt 


~)e 0 '+-(Na*,-hA , i~)e * +...= 0. 
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difFerentiales aequationes ordinariae' 


Ala" 4-fc’ 


d u M 
dx* 


= 0 "» N « * , 4 - fc .’ ^=0 , 


et caet. . •• ... 


Notetur illud : sumptis 

M— i(M'— ivry-^i) , N=£(N' — N"]/"— i) , 

« 0 ^=a'oK — 1 » 1 , • • • 

vertetur secundum membrum (a hi ) in (162. 1.° er 

p. 2.*) 

A[(M' — M"(/’ — 1)(co^ta' 8 H-l^— 1 sintx' 0 ) 4- 

(N' — N''!/ - — 1 ){cos ta r i -t-|/ r — 1 «»*«',)-+- ...] .m (a kk ) 

sumptis vero 

1') , N^^N'4-N-V —i”) , • • -• 

a 0 = — x' 0 [f-^i , 1 , . . . 

vertetur membrum illud ia 


— 1 )(casta' 0 — [/" — 1 - sinta' „) 4- 

(N , 4^N"l/' — i)(ca£ta’,4-|/ r — I- jinta , 1 )4— •••] ••• ( a *s) » 
eritque 

(a 64 )4-(a A 5>=M'costa' 0 4-N'cos ta' , 4- . • . 
-+-M"sin fa' 0 4-N"jin ta',4- • •• • 

Ad aequationes nimirum (a l7 ) , («/,<,) ? (° 4 >) > alias— 
que consimiles lineares integrandas , loco positionis 
yz b s ) adhiberi poterit positio 

zt=M'coj ta' 0 4- N'cor fa' *4- P'cos tx' % 4- • 
4-M''jinta' 0 4^"tfi«ia\4-P' , w*f«’» 4- • 


(«»«) 
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CALCULI INTEGRALIS 
AD GEOMETRIAM APPLICATIO- 

■■■ 

DE RICTIEICATlOJfE CURVARUM. 


206. i-Jenotante s arcum curvae planae computa— 
tum ia ipsa curva a fixo quodam (73) puncto (ar 0 , y 0 ) 
ad mobilem arcus terminum' (x , y) , cum habea- 
mus (77) ' 

ds ~ V 0 -*-^y*=K(<-+“^r)4r> 

erit 

' =/ \f{A -+- +^-) d T •« ( 0 - 

X a /o, J 

Ad haec : facto (73 J angulo (ra^=9 , exsistet 

tang'0) t= sec9 r 


-4- cot*6) — cosecO ; 


dy 


proinde 


r*/ 

secOdx = J cosecOdy . . . (/')- 

*e> JTo 

Exempla . 

L° In parabola (87. II. 0 ) 
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et consequenter ssa j' )dx~{F). 

x o 

Facto (138. II.*) ^ X ^~- <=z' , prodibit \T ( —~*~^ )d 
2 x ' 2 x 


r= 


z*dz . l' z'dt 1 r 1 

- f^ttz^ ’• et ^ 0I ‘ lam J = -J £— - 

J_ + _L_ + -i-*, l{±~Lrtw:, 

Z -+- 1 ( z — 1)* z — 1 . 4 z % - 1 z -*- 1 

erit igitnr , 

f-L y^-K! 2 !). 

F ^ 2 ~ 4 y '2x*p)«.^ 2 a.' 

./ 7 ,. jPfl .Fi / ( 2 x B ^)-|/ 2 a 0 
^ 0 2 ’ 4 'J/* (2x.-*-^W^ r 2x 0 ^r/') 

et computato / a vertice , ubi .»,=0 » 

^■|A(x +-2-)- T L J 

II.* In ellipsi (87 II.*) 

dx' a'(a'—x')' " dx' ' l a\a‘-x’) ' 

in hyperbola (ibid.) . 

aV^T ^ 

et posito (203 ex p. 2.°) in ellipsi 


d y ' 
t/x 


a’ — b' «= 


ac 


in hyperbola 


a* H-6* 


(/*v) 
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Qtlare in utraque curva 

r x . /~ — c*#* , 

'~J y i ---~~ r y lx ..... .(/*) : 

patet :, si ellipseos periracter vocatur, ®r , fore 
/ ,a . a 3 — -c a x a ' 

®=4 / - • (^')- 

17 u ' ’ 'i* 

O • 

In formula (/ v ) est x < vel > a , prout ipsa (/ v ) ad 
ellipsim vel ad hyperbolam pertinet ; iccirco poterit in 

, a 

primo casu assumi j.=acosv , in secundo x=— : 

“ ■ cosv 

arcus videlicet ellipticus exprimetur quoque per 

V \ 

s — — «/ |/"(1 — c*cos*v)dv , j 

v ° 

lijperbolicus vero per \(/vu) 

/ v c . - coj 3 p. , 1 

i/\l ~)dv. , ) 

cos v r c 3 i 

*o ' 

Ad haec: valoribus x=0 , x=a respondent in (Z T1 ) 

7T 

y=— , w=0 ; unde ellipsis perimeter 

cj=— 4a / ° 1^(1— c'cos'v)dv. . . (/vu «j. 

rr 


fiat etiam in U') prius x — a cosr , dcin x= : 

cosv 

Paks III. 23 
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ut habeamus 


r .SXTtV T 

secQsinydv , r=a I sec9 — ~-—dv r 
J „ cos'v 

ex his respective comparatis cum (7*“; eruitur 1. 
quoad ellipsim 


sec 


'Qsin' z v= i — c*cos*v , 


unde 


COJ V* 


jm *5 , , ^ c * 

, t— e«c<w v=*r- :i --r D , 


1 — c*cos“9 

1 


1 — c 3 cos'9 

|/*( 1 — c*)dQ t 


_ t C* , 1/^1 — C-)(VJ l 

v=arc(coj=|/^ 1 } 




. 2.° quoad hyperbolam 

sec’ l( Jsin % v=c ' 1 — cosV ,, 


* 


unde 

l-c’eoj’9 c cojV J/"(c’- 1 )s/n9 

-^s~ ’ ^'•v^TSS-' i ('■> 

i-c’cos’9 (/"(c* 

w=orc(co/=4^ _ c Vo ^ C) — 7/ 

Adhibitis respective substitutionibus ex {i ix ) T (l x ) 
(/ vu ) , proveniet 

x==o(i— c*) y* — — r'. . • (/ X, J 




(1 c’coj’5; 

ertinens ad utrumque arcum, ellipticiun et hyper— 


E rtinens aa utrumque arcum 
licum : perimeter ellipseos 
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. ! rr 

r 2 <£> 

B=4a^-c')J — . . (/»")•* 

(1 — e*cos , Oj t „ • 

« 

Tutegralia fly\. (/♦«),. (/»«), r/»***), (/*') , f/*' 1 ) ne- 
queunt obtineri sub forma finita : restat itaque ut 
ea per series eliciamus; quod in solis (l vu ), 
perficiemus. Habemus (244 ex p. fi") 


- c* 1 e® 

|A (1— - o’cojV) = 1 COS*V COS*t> —r 

rK . 2 2.4 


1.3c* 


2.4.6 


cos*v- 


t.3.5c* 

2.4.6.8 C 


COS V 




COS V 


c 1 l.cojr.V 1.3 corV 1.3.5coJ*u i 

cos*v 2 c 2.4 c 3 2.4. 6c s 2.4. 6. 8c 7 

siquidem c< 1 in prima formula , et c>1 in secun- 
da : erit igitur (133) arcus ellipticus 


, ac r v l.nc 4 r v 

/ cos v.dv *—- — / cps a vcU m 
2 J .. - 2.4 r. 


2.4 u 

t'» 


1.3oc e r v 


hyperbolious (123) . .. 

’ a 

s — arftangv — — — (u — e„) — 

Zc 

, 1.3.a /'*' . 

c.oj w — — / cas u vdv — . ... 

2.4.6C 5 -/ „ 

» K ft 
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Integralia J' cos* odo , J' cos u odo r j' cos*odo , 

V o "a \ "e 

habentur ex tertia inter formulas jam inventas (143) r 
nimirum 


V 

/ SltlV’ 

cos' n odo= (cos' n ~'o 

2n ' 


, 2 / 1-1 
2 n-4 




(2/i-lY2/i-3)...5.3 sino . 

coso) ( cos 

(2/i-2,(2/i-4>..4.2 ' 


2 n 


2 / 1-1 

2/i—2 


cos* n ~ 3 o„ 


(2n— 1)(2/i-3V..5.3 
• ( 2/i-2 Ji 2/i-4 /••• 4.2 


(l xir ) 


;«wO 


(2/i— 1)(2/i— 3) ... 3.1 


2n‘2n — 2)(2/i — 1)...4.2 


-'y—Vo) i 


ex qua cum aperte profluat 
/ 


i (2/i— 1)( 2n— 3).. .3.1 n 

cos* odo= — — — — . — .-(/ ,tT ) 

2/i(2n — 2; . • #. 4.2 2 


exsurget ellipseos perimeter 

73 = — 4 n J' J/"(1 — c*cos*o)do — 


n 

T 


(^ Tr > 


„ ,1.<\, 1 ,1.3c*. 1 1.3.5e* „ 1. 1.3.5 .7c*- „ 

««[ “(y) 3 ^ 2.4 ” 5 ^ 2.4.6 ^ 7^ 2.4. 6.8 ^ 

Notetur illud : ex formulis (/ IX ) ad arcum ellipticum 
pertinentibus provenit 

d(c*cosocos9 — — c 7 (sino cosOdo -f- sin9cosod9) = 


\ 
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1 — c*icos' , 9d$ c*(1 — cos'9)d9 


(1 C*COJ 3 5 


(1 C*COS*9j 


i_ c »_ ( 1 _ c'cos'9)* , 

-(1 — - c coj ») rfy = 


(1 c'cOS*9)* 


(1 — -c'cos' l 9yd9 


(1 —c')d9 


3 ’ 


unde 


(1 — ctcos'9) 


< w l / \ 


d9 


■ = ac*(cosvcos9 — i 


(1 — c*cos'9j 
'0 


(l xvn ) 


cosv a cos9 0 ) -f- a f l/"(1 — c , cos*9)d9> 
J 9 n 


exprimit autem 


a 1 — c , cos , 9)d9 

J A 


9 w 

arcum ellipticum s' , cujus extremitatibus respoiident 
abscissae x'=acosQ , x' 0 sxacos9 0 ; igitur 


s — s’=a.c*(cosv cos9 — cosv t cos9 0 )= 

X X X 0 X - xx X 0 X e 

ac ( — . ) = e a : 

a a a a a 

sumptis videlicet binis arcubus in ellipsi ita , ut ab- 
scissae x et x 0 , x' et x' 0 "ipsorun^ extremitatibus res- 
pondentes satisfaciant aequationibus 
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> , (/«) 

quae manifeste derivantur ex 1. a , vel 2 a (/**) , po- 
terit illorum arcuUm differentia anajytice exhiberi sub 
forma 'linita. 

III. 0 In curva Iogaritlnnica (73. II. 0 ) habemus 


, dy ba h'u) 


c[T/<«/t^5+Lfc)-L7> -LLfa)] <?<Z9 

JC= : , <dx— 


■ L \ a ) 


lj{a]sin'jcosQ 


Itaque 


,= f / f = 

J T Li{a)J fj suvjcosVj 

**■ o 

_c_ y 9 y 9 ,^5 _t_ 

l.tsiW a sinCcus 2 Q L(ay g cos9 


Lt«r e. sinOcos^fy 

* O - _ 

ac proinde 

c 9 9 

s=-^— )|>ec9-4-L(tang— ) — ^ee5 0 — • 1 L[tang ^-) ] ... (/ ix ‘). 

IV. 8 In cycloide (o ,v - 771. I. 8 ) est 

dx' 2a rJ 2a 

id "’ qUe 

Fiat (138. II. °) 

< 2a • 

= z’ ; 

2 a-ry 
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prodibit 

= 4 “/^= - 

igitur 

4a j/- i 2 ~^) . . . 

Assumpta 0 , ut arcus computetur ab ipsa cycloi- 
dis origine f proveniet 

,r=4a — 2/ r [2a(2a — _y)] ,• } 

et facta j =2ti , j (2** IV ) 

s=4a. ' 

quod si coordinatarum iuitium constituatur in cycloi- 
dis vertice , erit (73. I.° o'") 

dj * 2 a 

dx* x ’ 


et consequenter 


, 2 i' x dx 2 2 2 

~( 2a J J -7 — 2 & a ) (* — ■ ): 

ra 1 


1 1 


posita x o =0 , 


et facta x=2a , 


~=2[f 2 ax ; 


{2“») 


,f=4<t. 


Inde colligimus arcum cycloidis , computatum a ver- 
tice cur\ae , duplum esse respondentis chordae in 
circulo genitore ; itemque semicycloidem duplam esse, 
integramque cycloidem quadruplam diametri ipsius 
circuli genitoris. 
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^07. Differentiale arcus quoad < eoordinatas polares 
z , a est (77) 

ds—[f\dz ’ -4- z * d r j > ’•). 

,Jain ut hujus formulae usum unico declaremus exem- 
plo , sit rectificandus arcus ad spiralem logarithraicam 
(91) spectans. Habemus ; 

a d T 

dv = , ^ -=. dz\T : 

. z 

proinde 

s—V I O a -M] f dz={z—z 0 )\r 1] . . . 

208. Si linea . in qua Sumitur arcus f , sita est 
utcumque in spatio, ex dictis (93. 1° : 94) eruentur 


>b' 


' = / Kd . dx 

o 

r x 

s = J secOdx. 


dz * . , 

1 — r-r)dx , 


>(/ XIV “) 


DE QUADRATURA CURVARUM ; USI ET ALIQUID ANNOTATUR 
* CIRCA PROJECTIONES PLANARUM AREARUM IN 

'SUPEKFICIEUUS SIMILITER ■ PLAN IS 

209. Ad obtinendam aream a terminatam ordina- 
tis y 0 et j , (ntervallo x — x 0 sumpto in axe abscis- 
sarum ab a 0 ad x , et respondente arcu , praesto est 
formula (78).,*. \ 


r * a 

«= J jdx . . . (o). 
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Exempla, 

lm* In parabola (87. II.*) 

«=(2 pff a» dx=*^(2p* (a» -xj )=^{xy-x 0 y c )‘. 


et computata a. a vertice curvae , 

2 

a = T^' 

i 

II.° Quoad ellipsim (87. II.°) pone 
|/* (a’ — x')=zx ; 
quoad hyperbolam, 

\f (x’ — a' , y=zx t 
erit 

x * = =±=a — , ideoqtte (125) / ^/"( afc: a’ cp x*)^jr ; 

z’=fcj1 




fzxdx=^x*z— %fx'dz=±x)/' (±a a =FX')=Fy/^ 
Hinc quoad ellipsim 


(o") 


A ai l/"(a* — x*), 

« = — xL/7a* — x'}-i~—arc{cot=- )— 

2 a 2 * 

A r N ai |/*(a’— *’%), 

^-x 0 ^(o*— x* 0 ) -«rc(cof=» ) ; 

2»d ** o 

quoad hyperbolam 

i _ . ai r * — l/"(x* — a*) . 

« = -x^ (x* a ) +■ T " 

* ,/V , v *b ', x a -V(x\-a'\ , 

Ya X °^ iX ° ° ] 8 L( x 0 -+-^(x» 0 -a*J ) * 
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Assumptis in (ri"\ x o =0 , sc=a , prodibit quarta pars 
-totius areae ellipticae expressa per 

ubn 

•T\ 


undA integra area 


ab' r. 


Ponantur in (fi" 1 ) a? 0 =a , b'=a , ut areae computen- 
tur a vertice et liyperbola exsistat aequilgtera ; erit 




X 


a T 

H L( 

8 v 


x— \f(x'— q*h . 

— a 1 )'* 


• . • (0 ,v ). 


Quod si hyperbola ae.quilatera ad asymptotos referatur,, 
ejus aequatio erit (201 ex p. 2 . a ) 

«* , a % ^ x 

. y *= r- > u nde «r= T L(— )* . .. (o v ). 

2.r 4 v x 0 

III. 0 Quoad logarithmicam (173. IY.° ex p. 2.“), 




a=A / ac dx — , , , 


ic i 

(ac — a e ) ; 


factis xt=0, x 0 = — oo , 
Ac 


( 0 V1 ) 


* = 


■Lix) 


IV. 0 In cycloide (172. III. 0 ex p. 2.«) 
y=az-\-asinz y x=a{ 1 — cosz) ; 
ex quarum secunda ' 

dx=a sinz dz . 

Itaque (125: 143) 
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S=a* j (zsinz+siti* z)el z=a'[sinz—sinz 0 ’+- 

z o 

£{z-z 0 )+z 0 cosz 0 -zcosz ~+- — (sin2z a —sin2z ]\ : 


(O'") 


assumptis z o =0 , z=tt , prodibit semiarea cycloidalis 

3 . • ‘ 

expressa per — a’rr , et integra area ‘per 3a*tr. 

2 


210. Permanente abscissarum axe nec non ipsarum 
origine , praeter curvam cujus ordinatae y concipe et 
aliam , cujus ordinatae v , u$ iuqifiratur in aream a, 
terminatam ordinatarum differentiis y — e, )' 0 — e 0 , et 
respondentibus curvarum arcubus. Liquet (209) aream 
expressum iri per 


J ydx — I vdx i 
J x a J 

unde ( 1 28) 



211. Si binae aliae concipiantur curvaie quarum 
altera habeat ordinatas y' , altera ordinatas v' , et po- 
natur y' — v'=T , erit respondens area 

r x 

t « t = J Tdx. 

X Q 


\ 
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Quocirca si a, , « a sunt ejusmodi ut ab x 0 ad jc n ex- 
sistat constanter 


T 

t 


n 

T 


.(o«)4 


denotantibus a et b quantitates constantes, cum in 
casu prodeat 




/ n , a r > l , 

, Ti "=T/ 


exsistet quoque ab x 0 ad x„ 


-r • ♦ • (o x \. 

Pone a, nihil esse aliud nisi projectionem arcae a, 
in plano indefinito P , cujus aogulus cum ipsa de- 
siguetur per (Pa.) ; erit constanter (125 ex p. 2.«) 

T JOj(Pa,) 

_ =, , ac proinde a a =a,coj(Pa 1 ) . . . (o* 1 ). 

Formula (o XI ) occasionem nobis praebet aliquid anno- 
tandi circa projectiones planarum arearum in superfi- 
ciebus similiter planis. 

1.° sint areae quotvis a!" , ... , quarum 

anguli cum planis coordi natis XAY , XAZ , YAZ de- 
notentur per 

h' , k' , i' , h" , k" , i" , h'" , k'" , i'" , . . . 
Expriment 

a'cosh'., a"cosh" ,a"'cosh"' * . . . 

projectiones arearum a' , a" , a "' , ... in plano XAY; 
rursus 

a'cosk' , a"cos k" , a!"cosk'" , . . . 


\ 

J 
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projectiones in plano XAZ ; demum 

acos i' , a 'cos i" , a!" eos i'" , . . » 
projectiones in plano YAZ. Fiant 

a'cosh’^-a''co/Fi"-tr-a" r cosh"' -+- . . . = , 

<z 'cos k'-+-a"cos k!.'-ha'"cosk'"-+- . . . = b 
acos i' -ha" cos i"-h-a"'cos i'" H- • . . = c ■ 
habemus (177 ex. p* 2.°) 

cos'h'-hcos t k'~h-cos' , i'r=i, cos' , h"-h-cos % k''-+-cos'i"=1 r 
et caet. . . . , «emque 

cos[a'a ") = cosh' cosh" *+- cos k' cosk" -f- cos i'cosi" T 

cos(a'a"')=cosh'li'"-hcosk'cosk"'-h-cosi'cosi" 1 , et caet..; 

quibus positis , haud difficulter pervenietur ad for- 
mulam 

a a -hb a -+-c‘ , =a rm ~+-a" a ~h-a n ' a -h- • . . -f-2a'a , 'cos(aV , )-+- 

2a'a'"cos(a ' ... H-2 a"a"'cos{a"a'")-\- • . • 

Et quoniam secundum membrum permanet idem , ut- 
cumque collocentur in spatio plana orthqgonalia XAY , 
XAZ , YAZ ; idipsum ergo dicendum de primo, idest 
de summa quadratorum a* , b a , c*. 

2.® intel ligatur dnei planum indefinitum P , quod 
cum planis XAY , XAZ , YAZ contineat angulos 

h, k , i , 

et in eo quoque fiant arearum a ' , a" , a ' 1 ' , . . . pro- 
jectiones , quarum summa dicatur f i : erit 

f Jj=a'cos (P a')-+-a"cos [Pa"}+-a"'cos(Pa"'}-+- . . , 

Atqui (177 ex p. 2 , a ) 


\ 
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cns Pa') = cosh eos h' -+- ros k cos k' ■+• cos i cos i , 
cos(1?a") 3=> cosh cosh" -+- cosk cosk" -+- cosicosi" , 
eleaet. igitur (1.°) 


U = a cosh -+- bcosk -4- c cos i. 

3.° si planum P debeat ejusmodi positionem ha- 
bere ut sumina a sit maxima omnium quae ad alia 
plana spectare possunt; cum inter variabiles eos h ,, 
cos k , cos i vigeat aequatio 

co j’ h-t-cos' k-+-cos *t= 1 , 
erunt igitur (61 : exempl.) 


cosh ~ 


— , cosk = 


/\a'+y-hc’) ’ ’ 

C 






et maxima 




4.° concipiatur alterum planum indefinitum P, , 
quod cum planis XAY , XAZ, , YAZ contineat an- 
gulos /t, , k t , i, : factis etiam in P, projectionibus 
arearum a’ , a" , a"‘ , . . . , et ejusmodi projectio- 
num summa designata per a, , erit (2.°) 

p, = a cos h l -\-b cos k t -4- c coci 
Jam si plano P respondet maxima p, , exsistet (3.°) 
cor(PP,) = coshcosh l coskcosk, cosicosi t = 


igitur 


a cos h ,-+-b cos k , -t-c cos i , 
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snmma videlicet profectionum manebit eadem in omni- 
bus planis P, aeque iuclinatis ad P. Accedente in- 
super (PP t ) ad angulum rectum , decrescet fl, us- 
que adeo , donec , facto (PP,)c=90° , evadat demum 
F,=o. ; 

2l2. Si curva refertur ad coordinatas polares z , 
u ; substitutis in ultima formula ' 79) valoribus x r 
y , dx , dy (75: item 1-74 ex p. 2 . a ) r proveniet 
dx' = — ^ z* cito , unde 





DB QUADRATURA supehficierum curvarum 

213. Aequatio ad superficiem curvam sit 
z=f{x ,y)...{a) ; 

in ipsa vero superficie considerentur bina puncta T 
alterum fixum y t , z 0 ), alterum mobile ( x , 

y , Z) : transeant per ('x 0 , y 0 , z a ) duo plana, alterum 
perpendiculare axi AX , alterum axi AY ; itemqiie 
per (x .j- y z alia duo plana pariter perpendiculari^ t 
alteruui axi AX . alterum axi AY. Ista quatuor plana 
secabunt superficiem (a) secundum quatuor curvas , 
planumque XAY r secundum quatuor rectas : pars su- 
perficiei quatuor illis terminata curvis , utpote fun- 
ctio variabilium independentium x , y designetur 
per pix , yj ; area quatuor illis terminata rectis vo- 
cetur U , quae cum sit aperte rectangularis , erit 

U=(a — o-.Xr — ?*) • • • («') : 

rectangulum U est projectio areae f{.v , y ) iu plano 
XAY. Ad haec : si x , y recipiunt incrementa infi- 
nitesima Xzt , Aj , expriment 
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> j ) » ArlJ^jr— r,)Ax . . . (a") 

incrementa arearum 9(jr t j>0 et U respondentia soli' 
A x , et , 

AjrA*J>(jr ,y) , AjrAxU=A/.Ax ... (a'") 

incrementa areolarum (a”) quoad Ay. ■ Ducatur nunc 
planum tangens superficiem (a) tn puncto (x .y , z) , 
et sub angulo 5 constitutum cum plano XAY ; inlel- 
ligantur insuper per punctum (x Ax , y -+- Ay , 
z -+- As) transire bina plana , alterum perpendiculare 
axi AX , alterum axi AY ; demum haec duo plana , 
nec non bina illa quae jam posuimus transire per 
punctum (x , y , z) concipiantur produci donec seceut 
planum tangens. Si quadrilaterum ex quatitor hujus- 
modi sectionibus exsurgetis in plano tangente dicatur 
%> , cum secunda ex axeolis ( a "') sit projectio ipsius u 
in plano XAY , erit (211. o* r ) 

Ay.A.v 

x/ = — . 

cosfj 

t 

i 

Ex dictis autem (76: 77) intelligimus fore 


itaque (39 : 40 « 42) 

krA z y[x,y) 


AjrA T y(x,f) 

lirtU- ‘ * m mmmmm — 1 f 

Ax?{x,y) 


Ar(- 


cosO 


lim . 


Ay.Ax 


—lim.- 


dfd^[x r y) 


A y Ax 

~p' T 


dy dx 


seu 


drlxjx , y) 
dy dx 


sccB , . . (a rv ). 


\ 
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Ex (flt ,v ) , integrando qcroad ' y , emimus- 

d 4<?( x ,J„) ) r? „ , 

^ = / sceOdji- 

r*. 

iterumque integrando . quoad x 

Jf ' V - 

f secQdjdx. 

' *o So 

Sed evanescente projectione {a') evanescit quoque area 
?E X » y) > id^oque 

f(* 1 i^o>=o » f( x o , y)=0'; <p(x. 0 , jr 0 y==o». 
Igitur 


& y 

secQdydx y , 

x o y«. 

*«u , oB ultimam (h 1 ' 1 . 109) T , 




x . .To 

214. Quoniam (213) 


_L 

Ay.Ax cosQ *’ 


iccirco 


ArA.r ?(^ , r) . 
Aj.Ax 


•-■secO -f- CJar "4- Cty ; 


denotant a* , <i)f bina infinitesima , alterum vergens, 
ad /£». = 0 quando transitur ad limites quoad x , 
alterum vergens ad /imx» 0 quando fit gradus ad li-* 
mites quoad y. Est autem 

Pah* 111. 


2.4 
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A y \x<?(x , y) 

Ay.Ax 

V 


Ay'Ax?{X’,j)y 

P ‘ 



itaque facto ad* limites gradu quoad y , prodibit' 
ay.Ax. 

et; consequenter prima ex . areolis (a") 


r j 

A^f[x , y)= Ax - J (sec$ -+ ~v>x)dy .■».>. (a YI ). 

Jo 


215." Superficies (a) secetur-nunc 1.! duobus pla-- 
nis perpendicularibus axi AX , quorum alteri res- - 
pondeat abscissa fixa x 0 , alteri abscissa- variabilis x ; 
2,° binis • superficiebus cylindraceis , quarum genera- 
trices (1 88 ex p. 2. a ) sint parallelae axi AZ , et qua- - 
rum, aequationes -exhibeantur per 

jt=F(x) , j=aF,(x) . . . (rt™) , . 


exsistente F,(x)>F(a:) : quatuor inde orientur sectio-- 
nes curvilineae in superficie («) , et pars superficiei-, 
istis quatuor sectionibus temni nata , utpote functio ab- 
scissae x, poterit exprimi per jam in aream 

<p(x) inquiramus- Ducantur bina plana perpendicula- 
ria axi-AY, alterum per extremitatem ordinatae F(x), 
alterum per extremitatem ordinatae F,(x-f-Ar) ; du- 
catur . quoque per extremitatem abscissae x-b-Ax aliud 
planum perpendiculare axi AX.: haec, tria plana una 
cum - illo e superioribus , cui posuimus respondere 
abscissam x , secabunt superficiem (a ) , et areola qua- . 
tuor ejusmodi sectionibus terminata exprimetur, (f S -; 
aV) per. 


\ 
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*F,(x-+-Ax) 

(secQ->r-'Jx)dy, 

'F(x) 

Hac vero comparata cura areola A^(x) , habebimus 

A<p(x) 


f* 

Ax . / (j 

J Ffx 


linu- 


fyp) 


✓^F/xH-Aa») 

Ax . / (sec r j-+-^x)dy . 
J Ffx) 

igitur 

tecQdydx i, ^(x)= 

F(x) 


= 1 i 


givui 

r 

> f ree 

/ F(x) 


yrf'. 

3 m i ses 
V x. v Ffx’! 


(x) 

seeOdydx ••• (a v,u ). 
F(x) 


216. . E secunda- (a^ UI ) facile transitur ad quadratu- 
ram superficiei', quae gignitur rotatione' curVae pla- 
nae circa axem AX. .Concipiatur curva generans in , 
plano XAY , ponaturque ejus aequatio exprimi per 

u = F ,(x) . . . (a ,x ) , . ' 

ut sit (180. II. 0 ex p. 2. a ) 

^’-+-^ 9e =F a .(x) • • • (a x ) 

aequatio ad genitam superficiem ; unde 
dz F,(x).F',(x) dz y 

dx (F-.C*) — r *)* ’ dy ' (F*, (x)— /*)^ * 

et consequenter ob ultimam -^i m . 109) 

Jec g — , . . . (««)• 

Ad haec : in secunda (a vu ) fiat F(x) = 0; pars su- 
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perficiei ( a x ) conrprehenaa mter plana coordinata 
XAY , XAZ et inter alia duo plana perpendicularia 
axi AX , quorum alteri respondet abscissa x e , al- 
twi abscissa x , poterit extiberi per 

j.(*) 




secSdydxss 


x e 

f.(*) 


ff' 

Xg » 

/ ' |/" (1-f-F'*,(ar))F t {x)dx / fo. 


t/~(^ ->-F l3 1 ' X ) F (.rWy.i 
, F .(*) 


Est autem (138. IIT. 0 ) 

* F .(*) 


/ 


— 7 = — — ==2arc(cot==i}-2arc(col==i 


praeterea denotante V normalem curvae (a ,x ) , habe- 
mus (73) 


igitur 


\f [1-t-F'\(x)>F,C*)=*V • .. (a»>) : 

W*) = 4/ 


217. Ut usum formulae (a 1111 ) declaremus exem- 
plo , proponatur aequatio 
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T* = — (/>*— X*) 

«3 superficiem (221 ex p. l . a ) solidi generati rota- 
tione ellipseos 

r' =>y(p’-*') 

cix-ca axem 2 p. Sit 1.° p>r : facto 

p'—r'=c'p' 

«ruetur ex (a XI1 ) 

P ,P c \ 

unde (209. II. °) 


x. 


» . 

^arc(cot= 


y( 5 |— *■) 


x 


i/v£ — x * j 
» s , VK c' o) 

—arc(cot= «■ . 

c x n 


)]• 


Sit 2.® p <r 1 facto 

r a — pV=cV.,.(fl»> f ) , 


erit 


+ C -L. x *)t= ^J/^H-X*) . . . (<*«»'); 
r P per 

ideoque (209* II.°) 


3 ^ 


x ( c P * r *-*~ x ' )dx=7: 4p^ X y ^cV* 
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p u / X ^cV 1+J: \» p* 

Tr " 1 :) 


*■)- JL_L/ 

' 4cV’ V 


X 'j 


_P 

4c 


, ' J 

w- 




<- c / 


■) ]...-{o”l). 


Animadvertendo quod ex (a XIV )“ provenit 




et ex (a*™ 1 ) 


*+-/>•) 




*c r 


si tota solidi superficies vocetur S ,• eruemus in. pri- 
mo casu 


(~-x a )dx^2nr ? +2n^-arc(cot==~), j 

in secundo H‘«* x ) 


P „ fl 6 




‘ DE SOLIDORUM CURATURA. 


R, 


218. xLesumpta altera e binis superficiebus cy- 
lindraceis ( a yi 1 215) ,■ inveniendum sit solidum \> ter- 
minatum ipsa superficie usque ad altitudinem datam 
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' =a 


» 


■^et basi 


x 

«=/ 

X 


jdx computata in ‘plano XA3f 


ab x 0 ad x. 

Abscissa a? evadat x~b-Ax ; incrementum Ao%, 
rectumque ^parallelepipedum ?ayAx erunt evidenter 
• ejusmodi , ut exsistat 


hinc 


Av 

lim, =1 

ayAx 


( dvzx=ajdx , et v=a f ydx=aoc-.. . (k). 

219. Solidum v sit nunc terminatum utcumque': 
per extremitatem abscissae x ducatur planum per- 
pendiculare axi AX , quod secet solidum v ; et hu- 
jusmodi intersectionis area designetur , per f{x)’. super 
basi f{x) intelligatur constitutus cylindrus rectus ha- 
bens altitudinem =Aj>, qui proinde (218 : k) ex- 
primetur per f[x) Ax. Liquet fore 


igitur 


lim. - 


Av 




f{x) Ax 



• x 

dv==f(x)dx , et v= J' f[x)dx . . . ( k '). 


Quod ad aream planam f(x) spectat , ea definietur 
> ex jam traditis de quadratura curvarum. Proponatur 
v. gr. invenienda soliditas ellipsoidis (221 ex p. 2.«) 



Area f(x) est elliptica (ibid.) ; ad quam spectat ae- 


4 
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quatio 



et consequenter semiaxes 

** 'P 

Hinc (209 : II. °) 

Krq[i — 

et ^ 

‘= to v 

i 

Jam si fiant x=p , ,r 0 = — p , .prodibit soliditas to- 
tius ellipsoidis 

V = yp?r . . . (*'"). 

220. Ponatur solidum terminari et superficiebus 
curvis 

z.~X 0 (x,r) , z^y.ix (fc‘T)., 

et superficiebus cylindraccis 

y o ^oG* 7 ) > . • . (k?y t 

ct superficiebus planis 

J? # =c 0 , x 4 =c, . • • (A v, )-S 

erit (210) 

A*>= f\z x —z B )dyi= f 7 ' f Z 'dzd yi 

y° y a 
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mnHe {219) 

("=>/ j\z t -z J)dydx— [ T dzdydx...{k nl ). 

*• J, *• Jo *o ‘ 

221. Si et aliud proponitur solidum r, terminatum 
superficiebus curris 

Z,=^ 0 (^ yjr) > z ,=*#, (x (fc ym ) , 

superficiebus insuper cylindraceis (& v ) , et superficie- 
bus planis (A T1 ) , habebimus 

r x g ‘py ‘ 

'«.==/ J ( z ,— Z< „)dydx. 

-x, jr, 

( Quare si inter rectas Z,— Z„ , z, — z a parallelas axi 
AZ , quarum altera superficiebus (A vm ) intercipitur, 

; altera superficiebus (k ir ), constans servetur ratio ~ , 

b 

! cum prodeat 


'erit quoque 


Z , — Z 0 =— ( 2 , — z J) , 


s» 6 


222. In plano XAY intelligatur describi curva 

j*=F(x).. . (**) , 

ex cujus revolutione circa axem AX gignatur soli- 
dum v : intersectio f(x) erit manifeste circularis , cu- 
jus radius =y ; unde 

x 

ftx'p=Ttjr* , et v=it r y*dx ... . (A H ). 

J x 

0 

Sic v. gr. in plano XAY descripta cycloide , cujus 

I 
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'vertex in A , basis vero secetur bi Tanam et ad an- 
gulos rectos ab axe AX , erit (209 : IV. # ) 

ydxr=-a. 3 (z * sinz-+~2zsin ’ z-hsin 3 s)dz,; 

unde 


v=r.a 3 I (z^jitizH- 2 zsin* z-±*sin 3 z)d z. 

' Sunt autem (143 : 147 : item 162. 1.° ex p. 2.“) 
j z' 1 sin zdz=2z’sinz — ( z 3 — 2 / cosz-+-C , 
z 9 z 1 

2 J zsin* zdz— J z{\-cos2z)dz~~ — —sin2z — -cos2z-dZ, 

-ii J-4 »4 


J sin 3 zdz<= -(jt»*z-f-2)corz4-C : 

«J 

igitur 

z* 

v=7:a 3 [- — hz(2ji'nz — - ^ siri2z — zcosz ) -+- 
A 

^^(4 — sin^z) yCOs2z — z 0 {2sinz 0 — }(& xl1 -)* 

3 4 2 

£ sin2zo-z 0 cosz „) -~{^~ sin ' z a'h~^cos'2z 0 \ 


Factis z„=0 , z=7i , proveniet solidum genitum 5 ex 
revolutione cycloidis circa suum axem ,‘ 

/ 

Quod si debeat inveniri solidum genitum ex revolu- 
tione cycloidis circa suam basim , posita cycloidis 
origine in A, intelligenda erit ejus basis constituta 
juxta axem AX. Habemus autem iu - casu (73. I.° 
item 172. III. 0 ex p. 2.°) 



73TO 


\ 


• ys=a(\-+*cos z) , *Jct=sa(n:— z — sinz ) , 
' et consequenter 


j'dx* 
itaque (143) 


:z 


i (\-^osjz) % .dzz=z--—$a' i cos*^-dz : . 

« A 


-« 


sin- 


/ ** *' z 2 . 2 » 

cos*-—dz= — 8 a*n [ — - — (coi* — 
2 i K 2 


‘■z n 


5 t z 5.3 z . 

T C0 \T* 4 ' 


5*3 z Q . 5 z Z 0 


4.2 


Assumptis z 0 = n , z ~ — ~ , prodibit solidum genitum 
ex revolutione cycloidis circa suam basim 

V=5a V . . . (A' v ). 

223. Pi-aeter curvam (A x ) describatur in plano XA Y 
alia curva 

7Ye=F,(a:).... (*"«), 

ut ambae revolvantur circa axem AX : solidum v in- 
terceptum superflciebus genitis rotatione binarum (A:*), 
(fc xv ‘) manifeste exprimetur per 

x r x 

n J Y ’dx. — -71 J y*dx . 

, ^0 x o 

Ilinc 

v=zn J* (Y '—y')dx . . . (*”"•). • 
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224. Bina solida 


v . t = , 'f X fi(*)dx , t> t = f n f t {x)dx . . . (* XTm ) 

x 0 

ponantur e$$e ejusmodi, nt inter sectionum areas f.,(x) 1 

a 

'A( x ) constans servetur ratio — • Erit 

b 


.JO x 

f,{x)=^~f,{x ) , ideoque J f t {x)dx=^- J f t (x)dx; 


seu 


v, b 


DUO PROPOHUETUR PROBLEMATA , QUORUM ALTERUM 
RESPICIT TRAJECTORIAS CURVARUM , ALTERUM 
SOLUTIORES PARTICULARES. 


225. 


Ad 1 ■ um quod spectat , detur aequatio 


J—f{x , C) .. . (A) , 

ut inveniatur curva 

jr= *K*) • • • (£') 


secans sub dato angulo curvas omnes , quas praebet 
(A) quum , permanentibus caeleris , constanti arbi- 
trariae C varii tribuuntur valores : curva ( A ') dicitur 
trajectoria curvarum (A). 

Ex puncto (a? , y) , in quo curva (A') secat cur- 
vam (A) , duc tangentes t , r , alteram ad (A) , alte- 
ram ad (A') , sitque a tangens trigouometrica dati an- 
guli (fr) : quoniam (73) 


tang{tx)~f , tang(?x )=*!/ , 
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ac praeterea (35.- 8.® ex p. 2 a .) 

(tt)=(Tx)— (tx) $ 
iccirco (127. 7.° ex p. 2.*) 
f — f 

Jam ai ex (h) et ( h ") eliminetur C prodibit, dii- 
ferentialis aequatio complectens omnia intersectionum-, 
puncta ; cujus integratio suppeditabit quaesitam cur- 
vam ( h '). Ponatur f[x , C) = Gx , ut [h) recidat, in 
•Q — [p' 

r=Cx : erit a — — - ; et eliminata C , 

/ 1-f-C<f/ 


X * 


, se u a 


d J_ _ r_ 

dx x 

! 21 ± 

X <tfx 


bine 


a(xdx -\~ydy) v= xdjr — j-(/x , seu 


a(x<^x-4-j'^7) ydx — xdjr 


x^y* 
ideoque (151) 


x 3 -+y % 


0 ;- 


aL(x*-1-y !, ) 3 -f-arc(/an^e= — )=C,. 


Est autem 


arcitang t= 



arc{tang = 2_) ; 

X 


mutata igitur constanti arbitraria C, — in aL(C t ), 

Jt 

emerget 
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ah 


(x 7 -+-y) 


¥ 


c a 


• = arc(tang = • 

JC 


aequatio (91 : exempl.) ad spiralem logarithmicam. > ' 
Quod ad 2.“"‘ spectat , proponatur • invenienda - 
ejusmodi curva, ut, si ad.’ejus tangentes ab origine' 
coordinatarum ducuntur perpendiculi, haec- exsistant ; 
semper aequalia inter se. . 

Aequationum' (73i. o") 

. , dx~ 

altera -pertinet ad rectas tangentes curvam , altera ad” 
respondentia- perpendicula ; iisque resolutis quoad u 
et v , inde -prodibunt coordumtae punctorum , m qui- ^ 
bus perpendicula occurrunt tangentibus , nimirum 

(xdy-ydx)dy [xdy—ydx)dx 

. dx - t-dy* ' dx'-\-dy % 

denotante igitur a communem- perpendiculorum lon-- 
gitudinem , erit 




xdy — ydx 
\f \dx*-+-dy % ~\ a ’ 


unde differentialis ad quaesitam curvam aequatio 

xdy—ydxc=a]/' [dx^y-dy 9 '] . . . (A) ; 

quae cum admittat solutiones particulares jam deter- 
minatas (199. IV*.) , profecto suppeditabit circulum 

rt ’=0 , 

curvamque praeterea - 

y\a*—x ') — (x*-f-a*)*=0. 

Ad 'haec.: quoad (A} habemus (199. IV. B ) < /"=0 , seu 
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— — b= 0 •; proinde djr==C t dx , jr=C t x-dZ a : et adhibi- 
dx % 

tis substitutionibus -in (Ji ) emerget G a =-aj/^ [1*C* J; 
completum, videlicet, integrale ipsius (A) erit 


jT=C t x — «J/* C1-4-C*;] , . 

repraesentabitque- rectas omnep quibus tanguntur cur- - 
vae (A,').. 

Generati m , si per B=0 exhibeatur particularis 
solutio, et per Q=0 integrale completum differentia- 
Hs aequationis (0. 153), repraesentabit Q=0 curvas 
omnes tangentes curvam P=0 : patet (33) ex eo quod t 
(0) recidat, in 

iL— H 1 

dx. N- 


DB METHODO MAXIMORUM ET" MTITIMOBUM ' 

At)i IHVEIUEHDAS FUHCTIOHES IffCOGIUTAS APPLICATA.. 

226 . Sit functio incognita j , =F(j:) ; et compendii 
causa exhibeantur ner y' •> y" , y'" , • • • • derivatae 
F'(x) , F H (x) , F. (x) . . . ; debeat vero definiri jr 
ita , . ut integrale • t 

4 

f /(»>- r » y >y > yt » • —y* • • • (?) . 

x o 

/* 

exsistat maximum minimmnve. Quisque videt quaestio- 
nem , si ad. res geometricas traducatur, eo recidere 
ut proponatur- invenienda linea in qua ipsum ( b ') eva- 
dat maximum minimumve.- 

Si maximo minimove integralis (b 1 ) valori respon- 
det functio F(x) , certe in viciniis maximi minimive 
ve loris poterit respondens functio generatim reprae- 


X' 
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sentari per 

F[x)-+-o<p{x) seu^--4~wp(x) ; 

denotat « quantitatem infihiiesiman* , <p functionem in- 
determinatam.- Exprimat A differentiam inter maximum-, 
minimumve integrari* (4') valorem et xalorem illuni ,, 
quem recipit idem (6') quum pro jr adhibetur y-+-i/p i 
erit (128) 




quae differentia , utcumque caeteroquiii sumitur iit— 
unitesima a , retiueat oportet idem signum , si qui- 
dem (6') debet esse maximum minimumxe. Ad haec : 
prodibit (b 1 ) maximum si permanet A<0 , minimum, 
si permanet A > 0.- Quoniam differentiae A idem si- 
gnum insit oportet , quantitas igitur 

v £. 

a 

erit ejusmodi , ut illius signum necessario mutetur 
mutato signo denominaloris co. Est autem (63) 

-=y W*> - v +?(•*•) — — *■ 


V*0 


rw- 


dy" 


-f- • . .]dx ”+- 


f/>w - 


dy" 




-f. 2 «.*** f 
designat quantitatem infiuitesimam : expressis ita- 


f 
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qua compendii causa per 

R , S, T, V , . . . 

quantitatibus 

dflxy.y',..) dfixyy',..) df(x,y t y\..) dfUyy',..) 
dy ’ dy' ’ dy" ’ dy"' ’** 

restat ut in casu maximi minimive exsistat 
r X n 

J [y'^r)R-f-y'(x)S-)-f "(x)T-f-!p"'(x)V . . . ]r/x=0. 

Jamvero (132) 

/ x n r Xn dS 

Sf (x)dx—S x „f',x n ) — S, 0 <35(x„) — J <p{x)—dx , 

x, dx 

/ x n n X n d’F 

Tf'\x)dx==T Xn (p’{x n )-T Xo (p'{x 0 }-J f'(x)~dxr=e 
x o X„ X 

*^ x d? l (. x u) ^X 0 f'(x 0 ) T^n^X^) -+- T' X() p(x < ,) -4- 

3C n ^arji 

f v ( ' x )~* dx » f v?'"(xy^ = Vx„<p"(x) — 

WK) - V'x„ 9 '(xj H- V'x 0? '(x.) H- - 

r x n </ 5 V 

V"xo?(^o )— J ?( x )j-z dx * et caet. . . . ; 

x 0 dJ? 

quare , adhibitis substitutionibus , 

Pxas III. 25 
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(Sx„ i "x n (Sx 0 T'x„-K 

V 'x„ «.)? •*■<>'•’ ( — V *n 

(’I x„ \ */r 

(\ x 0 — •+- ... J' (*-R — • ~j— *+■ 

x a dx 


d' T 


d'V 

dx 3 


... ,)rp[x)dx. 



Aequatio haec debet valere, utcumque sc liabet 9 ( 0 ?); 
et cum fieri possit ut exsistant 


<P(x n —0 , <p'(.r n )=0 , 0 , . . . 

f ("^ o r — 0 , <p (j' 0 ,— 0 , 9 (■* o — 0 , • • • 


quin tamen o x) desinat esse indeterminata , cumque 
in ejusmodi casu redigatur ( b ") ad 


n d S d* T ^ 3 V 

o 

consequens est ut ipsa {b") importet binas aequatio- 
nes distinctas ; nimirum ( b "') , ex qua (136. 1.®) 



dS d’ T d 3 V 

dx dx * dx 1 


• •• SHZ2 0 « *-• 




(S x n — T'x /t -+-V"x„ — ...)9'xJ — (Sx 0 — T'x 0 -(-\ 

\ 'x 0 •••)9v* r o)-*-( T x /l \ 'x„ -h •••)? (-*«) ( 0 ^ 

(Tx.- — V 'x 0 -4-...)9'(x 0 )-t-(Vx„ — — VG**) — ( 

(Vx 0 — ••.yp"(x 0 )-+-... ' ) 

Ex (4 ,v ) iutegrata habebitur quaesita velatio inter jr 



. 387 

T.l x , seu talis Functio jy=F(x) TU , substitutis y , 
y' , ■/' , . . . in ( b ') , inde prodeat maximus minimus- 
ve valor ipsius (b 1 )-; modo tamen constantes arbitra- 
riae ita determinentur , ut expleatur etiam <'b v ). 

227. Si desunt integrali (o ) functiones derivatae 
y ' , y" , . . . , ut habeatur 

r' x ’ n 

J /Gr , y)dx . . . (b yi ) , 

binae {b 1 *) , (b y ) manifeste redigentur ad unicam R=0, 
seu 

cujus ope invenietur functio y==F(x) praebens ma- 
ximum minimumve [b yl ). 

228. Expositam methodum declarabunt quae se- 
quuntur 


Exempla . 


I.° Detur 


J (ax—y*)ydx : 


emerget (227 : i T,t ) inter y , x relatio 
ax — 3j*=0 i 


unde 


5 

/ “n 4a a" a a 


Est autem (226) 
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£ 

A<= J •*[(flx-(y-4-4^(x)) , )(j^q{x))-(ax-jr* )/_, 

n tzx 

(3<p’(x)lf — -+- uf*(x))dx , 


— eo 


ridelicet negativa ; ponimus namque a.’ n >.r 0 : fum- 

ctio igitur y = suppeditabit maximum integra- 

3 

lis propositi valorem. Sequitur lineam , in qua inte~ 

grale illud fit maximum, fore parabolam cujus pa- 

a • 

rameter == — ■» 

3 

II. 0 Detur 


/ *n , 

{2xy—y')ix\ 

x. 


habebimus (227 : b ytl ) relationem 


spectantem ad lineam rectam, quae transit per coor- 
dinatarum originem , et abscissarum axem seoat sub 
angulo = 45° ; hinc 


X ^3 . _3 * 

/ “(2 


Est autem 


r n 

\= J [2a(vr+«^(ar))-(cc-Hi>y(*-))*-2x*+x , ]Jx«==:-<j* I c?*(x)dx: 

itaque relatio illa suppeditat maximum. 

111. 9 Inter lineas , quarum extrema puncta ad e*f- 
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dem abscissas x 0 , x n easdemqqe ordinata? y a > Y n 
referuntur, invenire maximam minimamve , seu eam 
in qua (206) 


r *n ^ 

J *o 

ait maximum vel minimum,: etsi; constat>sola$ rectas 
lineas solutioni inservire , proderit nihilominus hoc 
exemplum ad traditam (226). methodum declarandam. 
Habemus 

,_WV„ */’) r' . 

K =-^ 8 > ^ — = p7^j; T==0 ’ v==0 * 

«t eaet*. . igitur {b tv ) evadet 




dS 

dx^ 0 *- 


unde 


s=c ' “°j7(i^r c ' ide “i“ ■ £=°' • 

et 


ad rectam pertinens lineam : hinc vero 

f >n— *o)l/'(H-C , I ) ... 

x o 


Quoniam linearum. extremitates ponuntur habere eas- 
dem. coordi natas , iccirco abscissis x 0 , x l} responde- 
bunt ordinatae y 0 , y n haud variabiles quum ab una 
linea trausitur ad alteram , ej. consequenter 
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f>n)=0 ?(x o )=0 , <p\x n )=0 , ?'(.r 0 )=a >■ 

9 "(x „)=0 , o"(x 0 )=0 , et caet. . . . ; 

non pluribus opus est ut expleatur (5 V ). Designan- 
tes nunc per i} quantitatem infinitesimam , habemus 


.a 1 


a= f V( i - 4 -(c \i+c\y]<L 


J*\ ^ r y mdx 


Xc 


2(1— l—Q* 


2(1+C*») 

a*QQdx s= 

(1-t-c’j)* 0-+-C»,/ 


/^n C,<jxp'(.r) _ 

j l r H 3 

.r _ — — 

a 


H-C\) 9 


2(l+C , i ) a 





2(1-+-C’, / ) 


5. 


a 


-f- Q]c?;r : 


quia igitur prodit A. positiva , certe- non. maximum sed 
minimum dumtaxat obtinebit. 

Si linearum extremitates non habent easdem co— 
ordinatas , cum ob T=0 , V^O » ct • • • aequa- 
tio (£ v ) redigatur ad 


Sx„<p(x n } — Sx 0 p(jr o )=0 , 

cumque in ea qua sumus hypotbcsi neque sint 9(ac n l==0 r 
<p(x 0 )~ 0, neque ob x n , x 0 datas possit universim 
assumi restat igitur ut exsistant. 
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Si- (1 = 0 , Sx o = 0 , seu y'x ,~ 0 , y' ,r t ^=0 ; quod eo 
redit iu praesenti quaestione nt evanescente tangente 
R-igonometrica anguli , quem linea recta e/Bcit cum 
abscissarum axe , linea illa fiat ipsi axi parallela. 

Notetur illud si. x n , x a , habentur pc». abscissis 
curracum. 


y n —${x n ) ,.y 0 =X(x o ) . . ^ (g) , 

profecto quae rectae ab una ad alteram curram duci 
possunt , licet earum extremitates ad, easdem abscissas 
tninime referantur , adhuc tamen habebunt longitudi- 
nem = (6 vm ); nisi quod valor tangentis trigonome- 
tricae C, exhibebitur per 


C. = 


__ Tn—r„ _ <l(x n )—X(x 0 ) 


X., 


quare ad ejusmodi rectarum minimam spectabunt (56) 

-^=°'-sr= 0i; 


id est 

T 'f (•*„)=<> , ) 

et quoniam 

X(*»)=(X„—‘ *o)C, ; 

iccirco. 


1-4-C t (|/'(a: n )=0 , 1-f-C,>f'fx o )=0. 

Ex quibus colligimus (73 : item 172. I.° 4.° ex p. 
2. a ) brevissimam distantiam inter duas curvas fore li- 
neam rectam ipsis curvis normalem in punctis , que-- 
rum eoordi natae x n ,j n , x 0 ,y, 0 eruuntur cx (g) et g'). 

IV. 0 Inter lineas , quarum extremitates iisdem 
abscissis x 0 , x n , iisdemque ordinatis y 0 , j n sunt 


\ 


4 
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praeditae , eam invenire in qua 

■ , /V(^> 
■ * ° 

sit maximum minimumve. Habemus 


W— ) 




dy i/xj/y-t-y') 

et caet. • • • ; proplerea {b xy 226) 

dS 


—,T—0,V~0 , 


dx 


= 0 , 


unde 

S=C , idest 


— =C; ety a ==-^— -..(i»). 




Ex (& ,x ) 

1-*y*= — ideoque (138.III. 0 ) J |/^( — — -)dx > 


1-C'x 
~ x - dx 


r Xn dx 2 K0 —csx,\ 

X K( x ' — £*x*) C arcf0 CJ/*X„ 

, _ G'x.\ , 

are(coto __ 7 _ r _) J. 

Ipsa (& ,x ) est ad cycloidem ; nam expressa C’ per 

— , et adhibita 2a — x pro x , vertetur (A ,x ) in 
- 2a • 

dy " 2a — x 

dx* x ’ 
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quam in ordine* ad cyeloidem jam invenimus (73. I. 0 ). 
Quod ad (& v ) pertinet, ea manifeste impletur; omnium 
euim linearum extremitates ponuntur easdem habere 
ordinatas y g , y n , ac proinde 

?(•*•« 1=0 , o ( x „)~0 , . . . 

Ad haec : denotante Q. quantitatem infinitesimam , 
prodit 

p x n 1 25 

A =J j ^[(i+frWM)’) — <i-hr' 3 ) 

a- c K ■* 




V WW) 


®W*) 


a^Q^dx sss 


/ n 

t, 

x 0 t r v. • • j / 

2i/ r x(i-t-y*j a 

r Xn rn », v &>y a (» 

/ CC«f'(*) H " ■ , *+- = 

Ca c?y„)— ?(*„) n-®’^ l — ?J*L — __ Q^ dx __ 

x \y*wf 



2\r*(A+y>; 


videlicet positiva ; ideoque , excluso maximo , obtine- 
bit minimum. Si eae dumtaxat linearum extremitates 
quibus respondet abscissa x 0 ponuntur habere com- 
munem ordinatam y 0 , erunt equidem f(x g ) = 0 , 
?Vo)=0 , ; at non item p(xj=0 , ffl'(x„)=0, ... ; 

quare cum ob T=0 , V=0 , . . . redigatur (£ T ) ad 


^ X n?{ x n) == ^ > 
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sumencla erit Sj„==0 ; ideoque yi n =0.- Cyclois ni mi- 
rum , in qua 


/ X V(^A 

J x n x 


)dx 


est minimum , debet ejusmodi positionem habere nt 
per punctum ad quod pertinet x n ducta tangente, haec 
exsistat parallela axi abscissarum: 

229. Aliquando proponitur invenienda curva prae- 
dita maximi minimive proprietate inter eas tantum , 
quibus una, duae, pluresve proprietates communes 
sunt : sic v gr. inter solas curvas, in quibus,. integrale 

cc 

retinet eumdem: valorem , quaeri potest curva illa in. 
qua 

r *n , 

x 0 

est maximum' minimumve. Haec nova quaestio facile 
traducitur ad hactenus pertractatam de invenienda ejus- 
modi curva inter caeleras omnes : assumpta constanti 
et arbitraria « , pone 

/ x n p x n ( 

/,(x,j,y, ...)dx=y. , unde «J fi{JC#,Y •••)dx=lf 


x o 

et facto 
.r 


« ffX x ^y%^ dx * ) dx --ff( x ,yy'y') dx ’ 

x 0 X 0 X » 

certe quae relatio inter x et jr ex cacteris omnibus 
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relationibus, praebet maximum minimumve 

f fk c > y » y > •" *)dx > 

J 

eadem ipsa manifeste suppeditabit 

f , ... .)z*x 

0 

maximum minimumve quoad eas relationes , in quibus 

/ A(* » ^ » y » * * •>**' 

retinet eumdem valorem. 

Exempla . 

I.° Inter omnes curvas ejusdem longitudinis jun- 
gentes puncta fixa (x 0 , jr 0 ) » (* n > invenire , eam 
quae maximam vel minimam aream continet. Erunt 
(206 : 209) 

f f><,x,J r >yi—‘)dx=f [/ r ^-+-y*)dx > 

3C o *0 

n X 

» y >• = Jfifxi 

unde 

/ f^ % jr,jr",.U)dx=if iy+a^(1+y*)]<ix; et (226) 

*«> 

B?==1 , S=^— , T=0 , V=0 , • • • * 
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Aequatio (6 ,T ) fiet 

1 y' y' 

Y—a—d-^- — =0 , seu dx—id-jr- 77- =<)•;; 

cU V 0 -+?) 

bine 

f _ ^ . t_ x ~^ 

X ^-(x-C )*]’• 

= r=-K[«M«-C)’W:. ; « 

(j^— C,r-H x — C)’=*’ * 

aequatio ad circulum. Quod ad (i v ) pertinet , ea ma- 
nifeste impletur; omnium enim curvarum extremita- 
tes habent ex bypothesi easdem coordinatas. Restat 
videndum utrum A sit positiva, vel negativa : habemu* 

JC 

X 0 

r* x » rW(x) oj*9'*(x) , 

2{i «-y* 

c n . , &>V a (x) 

[oay(x)~Hx — G)i>p (x)-H*( 

x 0 

Est autem 


/ x„ &) a o ,a (x) 

[Mf(r)-f{x — C)U9'ix)-HZ( : j- 4 - Co*Q)]«x. 

2 (l 4 ^ ,a )* 


/ x„ 

(co?(x)-t-(x C>)p'(x))^X =S 

x o 

a (x n <p(x n ) — x„9(x 0 ) — C?(x„)-+-C9(x 0 )) = 0 : 
itaque 
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quae , cum sit positiva , denotat minimum. At notan- 
dum quod e superiori valore j' prodit functio deri- 
vata secundi ordinis positiva , nimirum 


y 



(«*— (u— Q* * 


'ideoque (80) arcus circuli intra datos terminos con- 
stitutus convexitatem obvertet axi abscissarum : si con- 
cavitatem obverteret , profecto maximam contineret 
arcam. 

II.“ Inter omnes curvas ejusdem longitudinis de- 
terminare illam , quae sesc revolvendo circa axem 
abscissarum x gignit solidum maximae minimaeve 
superficiei : curvarum extremitates ad easdem referi- 
mus coordinatas x 0 ,jr 0 , x n t jr n » 

Erunt (206 : 216) 


OC J 

f f*i x ••) dx — f | /‘{\-+-jr")dx , 

OC ' OC 

f fj,* » y » y > • • •>*«» = f 1 ■ j t~y*)dx , 

unde 

OC oc 

f A x ,7 ,y '") dx —f [(a-hr)l/ - (i -M-/*)yx ; 
x 0 x 0 

et (226) 
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B=K(H-y*), S =(«-hr y (1 ^_y,y Te= 0> V=0, , 

Quare (226 : b"') 


|/(1 -+-/*) 

1 1 s \ 


yin-yj 




= 0; 


(i-+yj a 


(1 -» . *. (&*) :: 
i <iy . . 

est autem dx ~ — - ; igitur 

y 

dy y'dy' 

OC-+-J 1 ■+-/* 

et integrando , 

T-i(cc-*-y)—L[Cl / r ideoque a+ya C[/"(1-^ ,3 )..(£ XI )- 
Substituatur valor ct-f^ ex (Z»' 51 ) in (&*) ; proveniet 

dx - cd S 

I /'(1-+-/’)’ 

ex cujus integratione (1 38. III.°) 

x-c.^cu/^n-y*)]. 

‘Aequatio haec praebet 


X— C | I-C £ 

~cT„ c" 


e , unde y'z 


et adhibita substitutione in (6 XI ) , factisque 
*— C,=t/ , 
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v 


-c 


ni=a C 


aequatio ad curvam , quae vulgo dicitur catenaria. 

III. 9 Si in curvis praeter longitudinem perma- 
net etiam area , quaeritur curva illa, quae sui revolu- 
tione circa axem abscissarum gignit solidum maxi- 
mum minimumYC. 

Erit (206 : 209 : 222) 


J fi*' >r>f> 1 (U/')+ct 0 '+y]da- 

X 0 

_ °y 


unde 


R=*,-+-2j- , S= 


Vv+y*) ’ 


et (£'* : 226) 

-^-=0. 
, ( u r”) % , 

Hinc ob djy==y'dx , 


(a,-+-2j>ir — a- 


y<*r' 


ex cujus integratione 

(a.-hrJr+i 




!0 ; 


a 


inde autem 


V(1 ~hr' 3 ) 


-t— C = 0 t 


r __ K fo 7 — (C-4-«,y-Hy a ) a ] 
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seu 



(C-+-a,y-+y*}dy 

dx = — - . — « 

[ « ? — C-h-a , y-f-y * )* ] 

differentialis aequatio primi ordinis ad curvam , quae 
dicitur elastica. 

230. Sint binae functiones incognitae 
y=F{x) , z—h\{x) 
determinandae ita , ut 


f » jr > y > *' > y* , > • • •>** • • • 

x o 

exsistat maximum minimumve. 

Valor z ponatur jam cognitus , jamque substitu- 
tus in (b x ‘ l ) una cum derivatis z' , z' 1 , i in ea 
qua sumus hypothesi variabit i quoad solam y , 
et consequenter prodibunt quoad y (226) aequationes 
(b lY ) T (b y ) , nisi quod litterae 

R ,S,T,7,..« 


'hic denotant quantitates 

df{x ,y , z,/ , z' ,y' , z" , ..) df{x, y,z,y\z\..*\ 
dy ’ dy' 

, df[x ,y , z ,y ' , z , . . .) 

At quemadmodum habita est z ut nota et y ut . inco- 
gnita, sic poterat haberi y ut nota et z ut incognita: 
hinc denotantibus 


quantitates 


r t s , 
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dfix df{jc,jr , z,y, Z ’ , «. .) 

dz ’ dz' 

dfx ,y,z,y,z', . . Q df(x,y, z,y' , z' ,...) 

dz" ’ dz"' 

exsurgent quoad z 

ds d*t d i v 

r ~di 2 ? ~ Z? H "’ •=■ °— 

( s *ri — tz n~*~ v " z n — — ( r *o — 

v "*n * - dx n -+- 

( tj 0 — v ’*o+-)?'j(*,H-(c4r # ' — —)?"*(<* 

• .)y",(x 0 ) 

Exempla . 

I.° luter lineas jungentes bina puncta fixa ut- 
cumque in spatio collocata invenire maximam mini- 
mamve , seu eam , in qua (208) 

V V+y % +-z")dx 

> 

existit maximum miuimumve. Erunt 




R °’ s y\i -+-y a -+-z' j ] ’ T=0 ’ v==0 ’ ‘ ’ 


7=0 ’ ^(i+y-wr 1-0 ’ ^ v • 

et binae (i lv ) , (A* 1 * 1 ) evadent 




ds 


Pars III. 


dx ° ’ ; 


26 
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igitur 

S= 


y 


-z' 


ex quibus profluunt 


= coristi ; 


y=c , *'=C, «a £=C , ~=C, ; 


ideoque 

j=zQx-+-^, , ^=C a aH-G j f.» . (A xv ) , 

*equationes‘ad lineam rectam- Qiu*d atl<{6') , (6 X,V ) 
spectat ,"-cae manifeste implentur ; cum «x hypothesi 
extremitates linearum omnium gaudeant* iisdem coor- 
dinatis. Demum ... - „■>(. . . 

■ X 

A= / [j/~ (1— »— (/-+ i &>p'(x))**+-(2'“Hi)y'/x))") — 

vv-*>'+i’\ <***'+?'* 

x ° (1-+-CM~C\} 5 

^ a (y ,, (j)-H?'*,(x)-4-(C a yVj)— C9',(x)) a ) a 'Q.]dx - 


..2(1-+-C*h-C* s 7 


est autem 


J x '' Cwp'(x}+-C ,an»',(x) ^ ^ __ 

n Z,! . 3 3 ^ 




(i-c^-c*,) 3 
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"prodit igitur A positiva ; ideoque , excluso' maximo , 
obtinet minimum. 

Juvat hic notare illud : longitudo rectae (A xv ) , 
cujus extrema puncta definiuntur coordinatis x 0 
z 0 > x n » Jn > z n » exprimitur per 


3C 'CC 

f V ^y t *z’ a )dx=,f V(t-£’~C \)dx= 

J X. 


oordinatae illae pertincan 
as 

x,=X[x 4 ',.jy,) , z n ~(f/(x n , jr n ) 4 4 4~{h) ; 




Fac , ut coordinatae illae pertineant ad binas super- 
•ficies curvas 


habebis 

i 

• C, = t= W X n>J r n)—Z<*„J ' .) r _Jn—y. 

x n x o x n — x o ’ X n — X 0 

Ad minimam rectarum omnium , quae ab una ad al- 
teram superficiem duci possunt , spectabunt (56) 

dyb^ 1 ) „ d(b™ 1 ) d[b xv ') d(b xyt ) 

dx 0 5 d Xo ■ "S~-° » -^r =0 ' 

seu 


x n- x ^{ x n, J n )-^ x o , 7o)]^~ ^=0 , 

y n —ya-H^ x „,-y n ) — X(x e , j J^*° ’ ~o 

djr a 

~ x n— x o-+-W x n,y n )— V. , * - r ^ ==°, 

, JK„)— '/(x„ , /.)]— , 

a Tn 




(h") 
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et quoniam 

< K- r n i (*□■ » t 

iccirco 

1 ■+■ C.v-j— •) — 0 , C-4-G , {-—-) •£= 0 t 

dx„ dj 0 

1 -+- C,(p) = 0 , C^G,(pi) = 0t 

Larum prima -et secunda .praebeat 

4 <?z 0 G ^ 

C, >dx n 1 G, -nfy» ’ 


tertia , et quarta 
1 


dz r 


C, 


dx n C, 


£*« 

d ln 


Jam vero 


C a 


G 

c; 


denotant tangentes angulorum , quos projectiones li- 
neae rectae minimae in planis XAZ , YAZ continent 
cum axe AZ : itaque expressis per X , Y , Z angulis, 
quos recta illa minima efficit cum axibus AX , AY •, 
AZ , factisque 

exsurgent (184 ex p. 2.* 1 ) 

v 1 dz t 1 dz Q 1 

cos\?z =' — - — - — , cos X — — — -- — , costi — 7 “ ■; 
k 0 ax 0 «p *'*• 


ltemque 
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<70.fX=—~ — cojY= — — 

"n ax /i K n ax 
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, cosZ=a-j- . 

n 


Ex quibus colligimus (109) minimam rectarum, om- 
nium , quae duci possunt ab una, superficie curva ad 
alteram , fore normalem utrjque superficiei in. pun- 
ctis , quorum coordiuatae x 0 , jr 0 , z 0 , x ny jr n , z n 
determinantur aequationibus. (A) , (h 1 ) , ( h '•') . 

II.® Ex liueis jungentibus duo. puncta data in 
spatio, determinare eam., in qua 




jyi 


X 


-)dX: 


est maximum minimumve-. Habemus 

R=0 ’ S ~ \fx)/-{\ +?"+-£') ’ Tt==0 ’ v==0 • "• 

r=0 ’ £==0 ’ ^ 

et binae (6 ,T ) , (5 X,U ) evadunt 


igitur 


S*= 


y 


(iV 1 *-' 1 ) =aG, ‘ 

Ex his eruitur 


^7 = G, , seu dj = ; 

<2 


unde 


\ 
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jy=C t z^-C, , 

aequatio ad projectionem lineae quaesitae in plano • 
YAZ : ergo linea illa est plana. Constituatur planupi 
XAY in plano ipsius lineae ut sit z = 0 , et conse- 
quenter z'=0 ; aequatio ad libeam istam erit 

y _ c . 

eadem nimirum , quae jam prodiit (22 1- IV*®,)», 
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iTE CALCULO - DIFFERENTIARUM 
FINITARUM ; ET DE AEQUATIONIBUS ; 
AD DIFFERENTIAS. MISTAS. 


D« DIFFERENTIIS FINITIS POTENTIARUM INTEGRARUM 
UNIUS VARIABILIS J NEC NON DE ISTIUSMODI 
POTENTI ARUM INTEGRALIBBS QUOAD-- 
DIFFERENTIAS- FINITAS.. 

231. Designantes per A' n x n differentiam m 3 ‘ man ‘ 
potentiae x n , sic eam determinabimus ope calculi re- 
siduorum. Habemus (67- 5.°) 


gXZ 


exs 


£. — , aude x"=1.2*3...»r 

1.2.3...» 

et consequenter 


A m x’ 1 = 1.2.3...»£, 


A m x e xz 

\[ z n ~')) ' 


(*')• 


Constans atque arbitrarium- incrementum Ax ■ exhi- 
beatur compendii causa per tx ; erit 


A x e' 


xz {z-*-x)z xz xz, az . , 

• — — £ ~G (6 1 y j 


et simili modo* A’ x e X ~=e‘ rz (« J< ~ — 1)* , 
i • XZ~ XZ / U.Z ' . a ni XZ XZ, &Z . \tn j 

A 1 * e =e (e -1) 3 ,.,.A i=e (e -1) t/, 
bino- mutabitur (i 1 ) in 


>(*") * 


A .x t= 1.2.3 . . . »£, 


e XZ {e az -\T 




■<n 
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Jam vero (241 ex p. f .«) 


e**=1 -*-xz-*-- 


az 


2 2.3 

ac proinde 

t XZ (e CCZ -i) m a. m z m ~~ n . 


-i) m =K m z n (U~ + 


2 2.3 




igitur (65) , si 


x*z 5 


-)(1- 


2 2.3 


»■•••/* ; 


* m (1-+-xz+ 


arz a’z* 

2 3 ■*" *“ X1 ^ T T3 --f ~‘‘* ,,m '** (l ‘ T) 


evolvitur secundum potentias variabilis z t residuum 
e XZ \e aZ — 1)” 


^ ((z-')) 

nihil erit aliud nisi coefficiens potentiae z n ~ m . Pone 
Z z * 

(1 H — - — t- "+• • • •) m 6=1 1*+-A,z-1-A ! |Z*-4-A jz* -+- ... [p) ; 

innotescent A, , A,*, A, r . . . ex dictis (35* 2.*) ? ver- 
titur autem (t ,T ) > in 

Qp 

« m (1-Hrz H h — — - -H-.Xt-*-A,az+A»a*z**A 1 a*z , -t-...); 


itaque 


>e *V*-i r 






■ A.ocJc n ~ m ~ I • — A i « , x“' n,r ’*-1- •»•-+• 

1«2*3m*[mww“ t j 1 

-j-A^.,»^ -t- A n _ OT a n_, "J ; 
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et consequenter 

A m x n = n(n — 1) , . . (n — m-\-i)x m x ,l - m -+- 
n(n — 1) . . . (n — m)A l a. m * l x n ~ m - 1 -f- 
n(n — 1) . . . (n — m — i)A M ex n, * 3 x“^ m ~ w 
n(n— 1 ^2A M _ w _,a"-'jp>4-«(n— 1) ... 2.iA n _ n jx n . 

Fac 1.° n=m , 2.° n=n»-+- 1 , 3.° n=m-t-2, et caet.,.; 
provenient 

A m x m =m{tn—i) . . . 2-t ac m , A m x™+'= 

(m-f-l)ot ... 2z m x*4-(nH-i)m «. 2. 1 A,cc m+ ' , 

(m-+-2)(m-+-1) . . . 3a'"jc , -4-{/n-l-2Xoi-4-1 )■ . . . 2A l cc m *'x 

•+-(m- 4 - 2 )(m-+-t) . . . 2.1 A, «”•*•* , et caet. . ; 

in quibus substituendi valores A, , A, , A, , ... ex 
(i*), videlicet 

m A m[3m-bi) __ 

* = T’ ’ = 24 ’ ’ = 48 ’*** 

232. In aequatione 

AF(x)=f(x) 

functio F(jr) vocatur integrale functionis f(x) quoad 
differentias finitas , desiguaturque per 2f(x). Poue 
f[x'p=x n ; habebis 

AF(x)=x n , 

ideoque (231. i) 

F(x)=iSx rt ==1.2 w. »2 x F , — • — - • 

Sed 
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ac proinde 


igitur 


2, o rI * r^r 1 *** • 

e* z _i U^ 1 )) ; 


1 e 1 * 


2ar"=1.2...«r: . -- ■■ H-C . . . (« v ").- 

e yz ~i ^ zn )) 

Est autem . • 


az 

e — 1 
ideoque 


/ az - n _ * ;i ^ az. u.' 1 z' 

= (e — t) = — (1 H 1 ■ 

v az: 2 2*3 ' »" 


1 e 12 a -, z“ 


x’z’ a- 3 z 3 *z a’z* 


0-KFZ+ k.YI-*-— --*• 

s_ 1 2 n-4.i z 2. 2.3 A 2 • 2.3 . T ' 


igitur (65) si 


az cc z* 


a *(l-t-j?zH 1 — — 1-4- — i — — — .. (i* 111 )/ 

evolvitur secundum potentias variabilis z , residuum 
~ 1 

e UZ —X •.(l*** 1 )) 

nihil erit aliud nisi coefficiens potentiae ■- z "’*’ 1 . .. Pone 
z z 1 

0 ~7£ ■+■ ~+- • • •'F? = l4-B,?-4-B a z’-f-B t ? 3 -4- . • • .(i ,x ) ;; 


vertetur (i* 111 ) in* 
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'('1 *-xz +~ , " ■■■ ->■ - 

2i 2»3 


Quare 

1 e rz x"*' 

£ ; — T - ’ 

e az _1 ((•a"* 1 )) 


**• «X, 

■ ■■ _ ■■ — $*"■ B.st— — — 

2.3. ..« 


B;a’ - h B,** — -l-.. 

2.3 ... (n — 1) 2.3 ... (n— 2) 

•+- B n _ r «'‘-’y -f- B, t a"x H- »„*,««+») ; 
et consequenter 


jpn*i 

2^"=' -*-B jf"+«B a ax? -, ^n(j»-1)B J 4i:*x""' a -4-«-«-C(i*):- 

(n«-1)z 

formula (i ,x ) praebet (35. 2.°) 

t. t. 11 

B .=-a» B;=— , B 3 =0, B 4 =— — . — , B-=0, et eaet.... 
2 6 1.2.3. 4 30 

Hinc facto n=0 ,1,2,3,... prodibunt 

.... * „ v, ** * „ ,, . x 3 x a \ 

a. ’ 2* 2 ’ 3x 2 

) (t xl ) 

ax ^ , a:* .r* «jt* 1 

■ - l-C , Ix 3 —- . — — H — l-C , et caeu ... 1 

6 4sr 2 4 ] 

Ab (i vu ) transitur ad 

1 y € XI 

= 1.2 . . . n 9" — — •+■ C21 , . 

e az _1 (t*"*-')) 

seu ob (i" : i XI ) 
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exz 


22x"=1.2 ...n£ 


(e UZ ~i)> ((z«**)) 


simili modo 


~hC,x 


222o: — 1.2..«£, — h-G, J: *-f-G ,,r-f-C t 

^ z —xy ((s^>)) 

et generatim , posito integi’ationnm numero =m , 

1 e " 


222...;r"=t.2...n£ f - 


(««*_!)- } (i»«) 

. . ► -+-C m _ 1 x-+-G "f., 

Jamvero 


gxz a-m z-n-m x a z 

— = (1+W+-J- 


[e az — i)" 1 r' 1 **' 1 
x*z* 


2.3 

facto igitur 


et evoluto 


x*z’ 


a- m (1-+-orz-+- 

residuum 


2.3 
1 e** 


X 1+H , az+H , a*z )» 


^«*^ 1 y* 


nihil erit aliud nisi coefficiens (65) potentiae z n '* TO y 
nimirum 


/ 
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a-m [ 


X 




2.3...(n-+-r») 

w W i mrm 


H.X 




■2*3(h 
iccirco 


H, 


2,3 "•{n-jr-fn — 1) . • 


222 ... x"= ' 




-^■H. 




:.) 


(n+1 ),.{ri~*-ni)a m ‘ [n+4 ). . (n+m — 1 )x m - 1 > (Z* 1 *) 

*H m x'VnH m+I «,r^ , +..+C 1 o'' ! -^C a x' H ~'V...-C OT _ I x-+-C / , 1 : ) 

formula (i SUI J suppeditat (35. 2.°) 

-m m Sm — 1 ) „ m % (m— 1 ) 

H --y »•=— — • H >= — ”’“ c ‘ c, ~ 

233. Formula (Z VI ) sic (13. IL°) potest exprimi 


A m ri ..m 
X~U 


d m x n . > l+1 r' t _d m +\r n 


dx" 


*A .a"** 1 


dx m + l 4 dx" 1 * 2 


K« XT ) 


formula vero (i* IV ) scribi potest 
in hunc modum (148_) 

vy V w I f J"‘ x> „ / f f"‘ x d& n ~ x 

a « m ~ l 

f 

Hinc si derivatae 

d{xP) d*x n d 3 X n r\ n n t\s n 

-— - — , , , ... designantur per Dx , D x , D 3 x 

dx dx 3 dx 3 

item integralia quoad differentias finitas 

Ix n , 22x'‘ , 222x", ... per A -, x" , A“ 3 x", A~ , x , ‘ , ... 

et integralia 


Digitized by Google 



r. 


I 

-414 

. f x n d.r , fj f x n <! x * 

pfer D-x" , D-V 1 , D~ 3 x n , . . . , 

exsistent 

A m x" = a m D te x'* -f- A 1 a m "*‘ , D ,, '''‘ , j?” -+- 
A a * m -*-’ , D" w -V* -+- 

(-H rit x n -t-H nr ^,<xDx n H- ... 

DE DIFFERENTIIS FINITIS fUKCTIOSUM UNIUS , ‘TEL 
PLUBlUM -VARI AB1LIUM 1NDEPEN DENTIUM ; NECNON 
DE ISTIUSMODI FUNCTIONUM IN TEO 11 A L1BVS 
QUOAD DIFFERENTIAS FINITAS, 

234. Denotantibus k , k ' , k" , k"' } . . . coefficioa~ 
tes datos , prima (i XVI ) suppeditat 

A m k* n = K m D' n Ax'VA 1 a m+I D r »-^‘Ax'VA 1 « n '*’ b”**’ /U n -e», 

A m i'a" +I = a'”D'“A'a:'e4-i _(_ A 1 « m • + ■ 1 D"'■ , - , A'x' , • 4 ■ , -+- 

A m k"x’ M - a — u m jy n k"a: n + % -f- A ,«">■* ‘D"'-: 1 *''.*"-* 
A i0t «^T)" , +^" ar «+. . . . f et caet. . . . ; 

secunda (a xv, j praebet 

A^kx' 1 = «-*»D~"A.r" H- H 1 <r- m - 4,I l)~ TO+, Aa'‘ -f- . . 

-+- H rn k u. u — (— H wrt . , aDAx”— i— > . . a . 

- A -,n A:'a.'** 1 =a~" 1 D~"‘A'x' t '*' , -hH , a.-™*' 

“+”H n /E , x”-p-H <w4 .,aDA , x ,, -t- . . . , 

-h . . . , et caet. . 

f -Quare 
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- 4 - ..T±=^™(kx n +k' 

k"x n *-* -+- ...)+A,«n+ 1 W ,l +\kx' l +k'x ll + l +k''x f, -*‘' , -+-...) 
^k t X n+ ’Ty n +*(kj n +k'x"* t +k , 'x' , +° _♦_...) -f_ . . . ; 
A~”‘4kx n -i-k'jc>'-+-'-hk' 'x ,l+, -+~. .. )=or m D~ n ‘(kx n +k'x n + t * 
k'^x' i * a ^..)^H/x^*'D- nw ikx n *k'x' t * , *k''x n -*- i * 

+H jlx n -hk'x"+' -KfcV'** j + JI^zDtx"-*- 

- k'x’^H-k"x' , * t -i ) -J-» ..... ; 

-seu , • facto 




kx n -^k'a*‘*- l -4~k"x n +*-l- 

A m y.=x m rf‘X~k-A , «" i+! I>"*'X -+- A ,a n ‘+ a D"'-*-’ 7-f — , 

235. Aequatio ( i v 231) traducitur (241 ex p. 1.«) a d 
(e 1 - 1 /"= z m { 1 -+A. , z+A , s V. . .)=r z ra +A 1 2" + 4 A , z m **-*^ ; 
aequatio vero (t* 111 232} ad 

(e*-1 )-*»=z-*”(1 +H,2-.H a z V...)= z -m+H i ; 
et adbibito ai) pro z , 

(e a ^-1 y n =^iy n +A,of n + t D m ’ t ‘ , +A a af "'+ a . . . t 

ocT) 

Hinc (234. i,) 


«D 


A»* .- (.““-i r x , a-*=(„* d _, 


• (*.) ; 


modo tamen , facta in seriem evolutione secundum 
potentias quantitatis oc , in terminis inde prodeunti- 
bus , et sese exhibentibus sub forma 


ArX^rjyn+r^ ? W rX r~mJ)r~ m ^ } 
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spectetur D ut supra (233) : quod etiam in sequenti 
n.° animadvertendum. 

236. Haec notentur : 1.° quoniam 

A£&r-t -h] [b{x-t~C()-+-h ][&(.r-t-2 a)*h ] . . . \b{x-*-na)-\-hy= 

(n-4-1)iar[i(j?-4-a)+^]£i(x-*-2a)-+-&].. . £i(a -f-na)-(-A ] , 

ideo 

2f6(x-+-«)-t-A][i'x-f-2«)-+-A] . . . [£(x -+- na) -+- A] *= 
x-*-a y*-h\b( jr-*-2a}*-h ].. .[b'x-*n a )*-h] 

(n-hl )ba 1 

2. ° quia 

A 1 = 

[6u.-4-A][6(.r-+-a)-t-h] ... [A(x-f-rca)-f-A] 

(n-4-1)i« 

iccirco 

1 

2 = 

C6ix-+-(n-4-1 )a)-h/i j 

! . -f- c,. 

(n-+-1 )ba [Ax-vA][i(x*a)+/»]...[&(x+n«V«] 

3. ° data functione 

U x (^b-{*b , jO'\—b' t JC* ■+■ • . . ) y 

pone 

a x {J}-^-b'x^~b"x'-\~ . . .)=Aa*(g-4-#' x-t-g" x’ H- . . . ) , 
seu 

b-*-b' x+b'^* a X [g-<-g’{x-*-0’)-*-g"(x4-xy-*-..']-g-g'x-g"x' 1 -..; 

a d g ,g’ , g" 7 ••• determinandas habebis (131. 8.° ex 

p. 1“.) 
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a?(g^g-^*'g"-*-'')-g==b , a CC (g'*2«g"-*-3oc'g" , -*-:)-g'=J)' , 
et caet. . . eritque 

Za*{b>4rb'.x~+-b"x*-t- ... . )=a x \ g-+-g'x-)-g"x' -+ .). 

Sint v. g. b"=Q*, b"'=0 , et caet . . ac proinde 
g"= 0 , g;'"=0.,. et caet. . . provenient 


a<x ig-*- x s!)— &=?* » S , ' e = 4 ' i 


unde 


i' o“(£— «*')— 

s ,== — ’ j 

a — 1 («. — t./* 


et consequenter 


2« i (S-f-& , af)=a 1 X 
4.° liabemus 


<T{b—OLb')—b b'x 


(a— \f 


a , 
a ■ — 1 


] ■+• Cj« 


x-4-a 


AL[x(x — x)(x — 2x).-(x — (n — 1,)a)]=L[ — — ] : 

x — / ^ — 1 ja 

propterea . 

CO-+-X 

2L[- — — ]=L[C,x(x — a)(x — 2a)...(x-(n-1 )a)] . 

Hinc quoad valorem x np Ium incrementi a erit 
x -\- a 

2L[— ]=L[G,x(jr-i-a)(x — 2a) . . . 2a.ee] 
et facto a = 1. 

2L(aH-1 ) = h[Q, l x{x — i)(x — 2). .. 2.1J. 

Paks III. 27 
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5. 9 functio ip(x) praebens A'}(x)=0 vocatur pe- 
modica ; habes exempla in 


2 nx 2 nx K 

cos cos ( ), m . 

« « 


1 


1 


2~x 1 2?rx 

cos car’( — -) 

a. a. 


2 nx 

, L(coi,— 


a 


ubi ergo sermo sit de integralibus quoad differentias- 
finitas , pro constantibus arbitrariis C, , C, , ... 

poterunt adhiberi functiones periodicae itidem arbi- 
trariae. Hoc pacto generalitati magis consuletur. 

237. Sit f(x , y , Z , «• . .) functio integra variabi- 
lium independentium x ,y , t , . . • ; factis Ax==sc , 
Aj=a' , A z— r x" , , prima (i a . 235) suppeditabit 

A m if=(e aDx — 1 ) m f , A"yf=(e* 1 ^ y — 1)"£ , et caet. '...* 


secunda (t a - 235) praebebit 

, A“" r £=(e a Djr -1) _,I f , et caet... 

propter ea 

A m , a”^ ... f=( e aDr -ir(/ Dj, -ir ••• f.) ( . j} 

A-™,A -> ...f=(e“ D *— 1)- ,n (e a ' D - y ^1 )~" ... f • > 

Ad baec : pone 

f(x , y , x ,.►.) = « ; 

ob primam (t,. 235) erit 

„ ■ V * . «D* 

f^x-4-Jt , z i . Axti=sttH-e « — «=e u , 


ideoque 

J^x-Hz , j-Hx' , z , . t .)=se r f(X-4-« ,y , z ,..►•) = 


4 
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f aT) r ^ n x (=e *n^'D r/< ^ f , r ^ ^ ? j _w 

«"D Ir , aDjH-a'D r -f-«"D; 

e i(x-t-« , j '-+-2 , z , ...) = e J u , 

et caet. . . . : 

quicumqncr igitur sit numerus variabilium indepen- 
dentium , exsistet 

£x+Ax ,j->- A y , z*Az ..)=w a ^ ;c+a: (*’*)• 

Hinc 

Au=fx-4-Ax ,jr-+-Ay , z-+-Az , ...) — f(x , jr , z , ..•)= 

(e — 1)« , A «=F(z*2Az , y-*- 2Ay , 

z*2Az , ...) — 2f(.r-+-Ax , y-*-&y, z+Az , ...)+f(a',y, z, .. )= 

.. 0 - 

3fix-4-2Ax , . . .) -+- 3f(x -4- Ax , . . .) — f(x ,...) = 

5 2^scDx-t*.j , 5tDi+« .. , ..j 

(e -3e -»-3e -1)«=(e -1) 3 u r 

et eaet. . . . ; generatim 

A m u=(e XDx * X ' Djf * X " Dz * ■ ’ • — 1 /"« . . . («,). 

DE QTARUMDAM AEQUATIONUM' INTEGRATIONE QUOAD; 
DIFFERENTIAS FINITAS. 


238. JL roponitur integranda aequatio 

in hypothesi q et r functionum unius vaviabilis x* 
Sumptis novis variabilibus u et . v , fac y = e“v; 
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quem valorem substitue in (/) : prodibit 
Pone 


e ^ (e A«_ 1 ^ ) _ He “-+* A “ A„ = r . 


e A “ — 1—0=0 , ideoque e “ -HA “ Av=r ? 
istarum prima suppeditat 

Au=L(1-t-0) , m=2L(1-H/) , 
et consequenter secunda praebebit 


-=2 


re 


|_ v r -2L(1^y. t 


igitur 

ZL(t4-y) v r — 2L(1-Hjr) 

y~“/ » w— '6 •••(£]* 

J i-h? 

In liypothesi q constantis , cum ob primam (i* 1 . 232), 
exsistant 

x 

J? 

. t — 2L(H-?) 1 r L(H-y) 21 (l+q) « 

= ^ [e ] <->-? ’ 

vertetur (/') in 


x 


x 


K 2r(l-4~0) . • • (l ')• 

lavat duo hic subjicere problemata. 

I.° Determinare quoties possint inter se- pennu,— 
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tari x litterae. Quaesitus permutationum numerus de- 
signetur per y : et facto a=1 , ut litterarum nume- 
rus «vadat aH-l , proveniet 

i 

siquidem ad obtinendas permutationes inter ‘ x -t- 1 
litteras a , b , k satis est in singulis permu- 

tationibus inter x litteras a , b , . . ,h ponere novam 
litteram h vel primo , vel secundo, vel tertio et caet., 
vel postremo loco. Erunt itaque 


q—x > r=0 i 

et consequenter (236. 4. 4 ) 


^_ Cg 2L( 1 +J?)__c c L t C * x ( x - 1 X x ~ 2 )" 2, 1 1 £ 


a:(x-l)(#-2}...2»1 


Ad C a quod spectat, cum in hypothesi unius litte- 
rae unica obtineatur permutatio , erit igitur C a =1. 
Recole p.»™ n.° 111. I. # 

II. ° Ex urna , in qua continebantur a globuli 
albi fet b nigri , pone jam esse extractos n — 1 al- 
bos et ro -~ . v nigros : globulis haud repositis in ur- 
nam , quaeritur probabilitas extrahendi adhuc n s ‘ mum 
album priusquam extrahantur x nigri. Quaesita even- 
tus probabilitas designetur per F (x) ; ea vertetur in 
F(.r — 1), si in prima subsequendum extractionum 
sese exhibeat globulus niger» Ad haec : eveutui favent 
a— [n— 1) casus , adversantur b — [m — a?) ; qui tamen 
b — ( m — x) contrarii casus adducunt probabilitatem 
F(ir — 1) : igitur (220. 1.°3.° 4.° ex p. 1.") 


F C *)= 




b-(m-x) 


1 v m— a.-)] [a-(?t-1 


F(x-1). 


Substitue x-4-1 looo x , et compendii causa fac 
a—{n—Vj=sg, b—nt=g' , g-hg’=g" i 
habebis 
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FO-»-1)= — - -f. I l- Ttlf* 4 " 1 ] 

g — JT-+-1 g -+-J -+-1 


Sume Aa=5t=1 , F(x)=j ; erit F(x-+-1) =y-+-/ty. 
Hinc 


cujus mtegrale obtinetur ex (•/') , positis 

o=,- - - g - ,» 1 

V /+®+1 ’ 

4 

239. Si aequatio n ttm * ordinis quoad differentias fi- 
nitas 


A'j*a t A" — . *a u ^ t Aj +a„y=f x x) ... (/'"•) 

exprimitur in hunc modum 

(A -f-a 1 A" _ *'-f-« 3 A"“* -4- . . . -+_a, t _,A-t-a n )y = -^.r) , 

designatis per 7« » 7« * • • • 7n radicibus aequationis 

A ,i -f-a 4 A" -, -+-fl a A ,!— ’-f- «, 1 _ 1 A-t-n fl =0 , 

poterit (('".) sic -etiam exhiberi 

(A-q,) (A-q t ) .* . (A~q n )yrtss f(x)-. 

unde inferimus integrationem aequationis ( l '") traduci 
ad integrationem n aequationum primi ordinis 

(A —q.]r n -i=fl*)’, (A— q 9 \r n -.*=jr n -, , 

> ••• (A-q u _,)y,=:j a , (A -q,b==rr 
Sunt autem (238. I") 

A ' ^ ar 
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x 


(U?,)* 2(1^,) 2(1 -h 7 j) 


--1 


a: 


-1 


igitur 


( -/.v) 7 - 


x 


^ , 1 * 

(WJ(W»-iWWi) ^ 1 ' w ?n Wn-. W» ± 

(W.) a 

integrale multiplum secundi membri resolvetur in iu- 
tegralia simplicia ope formulae 

2rAt=>r£ — 2(£H— At)As • • • (? v ) i 

quae immediate habetur ex shtz=&(st) — (t-+-A« Ar » 

Detur v. gr. 

k.y-2\y-+-y=f{x) : 

■erunt n=2 , a,=— 2 , « a =1 ; et aequatio 
A’ — 2A-4-1 = 0 
praebebit 1 , <J *— 1» Hinc 

— ± ^ _ 2 _ £_ 

«— 2 ( 4 ) * ^— } = 2 “ 2 [2 2 ^({x) > 

2.2 v 2 ; ^ 

o « 
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Ad resolvendum integrale duplum in irttegralia sim- 
plicia , sume 

x 


sr=22 a /(x). At = 1 ; 

ob primam (i XI . 232) exsurget 


x x 

ZIZ2 a f{x%t=f-12 a f [x) -l—2 a /(x)-. 

« a v 

propterea 


x 

J = 2 * [—22 


■x 


/(x>— I 


x-Hz 



*/W3. 


240. Duo hic obiter notamus: 1.°si aequatio (e' l K 187) 
scribitur (.233) ita 

(D -+-n,D‘ '-+-a a D" . . +a s _ i D-fa„y =/(x) , 

et radices aequationis 

® '-f-n a D"~ 3 -f- ... -i-a H _ , D-f-a „=0 

dicuntur q, , , . . . q n , integratio ipsius (g-*'. 157) 

traducetur ad integrationem (156. I.°) n aequationum 
primi ordinis 

, (D — q%]y n - .=r„_, ,••• 

(V—Vn^r—J, , (D — q n ]y=j t , 

2.° quoniam series recurrens ordinis habet 
terminum generalem t x sic expressum (229 ex p. 1.“) 

** = A J t T-l -+-A s f T _ !1 -+-. •■•"+“ ■^■n t x~n » * 
seu , posito t;r=F(x) , 


^ x i — A,F(x — 1 /4-A 9 F(x — 2)-t- . . . -f-A n F(x — n) ; 
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ideo 'quoad ejusmodi seriem "exsistet 

F ( x-*-n)—A , F( x+n— 1 )+A,F(X-*-r*-2)-*-...-*-A n F(x) . 
Accepto autem Ax=o:=1 prodeunt 
F(x~4-1 )=F(x}+AlF(x) , F(x-4-2)=F(x-4-1 H-AF(x-*-1 )= 
F(x)-|-2AF(x)-4-A* x) , et caet. . . . ; 


itaque investigatio termini generalis t x traduci pote- 
rit ad integrationem aequationis quoad differendas fi- 
nitas sese exhibentis sub hac forma 

A"t ;r -Hai J A'‘- J, t a r4-a J ,A' , -‘ I 'r x -t- . . . -t-a„_,Atx-+-a n tx=0. 

241. Proponatur nunc aeqaatio ad finitas, partia- 
lesque differentias 

A xs — bb r z~f(x , y ) . . . (/ VI ). 

Sume z= tp(x , y) : habebis 

«//(x-f-a , y)=f(x ,j) -+- Ax^(x , y)=(H-A*)<f(x ,j ) , 
-H 2u , y) = <//(x -4- a , j) -+- Ax^lx-f- « , y) n= 
(1-t-Ax)’<f(x ,jr) , . . . et generatim 


, y )—( 1 -f-A x )"^(x , y ) . .. . (/▼*») . 
quia insuper (102 ex p. 1.«) 


1+Ax 1+Aj. 1-»-Ax l+A, 


][1 


1+6 A» 

7ST J " 


seu 

(1 -4-Ax)" — ( 1 -4-6A r )"=[( 1 -4 -Ax'^-H-; 1 -4-Ax)’ j - 9 ( 1 +bhy) 
-f-(1-+-A.r)“ 3 ( 1 — 1 — i Ajr.' a — I — • -4- ( 1 -+- 6 Ay) a— ' ][ Ax— 6 Ay] 4 

iccirco , ob (/ TI ) et (/ VU ) ; 

(f(x -+- na , y) — (1 + bSy^[x ,j) -4- [(1-f-Ax)"- -t- 
(1-+-Ax)' 1— * (1-4-6 Ay) -4“ ... -4- (1-4-6Ay/ ,-, ]/‘(x , y). 
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Aequatio ista manifeste convertitur In 
<jj(x-hnoc , jy)=( 1 -hbAy)’‘^x , — \)z . , j > 4- 

2)ot ? H -1 bAyj^j t-c-t— 3)ot,^'3 ■*■ ••• 

-h(f-t-4A r ) n “ , /(x ,7) , 
nnde 

<p(.r,-+-nz,j') = (1+A r "<p(jy)-t-f[x 0 ~h(n— 1)a,/] -4- 
(1-niAy'/'[x 0 -v(/i-2)z ,^K1-*^.ii r )7tx 0 +'«-3)«,7] .. 

H-(i-f-iAr)"-7'(^ 0 »jr)- • • <f liu ) f 

denotat c(j-) valorcm illum functionis t b[x,jy), qui 
respondet peculiari valori x„ quantitatis variabilis x , 
nimirum 

f (jr) «= <K*'o > /)• 

Ubi ergo spectetur <p(y) ut data , poterit per (/ V! “) 
determinari valor incognitae z=ty{x ,j ) respondens 
valori x — x 0 -4- 
242. Si polynoruium 

A n I -f-n 1 A' l-, xAjf-f-a a A' i ~ 1 xA’ y 4-..'+-a„_ 1 Aj:A""'jr vrt ;i^”y 

resolvitur in factores 

Ax — b,A r , Ax — b,A r , . , . Ax — b n Ay , 

ut aequatio ad fluitas , partialesque differentias ordi- 
nis n timi 

A ' l x z -+- a,A' I-, xAyz -+- o a A'‘ _s ;r A’ r : -4- • • .) 

v ' (/»*) 

-4- AxA n-, rz «„A'V Z =s /V , y) j 

scribi possit in hunc modum 

(Ax — b i Ajr) (Ax — i-,Ajr) . . . (Ax — b ,,Ay' z = f(x , y) , 

integratio ipsius (Z ,x j manifeste traducetur ad integra- 
tionem (24lj n aequationum 
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(Ai — iiV*n-,— A x >?)■■> '&* — ^»^r) K ;i-* ==z n-i > • * 
(A*— *n-.Ay)*, = ~» i (4r— ^«V- 3 — “«• 

Sic v. gr. integratio aequationis 


A’xz — A ’^2 = /'(x , j') 

traducitur ad intagrartionem binarum 

(Ai — Ajr) z l —f\x,jr), ( Ax-J-Ay ' z = z 

243. Hic quoque (240) obiter notamus illud : si 
idifiVrentialis , parlialisque aequatio 

d n z d u z 

dx' 1 " 


'<d.i'‘-’dy 

d n z 




t dx' , ~ l dj 
<V l z 

^ an ~'dZd^ + 
scribitur (233) ita 

(D i -f- rtjEV 1- 'xHy 
-4-«„^ 1 Da:D n - , r -4- a„D"y)z = f{x ,j) , 
et polynomium 

D" T -Wi 1 D"“"xB r <-<t a D" - ’ 3: D’)r - ... a ;l _ . D X D"~ ' r +a n D' y 
resolvitur in factores 




Dx b , Dy , Dx i,Hy J • • • bj A,jDy , 

integratio aequationis (/*) traducetur ad integrationem 
n aequationum 

(Dx— b,Vy)z n _ t =f(x, y) , {^r—bj) y )z n ^ % -=z n _ x , . .. 
(Dx— b n Tty)z=z l . 

Sic data v. gr. 

d*z d’z d'z 

dP ~~ d^~*-dp^ 
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prodibunt 

(D^ — I»,=x-f-7 , (Dx— b 7 )z^t, , 

seu 

dz , dz t dz dz 

ex quibus eruitur (200) 
x a 

z = — (u:-t-/)-Kry , (aM-^-)» 

jL 

Recole jam dicta sub n.° 203. 


DE INTEGRATIONE QUARUMDAM AEQUATIONUM 
AD DIFFERENTIAS MISTAS, 


244. Oie appellantur aequationes illae , in quibus 
difFerentialia sese oderunt utcumque admista cum dif- 
ferentiis finitis : tales sunt v. gr. 


4r= 




9 



Ad primam (o) quod spectat , pone A)*=u i ea mu- 
tabitur in 


du du 

ex cujus difTerentiatione prodit 
du 


(o’) 


du d a u 
dx dx dx 3 dx dx 


du d*u — 

-2a~r- -t — 7 , seu 0=±[x-2a— ) 


du . d a u 


dx dx' 


Fac 1.° - — = 0 ; habebis utsrG.x-f-C, : substituto 

dx 

valore u in (o'j , ac dein posita x = 0 , emerget 
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C,=f — nC 5 , ; iccirco 

. Ay=C,x—aC\„ 

unde (232. i xt ) 




(Iu . X* . 

Fac 2.° x — 2a— = 0; erit u=— (~Cj t substituto 
ilx 4n 

valore u in (o') , ac dein assumpta x = 0 , prodibit 
x a 

C s =0 ; ideoque Aj=— , et consequenter (232. i XI ) 


1 x* x * ax. 

jr = — L- T 4-—+C; 

4a 3« 2 6 


quae nihil exprimet aliud nisi particularem solutio- 
nem primae (o) . 


Ad secundam (o) quod pertinet , pone 


dy 

dx 


ea vertetur in 

v=xAi* — a{ Ao)* . . . (o") ; 
sumptisqufi differentiis in hypothesi Ax=fls=1 , 
o=[x-f-t — a(2Ay-t-AV)]AV. 

Factor AV praebet (232. i 11 ) 

Ai'=C 1 , o==C2l=Ci 1 x-f-C, : 
adhibitis substitutionibus in (o") , ac dein facta x=0 , 
emerget C,= — aC a , ; propterea 

C x * 

dj=C t xdx — aC 7 t dx , et y= aC^aH-C*. 

4 
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Factor x-M — a v 2Ap-t-AV) suppeditat 


AV-h^A»' = 


x-4-1 


eujus integ^ale q<aoad differentias /initas obtinetur ex. 
dictis (239) 

245. Ad integrationem confert interdum transfor- 
matio iu aequationes mers differentiales ordinis im- 
finiti ope formularum (32) 

" t 'T ze "*"i5 £■*— 

- f ^ 

et caet. . . .; sic aequatio 


dx a. v 


transformatur in 


. dy , a f/V a 1 d 3 y a s d ft y 

(a-1 )-—«*( r-^-f yA + — - t ^-h-... / ==0...(o‘ v )^ 

dx ^2 dx 2.3 dx* 2.3.4 dx 4 

Jam si. assumitur jy=Ce rx , traducetur (o ,y ) ad 


u.r‘ 


aV* a 3 r < * 


(a — h H- 

^ ' 2 2.3 2 3.4 


+- . . .)=0 ... (o v ) „ 


„ cui satisfacit r=0 ; tum , divisa (o v ) per r , 


«V 


12 — 1-4— #{ — ~ *4“ “f" ^ 

^ 2 2.3 2.3.4 


•••)*— 0 „••• (0 V *) r 


et denotantibus r t , r a , r s , ... radices aequationis 
(o VI ) erit 


s=t C -V C^e * »+• C a e * •+• C je 3 >+■ 


r,.r 
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Caeterum ex filetis (72) facile intelligimus unam sal- 
tem e radicibus illis v. gr. /•, fore realem. 

246. Ad aliquam, theoriae applicationem ostenden- 
dam linge tibi curvam planam , et abscissarum x , 
x t differentiam x , — x pone =« ; per curvae pun- 
cturi» ( x , y\ duc tangentem , et per puncta (x,j-) r 
(, x , , y,) duc secantem : fac autem ut distantia k 
computata in axe abscissarum inter secantem istam 

et ordinatam y servet constanter eamdem rationem — 

1 

cum subtangente : invenire aequationem ad ejusmo- 
di curvam. llal)cmus 


r 

proiude (73) 


x, — x a. a. 

• = r- > i 

x—r A / A x 


dt « 

ay Ty 


quae cum recidat in (o"» 245) , dabit 


j~ C-f-C,/ 1 '* . 

247. Sit nunc aequatio ad mistas , partialesque 
differentias 

(lyZ 


Posita 


A x z -+- a— f- bz = 0 . . • (o VI ‘). 

d J 

2=CV^ ... (0'"’) r 


. rj' 1 -~b~C 

vertetur (o vn ) in c -1-wzc,i-o=0 , unde c,= 

a 

et consequenter 


1 — b — c 




z = c x e 


■ . . (o?*). 
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Detur quoqqe 

dyZ .(JyAxZ , • 

A x z -4- a— h b— t~gz = 0 . ., -(o x )« 

djr dy 

Adhibitis; substitutionibus in, (o x ) ex.(o vm ), assequerour- 

a a , 1 — c a — e 

c _i-t-n Cl -4-ic,(c — l)-+-g=0 , c\== — 

a-\-b{c U — 1 ) 

ideoque 


oc ** 

z = c*e I) . (o XI ). 

Formulae (o ,x ) , (o xl ) etsi satisfaciunt respondentibus 
fo vu ) , (o x ) , haud tamen debent considerari tamquam, 
integralia completa ; non. enim continent tot sive con- 
stantes arbitrarias , sive- functiones arbitrarias , quot 
sunt ad id necessariae. Possunt equidem ex ipsis 
(o ,x ) , (o xl ) erui integralia illa ; sed haec hactenus. 


FINIS TERTIAE , AC ULTIMAE PARTIS» 
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INDEX 

RERUM i QUAE IN TERTIA . PARTE . CONTINENTUR. 


PRINCIPIA’ CALCULI DIFFERENTI ALIS. 


D e functionibus , deque earum continuitate : quid 
functionum , et quid variabilium independentium 
□omine veniat ; ex numero variabilium et ex nu- 
mero relationum inter variabiles illico scimus quot 
variabiles spectandae sint tamquam independentes , 
et quot tamquam caeterarum functiones num. 1. 

Functiones implicitae et explicitae , algebraicae et 
transcendentes , et caet. ... 2,3,4. 

Quando functio f(x) dicitur continua inter limites 
x n , x m , et quando continua in viciniis cujusdam 
peculiaris valoris qui tribuitur variabili x : si f(x) 
est continua inter certos limites , talis quoque erit 
curva aequationis ys=zfx) 5.. 

Differentialia , et der iratae functionum , quae ab 
unica pendent variabili : differentialia et derivatae 
primi ordinis 6,... 12. 

Differentialia et derivatae altiorum ordinum 13, 14. 


Si habeantur derivatae F' , F" , F' 1 


expressae per 


differentialia tum functionis primitivae z— F (y) , 
tum variabilis y , erit .F' eadem sive y ponatur in- 
dependens , sive non ; caeterae autem erunt aliae in 
primo casu atque in secundo : poterit vero ab ipso 

S rimo casu ad secundiim transiri 15. 

erentialia et derivatae expressionum imaginariarum 
quae unicam amplectuntur variabilem 1 6. 

De relatione inter functiones unius variabilis et 
Paas III. 28 
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respectivas derivatas : quaeritor utrum io viemus 
peculiaris valoris x n uua cum x crescat vel deere- 
scat functio f[x) 17. 

Si binae functiones {{x) , rp(x) et quae ab- ipso de- 
ducuntur f{x ) , <p'(x) sunt continuae inter limites 
x 0 , x n , ac praeterea f(x) vel constanter crescit , 
vel constanter decrescit ab x- 0 ad x n , erit semper 
aliquis numerus £<1 et >0 satisfaciens aequationi 


n —- * c)) 


Exinde transi tur ad relationes inter functiones primi- 
tivas et derivatas variorum ordinum 19 , 2U , ... 25. 
Ratio determinandi valores functionum unius varia- 
tis sese exhibentium sub quibusdam formis inde- 


terminatis : ae 1.° sub forma — 

0 


26; 


2.° sub formis , 0 . co 27;. 

sub formis 0° , oo° , I* 0 28. 

Si /t/3) est quantitas infinitesima , cujus basis = /3 , 
ordo =c , quaeritur prima inter 


fWr f"($> ... 

liaud evanescens una cum p 29. 

De maximis , minimisque valoribus functionis con- 
tinuae f{x) : valores x n , quibus respondet maxi- 
ma vel minima f[x n ) , quaerendi sunt inter radi- 
ces aequationum 


f(x} = 0 



ratio dignoscendi utrum valori x n reipsa maxima vel 
minima f{x n ) respondeat 30: 

alia ratio 31. 
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7 T& formulis Ttiylori et Mac^Lattrihi: conditiones ne- 
cessario explendae, ut hae formulae valeant 32,33,34. 
Ubi f(s-i-^\ fuerit summa cujuspiam --seriei conver- 
gentis ordinatae per ascendentes potentias quan- 
titatis d-, et f(z) summa cujuspiamseFtei convergen- 
tis ordinatae per potentias ascendentes quantitatis 
z , certe isttusmodi sei-ierum altera recidet in se- 
riem Taylori , altera in seriem Mac-Laurini 35. 
Fieri potest ut formula Mac-Laurini suppeditet evo- 
lutionem functionis in seriem convergentem quin 
tamen ejusmodi seriei summa. recidat in functionem 

n i P S * m . . , , 36. 

x/e aijferentiatione functibnum plores complectentium 
variabiles : quid intelligendum per totalem diffe- 
rentiam , et quid per differentias partiales fun- 
ctionis p. plures complectentis variabiles indepen- 
dentes x , y , z , .... 37. 

o» p. est continua quoad singulas x,y, z , . . . erit 
quoque continua quoad omnes 33, 

Quid intelligendum per differentialia variabilium in- 
dependentium x , y , z , .. .et quid per totale pri- 
mi ordinis (lilferentiale functionis p 39, 

Partialia variorum ordinum differentialia functionis u 
tum quoad eamdem variabilem independentem, tum 
quoad successive diversas ; item respondentes deri- 
vatae partiales 40 , 41 , 44, 

Differentialia functionis p. quoad variabiles x , ’y 
z , ... successive diversas provenient semper ea- 
dem , quocumque demum ordine perficiantur dif- 
ferentiationes 4 3> 

Ratio determinandi, 1.° totale primi ordinis di fferen- 
tiale d p functionis p. 45 

2.° totalia secundi ,. terti , . . . . ordinis difibrentialil 
ipsius p. 4g. 

alia ratio 4 7 

Totalia variorum ordinum differentialia functionis U 
coalescentis e functionibus u , v , s , . . . variabilium 
lndependenti um x ,y , z , . . . 48 , 49. 
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De aequationibus differ en tia libus : unde oriantur ; et 
quid intelligendum sit per differentiales partiales- 
que aequationes, 50 , 51 , 52. 

Istiusmodi aequationes adhiberi possunt ad eliminan- 
das quantitates constantes quae in datam aequatio- 
nem ingrediuntur 53. 

Iisdem diffcrentialibus aequa tfonibus: conoeditur eli- 
minare indeterminatas functiones , si quas ample- 
ctitur proposita aequatio 54 , 55. 

De maximis minimis que valoribus functionum , quae 
ex pluribus coalescunt variabilibus ’, aequationes 


du. da dii 

dZ~ ° ’ ° ’ Tz. 


et caet. ... .. 


praebent valores x m , y m , z m , ... qui functionem- 
ft.^riabilinm independentium. x , y , z , . . . ma- 
ximam minimamve possunt constituere-: unde queat, 
dignosci utrum valores illi reipsa dent maximam vel 
minimam ft. 56, 

Ekpenditur casus , in quo variabiles x,y,.z , . . 

quibusdam subjiciuntur relationibus ; 57. 

tn definiendis maximis minimisve valoribus functio- 
num plures complectentium variabiles possunt adhi- 
beri variorum ordinum differentialia 58 , ... 61. 
Formulae Taylori et Mac- Laurini extenduntur ad 
functiones plurium variabilium 62., 63. 

Theorema functionum homogenearum 64.. 

De functionum residuis : quid' sint istiusmodi resi- 
dua ; quid residuorum, extractio , et quomodo indi- 
cetur 65 , 66. 

Praecipuae residuorum affectiones ostenduntur 67. 1.*, 
2° , ... 8® : 68 , 69. 1° , ... 5°: 70. 
Eruitur inde methodus resolvendi fractiones rationa- 
les in alias simpliciores 7.1. 

eruitur et solutio problematis , in quo,, denotante z , 
unam, e radicibus aequationis z — x — ko{zp= 0 , pro- 
ponitur evolvenda f{zf) in seriem ordinatam per 
potentias ascendentes quantitatis k 72*. 


Digitized by Google 


•437 


$ 


CALCULI DIFFERENTIALIS 
AD GEOMETRIAM APPLICATIO. 

» 

De lineis in superficie plana constitutis : tangentes,, 
subtangentes , normales , subnormales , et asym- 

8 toti -73 ,-74 , 75. 

ereniialia arcus et areae mnrvilin eae 76 , ... 79. 
Puncta inflexionis 80 , 81 , 82. 

Circulus osoulator , et evolutae 83,... 91». 

Curvae osculatrices 92. I. 0 ., 2° , >.. 6.° 1 

De lineis in spatio constitutis ■: tangentes , -normales , 
planum osculans , et asymptoti 93 , ... 99. 

Circulus osculator , evolutae, et curvae osculatrices 

-1 00-, ... 107. 

De superficiebus curvis : planum tangens , et respon- 
dens normalis ' 108,109 , 110. 

Coni et cylindri , qui superficiebus curvis circumscri- 
buntur -111,112,113. 

Radius osculi diversarum curvarum , quae in data su- 
perficie describi possunt 114, 1 1 5 , 116. 

Si superficies curva secatur planis ductis per norma- 
lem , ostenditur ex omnibus intersectionibus binas 
fore , alteram maxima in puncto contactus praedi- 
tam curvedine , alteram minima : ostenditur insu- 
per binas illas sese mutuo secare sub angulo re- 
cto 117, 118. 

' Superficies osculatrices 119, 1 20. 

PRINCIPIA CALCULI INTEGRALIS. 

Generales quaedam traduntur notiones circa inte- 
gralia indefinita , necnon circa integralia defini- 
ta : quid integralis indefiniti nomine veniat 121. 
'Factores constantes formularum differentialium possunt 
extra signum integrationis poni : integrale summae 
coalescentis e pluribus formulis differentialibus ae- 
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quat summam ex integralibus singularum formu- 
laruin 122. 

Formula differrntialis ita sese aliquando exhibet , ut 
statim appareat eam esse differentiale cujusdam fun- 
ctionis cognitae ; tunc vero in promptu est integra- 
le : exempla 123. 

Interdum formula differentialis , de cujus integratione 
non constat , per quasdam substitutiones transfor. 
matur in aliam, cujus integrale illico cognoscitur: 
exempla 124- 

In ejusmodi transformationem nonnunquam conducit 
formula 'J sdt — st — jtds.± huc spectat integratio 
per partes : exempla 125. 

Integratio formulae jz n dx , in qua y , z denotant 
functiones variabilis x 126. 

Quid iategralis definiti nomine veniat 127. 

lulegralium defiuitorum variae afiectiones ostenduntur : 
ratio obtinendi eorum valores veris proximos quan- 
tum libuerit : methodus evolvendi functiones in se- 
riem , si nimirum per integralia definita expriman- 
tur 128 , ... 133. 

Difierantiatio sub signo integrationis : peculiaris me- 
thodus determinandi varia integralia 134. 

Dupla integratio facta prius quoad jr ac dein quoad 
ux,.aut vice versa 135. 

Si z exprimit datam functionem variabilis x , et in- 
tegrale formulae z<f{xdx sumptura ab x 0 ad x n 
, ponitur =0, utcumque. caeteroquin se habeat functio 
indeterminata <p(x), exsistet necessario a=0 136. 1. a . 
Integratio facta vel ante , vel post extractionem resi- 
duorum 136. 2.° 

De integratione differentialis algebraici f{x)dx :: 
'1.* in hypothesi f[x) rationalis 137; 

2." in hypothesi f(x) irrationalis 138. 

'integratio binomii differentialis tradudta ad inte- 
grationem aliorum eiusdem generis differentia • 
dium 139 , 140. 
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Formula Wallisii quoad circularis f»erq»berrae recti- 
ffcationem 1 40. 

Integratio differentialium complectentium functiones 
transcendentes unius variabilis : ac 1 .* trigond- 
me tricas 14J , 145 ; 

2," logarithmicas , et exponentiales 146,147. 

De integralibus variorum, ordinum spectantibus for- 
mulam f(x)dx m : iutegralia indefinita 148 ; 

integralia definita 149 ; 

Evolutio functionis F(x) in seriem , cujus residuum 
prodit expressum per integrale definitum 150. 
Da integratione differentialium plures complecten- 
tium variabiles 151. 

Conditiones explendae ut quantitas V , coalescens e 
functionibus v , u , s , . . . variabilium independen- 
tium x , y , z , ... et e respectivis differentiali- 
bus dv , d'v .... d n v , du , d*u , . . . d n u , ds , 
d x s , ... d n s , et caet. ..., suis gaudeat integrali- 
bus primi, secundi, ... ndmi ordinis 152. 

De integratione aequationum differentialium primi 
ordinis : integratio aequationum differentialium pri- 
mi gradus quoad dx et dy inter binas variabiles 
x et y 153 , ... 161 : 

integratio aequationum differentialium altioris gradus 
quoad dx et dy inter binas variabiles x ely 1 62,..1 65 
Aliquid annotatur circa solutiones particulares 166,.. 169 
Integratio aequationum differentialimn primi gradus 
quoad dx , dy , dz inter ternas variabiles x , y 
et z : conditiones explendae : quid , si non exple- 
antur 170 , ... 174 : 

integratio aequationum differentialium altioris gradus 
quoad dx , dy , dz inter ternas variabiles x t 
y,z 175. 

Aliquid subjungitur de integratione aequationum dif- 
ferentialium , quae quatuor pluresve continent va- 
riabiles 176 , 177. 

Proponuntur integrandae duae pluresve simul aequa- 
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tioucs , quarum ■ numerum’ unitate superat; numeras 
variabilium ia: ,.y , z , ... ‘178,... 181. 

De integratione, quarumdam aequationum differen- 
tia! ium , quae primum excedunt ordinem : inte- 
gratio aequationum differentialium secundi ordi- 
nis 182 ,-183 , -184’ : 

integrationi expedit apte sumere differeutiale haben- 
dum \ut constans’ : exempla s 1 85: 

integratio aequationum dillerentialium ordinis- altioris 
secuddo . 18&. 

Integrantur differentiales linearesque aequationes , si- 
ve ipsarum coefficientes sint constantes , sive juxta 
quamdam peculiarem legem, variabiles 187, > 188,-189: 
vide etiam nnm. 240.-1. 0 

Proponuntur integrandae duae simul differeutisdes ae- 
qnationes inter variabiles x , y- et z .190, 191. 
Determinatio 'arbitrariarum 'functionum , quae ,in in- 
tegra lia aeqnationum linearium ingrediuntur ‘192. 
Integratio aequationum differentialium per series 

>193 , 194,; 195. 

Subjunguntur nonnulla de integralibns incompletis in 
ordine ad respondentia integralia completa 196. 
De solutionibus particularibus aequationum diffe- 
rentialium cujuscumque ordinis : methodus elicien- 
di solutiones , particulares ab integralibus aequatio- 
num dtilbren tini ium 197. 

methodus eliciendi solutiones particulares ab ipsa.ae- 
quaiione differentiali quin cognoscatur ejus inte- 
grale . 198 , 199. 

De integratione quarumdam differentialium parlia- 
liumque, aequationum : integratio aequationum pri- 
mi ordinis : determinatio functionum arbitrariarum , 
quae in' istiusmodi aequationum integralibus’ conti- 
nentur , 200 , 201 , 202. 

Integratio aequationum secundi ordinis- 203,204.1 ®..6.° 
Vide etiam num. 243. 

Integratio per series : variorum intcgralium definito- 


i 
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rum valores determinantur : integvale expressum 
per seriem traducitur ad inlegrale definitum 205. 

: 1.°. ... 15." 


‘ CALCULI INTEGKALIS 
AD GEOMETRIAM APPLICATIO. 

fiectificatio curvarum 206 , 207 , 208. 

Quadratura curvarum 209 , ... 2i2. 

Projectiones planarum arearum in supcrficiebus simi- 
liter planis 211..1. 0 ... 4 * 

Quadratura superficiemm curvarum 213 , .— 2 1 7 . 

Cubatur a ■ solidorum . 218 , ... 224. 

Duo proponuntur problemata , quorum alterum re- 
spicit trajectorias - curvarum , . alterum solutiones 
particulares 225. 

De methodo maximorum et minimorum ad invenien- 
das functiones incognitas applicata : curvae in su- 
perficie plana constitutae, gaudentes maximi mini- 
• mive proprietate . 226, 227,228. 

Curvae in superficie plana constitutae , gaudentes ma- 
ximi minimive proprietate inter eas tantum , qui- 
bus una , duae , pluresve proprietates sunt commu- 
nes 229. 

Transitur ad curvas in spatio constitutas , gaudentes 
maximi minimive proprietate 230. 

Brevissima distantia inter duas, curvas 228. III. 0 

Minima rectarum, quae duci possunt ab una super- 
ficie ad alteram 230. I.° 

CALCULUS DIFFERENTIARUM FINITARUM : 
AEQUATIONES AD DIFFERENTIAS MISTAS. 

Differentiae finitae potentiarum unius variabilis 231. 

Istiusmodi potentiarum integralia quoad differentias 
finitas 232 , 233. 

Differentiae fiuitae functionum unius , vel plurium 
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variabilium i rulr pende utium t istiusmodi functionum 
inlegralia quoad differentias finitas 234 , ... 237 . 
Quarumdam aequationum integratio sive quoad ordina- 
rias, sive quoad partiales differentias finitas 238, »242. 
Duo solvuntur problemata , quorum alterum spectat 
ad permutationum doctrinam , alterum ad probabi- 
litatum theoriam 238. 

Investigatio termini generalis sericrum recurrentium 
traduci potest ad integrationem aequationum quoad 
differentias finitas 240 2.“ 

integratio quarumdam aequationum ad differentias 
mistas 244. , ... 247. 



'ERRATA 

CORRIGE 

vae. lin. 

84 9 varibilimn 

variabilium 

93 15 salis 

saiis 

304 18 d*F 

dcF 

328 pen. vergentem , <ad 

vergentem ad 

Ecce alias correctiones ad primam JParle m spectanto» 

ERRATA 

CORRIGE 

■ pag. lin. 

21 2 (26) 

(25) 

52 9 -+-(•+■*) 

— k) 

... ulu 4 m 

—4 rn 

71 8 —5 z 

-4-5* 

128 28 (146 : z wx ) 

(145 : 146) 

137 4 K=16 

K=— 16 

230 22 altera Rabente for- 

altera habente formam 

mam (pj , altera for- 

primae (p) , altera for- 

mam (p 1 ) 

mam secundae {p). 

240 17 16«, 

I6u lf . 

246 14 e zL ( la ) 

*L v a) 

e v ' 

249 8 — (n — 1)*a* 

(»— ' 1) S 4>* 

262 10 Fac oc=z~ t et aequa- 

Fac x=;V ; 'habebis 

tionem inde prodeun- 
tem multiplica per 4c; 
habebis 

264 9, H (2A+-5) , (2&-+-1) 

(2M), (2A-+-1). 

„ v % 

U 

265 4. m 

u — <x " 

u — cc T 
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’ Ecce et alias 

correctiones ' 

, ad secundam Partem spectantes • 

ERRATA 

CORRIGE 

pag. lin. 

97 21 !C0£(18° — a) 

« cot( 1 80 — o) 

112 13 cot^cb-hc — a) 

cosfyb-i-c — a) 

sin <p , _ Jtr»9 . 

1 1 4 16 coaB = — -=.s*rtBG03C -caso =sinbcosc. 

coscp 

.. cosy 

115 9 sin<p(G-^<j>) 

. sin( G — y) 

147 24 a( — cos z) 

a('1 — cos.z) 

153 11 («-a?) 

(n"x) 

... 1 2 (na?) 

i nx ') 

... 25 (fig. 82) 

{fig. 83) 

157 28 (66. 182. 1.°) 

(66 77. 3.°'* 

158 15 f/%.82.3) 

(/%• 83.“) 

159 16 (/%. 80.«) 

Cfc* 81- a ) 

162 9,22 {fig. 80.«) 

(/%. 81 -) 

166 22 (i) 

(ii) 

168 20 192 ‘ 

190 

171 20 2GD 

2CDE 

204 4 G 0 

G z 0 

... 14 h 

K 

... 21 (180. T.° : I. 9 ) 

(180. I.°) 

205 6 attenditur 

ostenditur 

N. B. pag. 182 , ... 190 pro figuris 83“ , S4“, 85“<ci- - 

tandae sunt 77“ , 78“ 

, 79." 

* 
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IMPRIMATUR 

Er. Dom. Buttaoni O, P. S. P. A. Mag. 


IMPRIMATUR 

Av Piaiti: Archiep. Trapezunt. Viceag. 
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